
Kefàlaio 8

Diadikas–ec Poisson

8.1 Eisagwg†

S' autÏ to kefàlaio ja or–soume tic diadikas–ec Poisson kai ja melet†soume tic basikËc touc idiÏthtec. Oi
diadikas–ec autËc e–nai –swc oi aplo‘sterec mh tetrimmËnec diadikas–ec suneqo‘c qrÏnou. Oi troqiËc touc
auxànoun stouc akera–ouc kai oi qrÏnoi pou mesolabo‘n anàmesa se diadoqikËc aux†seic e–nai anexàrthtec
ekjetikËc tuqa–ec metablhtËc. Oi diadikas–ec autËc e–nai Ëna kalÏ montËlo gia diakritËc af–xeic tuqa–wn
sumbàntwn se suneq† qrÏno, Ïpwc p.q. oi kl†seic pou dËqetai to thlefwnikÏ kËntro tou EKAB, oi
diaspàseic twn pur†nwn enÏc radienergo‘ uliko‘, oi af–xeic fwton–wn se mia fwtod–odo, ta ait†mata pou
dËqetai Ënac exuphretht†c kai pollà àlla. Upàrqoun pollà kalà bibl–a sta opo–a mpore– na brei kane–c
mia eisagwg† stic diadikas–ec Poisson, merikà ap' autà e–nai to [1] kai to [7]

8.2 OrismÏc kai idiÏthtec

Sun†jwc s' autÏ to bibl–o perigràfoume exarq†c mia stoqastik† diadikas–a mËsw twn katanom∏n pepe-
rasmËnhc diàstashc. S' autÏ to kefàlaio ja kànoume mia exa–resh. Ja d∏soume pr∏ta Ënan kataskeua-
stikÏ, diaisjhtikÏ orismÏ gia tic diadikas–ec Poisson kai sth sunËqeia ja upolog–soume tic katanomËc
peperasmËnhc diàstashc.

Fantaste–te Ïti epanalambànete anexàrthtec dokimËc Bernoulli me pijanÏthta epituq–ac p kai shmei∏nete
tic epituqe–c dokimËc. Anàmesà touc mesolabe– Ënac tuqa–oc arijmÏc prospajei∏n, pou akolouje– gew-
metrik† katanom† me paràmetro p. An se mia monàda fusiko‘ qrÏnou prolaba–nete na kànete ⌫ dokimËc,
tÏte o rujmÏc me ton opo–o Ërqontai epituq–ec e–nai ⌫p. Ac kànoume xanà to pe–rama, aut† th forà
Ïmwc ac kànoume tic dokimËc me diplàsia taq‘thta allà me th mis† pijanÏthta epituq–ac. Aut† th forà
oi prospàjeiec pou mesolabo‘n anàmesa se diadoqikËc epituq–ec e–nai statistikà perissÏterec, afo‘
akoloujo‘n gewmetrik† katanom† me paràmetro p/2. Epeid† Ïmwc sth monàda tou qrÏnou kànoume di-
plàsiec prospàjeiec, o rujmÏc me ton opo–o shmei∏nontai epituq–ec ston pragmatikÏ qrÏno ja parame–nei
⌫p. Mporo‘me na suneq–soume na pollaplasiàzoume thn taq‘thta me thn opo–a ektelo‘me tic dokimËc
kai na mei∏noume ant–stoiqa thn pijanÏthta epituq–ac mac. An kànoume N⌫ dokimËc anà monàda qrÏnou
me pijanÏthta epituq–ac se kàje dokim† p/N , tÏte kaj∏c to N megal∏nei, ja mesolabo‘n Ïlo kai peris-
sÏterec prospàjeiec anàmesa se diadoqikËc epituq–ec. Epeid† Ïmwc kai to pl†joc twn prospàjeiwn pou
prolaba–noume na kànoume anà monàda qrÏnou megal∏nei anàloga, o rujmÏc me ton opo–on shmei∏nontai
epituq–ec se pragmatikÏ qrÏno den ja allàxei. Sto Ïrio kaj∏c to N ! 1, o pragmatikÏc qrÏnoc
anàmesa me diadoqikËc epituq–ec akolouje– ekjetik† katanom† kai h diadikas–a pou metrà tic epituq–ec
mac ston pragmatikÏ qrÏno e–nai mia diadikas–a Poisson me rujmÏ ⌫p.

125



Ac jewr†soume Ënan q∏ro pijanÏthtac ⌦, ston opo–o e–nai orismËnh mia akolouj–a {Ej}j2N apÏ anexàr-
thtec, ekjetikËc, tuqa–ec metablhtËc, me paràmetro �. EpomËnwc,

P
⇥
Ej > t

⇤
= e��t, gia kàje t � 0.

Mia kajoristik† idiÏthta pou Ëqoun oi ekjetikËc tuqa–ec metablhtËc e–nai h idiÏthta thc ap∏leiac mn†mhc
(memoryless property). Gia kàje s, t � 0 : P

⇥
Ej > t+ s

�� Ej > t
⇤
= P

⇥
Ej > s

⇤
. Or–zoume akÏma

S0 = 0 kai Sn = Sn�1 + En, gia kàje n 2 N.

Oi metablhtËc {Ej}j2N montelopoio‘n ton qrÏno anàmesa se diadoqikËc af–xeic, opÏte oi metablhtËc
{Sj}j2N e–nai oi qrÏnoi stouc opo–ouc autËc oi af–xeic sumba–noun. H diadikas–a Poisson {Nt}t�0 me
rujmÏ � metrà pÏsec tËtoiec af–xeic Ëqoun sumbe– mËqri thn ekàstote qronik† stigm†, dhlad†

Nt(!) = sup{k 2 N0 : Sk(!)  t}, t � 0,! 2 ⌦. (8.1)

Mporo‘me ep–shc na gràyoume isod‘nama Ïti

Nt(!) =
X

k2N
{Sk(!)  t}, t � 0,! 2 ⌦. (8.2)

Sto parakàtw sq†ma fa–netai h arq† miac tupik†c troqiàc diadikas–ac Poisson.

t

Nt(!)

1

2

3

4

5

S1

E1

S2

E2

S3

E3

S4

E4

S5

E5

EfÏson ta àlmata miac diadikas–ac Poisson Ëqoun mËgejoc 1, mporo‘me na anaparast†soume mia troqià
thc d–nontac aplà ta qronikà shme–a {Sn}n2N sta opo–a h diadikas–a auxànei. Gia paràdeigma, mporo‘me
na anaparast†soume thn prohgo‘menh tupik† troqià kai wc ex†c.

t
0 S1S2 S3 S4 S5

Je∏rhma 31 H diadikas–a Poisson thc (8.1) Ëqei tic akÏloujec idiÏthtec.

1. Oi troqiËc thc e–nai a‘xousec, dhlad† 0  t1  t2 ) Nt1(!)  Nt2(!).

2. P
⇥
Nt 2 X = N0, gia kàje t � 0

⇤
= 1.

3. Oi troqiËc thc e–nai dexià suneqe–c.

4. Gia kàje m 2 N h diadikas–a {Ñt}t�0 me Ñt = NSm+t �m e–nai ki aut† mia diadikas–a Poisson me
rujmÏ � kai e–nai anexàrthth apÏ tic E1, . . . , Em.
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ApÏdeixh: ApÏ ton orismÏ thc diadikas–ac Poisson e–nai profanËc Ïti oi troqiËc thc e–nai a‘xousec, afo‘,
an 0  t1  t2, tÏte

{k 2 N0 : Sk(!)  t1} ⇢ {k 2 N0 : Sk(!)  t2}.

Gia thn (2) arke– na de–xoume Ïti

P
⇥
Nt < +1, gia kàje t � 0

⇤
= P

⇥ \

t�0

{Nt < +1}
⇤
= 1. (8.3)

'Eqoume Ïmwc Ïti
{Sk ! 1} ⇢

\

t�0

{Nt < +1}.

Pràgmati, an ! 2 {Sk ! 1}, gia kàje t � 0 upàrqei Ëna k0(!, t) tËtoio ∏ste Sk(!) > t gia Ïla ta
k > k0(!, t). EpomËnwc, Nt(!)  k0(!, t) kai eidikÏtera Nt(!) < +1. ApÏ ton nÏmo twn megàlwn
arijm∏n Ëqoume Ïti

P
⇥
Sn/n ! 1/�

⇤
= P

⇥ 1
n

nX

j=1

Ej ! 1/�
⇤
= 1,

epomËnwc P
⇥
Sk ! 1

⇤
= 1, ap' Ïpou prok‘ptei h (8.3).

Gia thn (3) prosËxte Ïti, an gia kàpoio ! 2 ⌦, t � 0 e–qame Ïti Nt+(!) 6= Nt(!), tÏte ja Ëprepe na
upàrqei kàpoio k 2 N0 tËtoio ∏ste

Nt(!) = k kai N
t+ 1

n
(!) � k + 1, gia kàje n 2 N.

'Omwc Nt(!) = k ) Sk+1(!) > t, en∏ N
t+ 1

n
(!) � k + 1 gia kàje n 2 N ) Sk+1(!)  t+ 1

n
gia kàje

n 2 N. Ja Ëprepe epomËnwc
Sk+1(!) 2

\

n2N

�
t, t+

1

n

⇤
= ;.

Ja de–xoume tËloc thn (4), h opo–a sunepàgetai Ïti mia diadikas–a Poisson xanagenniËtai metà apÏ kàje
àlma thc kai to mËllon thc e–nai anexàrthto tou pareljÏntoc thc. H idËa e–nai Ïti metà to m-ostÏ àlma
thc, h diadikas–a metrà tic af–xeic pou upagore‘ontai apÏ tic Em+1, Em+2, . . . . SugkekrimËna Ëqoume Ïti

NSm+t = sup{k 2 N : Sk  Sm + t} = sup{k 2 N :
kX

j=m+1

Ej  t}

= sup{k 2 N :
k�mX

j=1

Ej+m  t} = m+ sup{r 2 N :
rX

j=1

Ej+m  t}.

EpomËnwc,

Ñt = sup{r 2 N :
rX

j=1

Ej+m  t}.

'Omwc oi Em+1, Em+2, . . . e–nai anexàrthtec, isÏnomec, ekjetikËc, tuqa–ec metablhtËc me paràmetro �
kai e–nai anexàrthtec apÏ tic E1, . . . , Em, opÏte to zhto‘meno prok‘ptei apÏ ton orismÏ thc diadikas–ac
Poisson. 2

Ja upolog–soume t∏ra tic katanomËc peperasmËnhc diàstashc thc {Nt}t�0. Ja xekin†soume apÏ tic
monodiàstatec katanomËc.
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L†mma 10 Gia kàje t � 0 h tuqa–a metablht† Nt akolouje– katanom† Poisson me rujmÏ �t.

ApÏdeixh: Gia k = 0 Ëqoume P
⇥
Nt = 0

⇤
= P

⇥
E1 > t

⇤
= e��t. Gia k 2 N Ëqoume

P
⇥
Nt = k

⇤
= P

⇥
Sk  t, Sk+1 > t

⇤
= P

⇥
Sk  t

⇤
� P

⇥
Sk  t, Sk+1  t

⇤
= P

⇥
Sk  t

⇤
� P

⇥
Sk+1  t

⇤
.
(8.4)

EfÏson Ïmwc oi {Ej}j2N e–nai anexàrthtec, me Ej ⇠ exp(�) = G(�, 1), Ëqoume Ïti

Sk =
kX

j=1

Ej ⇠ G(�, k)

kai h sunàrthsh puknÏthtac pijanÏthtàc thc e–nai h

fk(x) =

(
�
k

(k�1)!x
k�1e��x, an x � 0

0, an x < 0.

EpomËnwc, h (8.4) g–netai

P
⇥
Nt = k

⇤
=

Z
t

0

�k

(k � 1)!
xk�1e��x dx�

Z
t

0

�k+1

k!
xke��x dx =


�k

k!
xke��x

�t

0

= e��t
(�t)k

k!
.

Sumpera–noume loipÏn Ïti Nt ⇠ Po(�t). 2

Ja do‘me sth sunËqeia Ïti h diadikas–a Poisson Ëqei anexàrthtec prosaux†seic. H apÏdeixh ja g–nei se
d‘o b†mata.

L†mma 11 'Estw {Nt}t�0 mia diadikas–a Poisson me rujmÏ �. Gia kàje s � 0 kai kàje m 2 N0, me
dedomËno Ïti Ns = m, h diadikas–a {Ñt}t�0 me t‘po Ñt = Ns+t�Ns e–nai omo–wc mia diadikas–a Poisson
me rujmÏ � kai e–nai anexàrthth apÏ tic tuqa–ec metablhtËc E1, . . . , Em.

ApÏdeixh: Parathr†ste Ïti h diadikas–a {Ñt}t�0 metrà tic af–xeic metà th qronik† stigm† s. Me dedomËno
Ïti Ns = m, oi qrÏnoi anàmesa sta diadoqikà àlmata thc {Ñt}t�0 e–nai

Ẽ1 = Sm+1 � s, Ẽ2 = Em+2, . . . , Ẽk = Em+k, . . .

t
Sm s Sm+1 Sm+2

Em+1 Em+2

Ẽ1 Ẽ2

To endeqÏmeno wc proc to opo–o desme‘oume {Ns = m} = {Sm  s, Sm+1 > s} exartàtai mÏno apÏ
tic E1, . . . , Em+1. EpomËnwc, me dedomËno to {Ns = m}, oi Ẽ2, Ẽ3, . . . suneq–zoun na e–nai anexàrthtec,
isÏnomec, ekjetikËc tuqa–ec metablhtËc, me paràmetro � kai na e–nai anexàrthtec apÏ tic E1, . . . , Em allà
kai thn Ẽ1 pou exartàtai mÏno apÏ tic E1, . . . , Em+1. MËnei na de–xoume pwc, dedomËnou Ïti Ns = m,
h Ẽ1 e–nai anexàrthth apÏ tic E1, . . . , Em kai akolouje– ekjetik† katanom† me paràmetro �. Jewr†ste
Ëna endeqÏmeno B = {(E1, . . . , Em) 2 F ⇢ Rm} pou exartàtai mÏno apÏ tic E1, . . . , Em. Qreiàzetai na
de–xoume Ïti

P
⇥
{Ẽ1 > t} \B

��Ns = m
⇤
= e��t P

⇥
B
��Ns = m

⇤
, gia kàje t � 0.
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Parathr†ste t∏ra Ïti Ẽ1 = Sm+1 � s = Sm + Em+1 � s kai {Ns = m} = {Sm  s, Sm + Em+1 > s}.
EpomËnwc gia kàje t � 0 Ëqoume

P
⇥
{Ẽ1 > t} \B

��Ns = m
⇤
= P

⇥
{Em+1 + Sm > t+ s} \B

��Sm  s, Em+1 + Sm > s
⇤

=
P
⇥
{Em+1 + Sm > t+ s, Sm  s} \B

⇤

P
⇥
Ns = m

⇤ . (8.5)

Ac sumbol–soume me g : Rm ! [0,1) thn apÏ koino‘ puknÏthta pijanÏthtac twn E1, . . . , Em. Ja
qrhsimopoi†soume t∏ra Ïti h Em+1 e–nai anexàrthth apÏ tic E1, . . . , Em gia na gràyoume

P
⇥
{Em+1 + Sm > t+ s, Sm  s} \B

⇤
=

Z

F\{
Pm

i=1 tis}
g(t1, . . . , tm)P

⇥
Em+1 > t+ s�

mX

i=1

ti
⇤
dt1 · · · dtm

= e��t

Z

F\{
Pm

i=1 tis}
g(t1, . . . , tm)P

⇥
Em+1 > s�

mX

i=1

ti
⇤
dt1 · · · dtm

= e��t P
⇥
{Em+1 + Sm > s, Sm  s} \B

⇤

= e��tP
⇥
B \ {Ns = m}

⇤
,

Ïpou h de‘terh isÏthta proËkuye apÏ thn ap∏leia mn†mhc thc ekjetik†c katanom†c. To zhto‘meno Ëpetai
t∏ra àmesa apÏ thn (8.5). 2

Je∏rhma 32 (markobian† idiÏthta) 'Estw {Nt}t�0 mia diadikas–a Poisson me rujmÏ �. Gia kàje s � 0
h diadikas–a {Ñt}t�0 me t‘po Ñt = Ns+t �Ns e–nai omo–wc mia diadikas–a Poisson me rujmÏ � kai e–nai
anexàrthth apÏ tic {Nr}0rs.

ApÏdeixh: Qreiàzetai na de–xoume Ïti an Ã e–nai Ëna endeqÏmeno thc morf†c {Ñt1 = m1, . . . , Ñtk = mk}
Ïpou k 2 N0, t1, . . . , tk � 0 kai m1, . . . ,mk 2 N0 kai B e–nai Ëna endeqÏmeno thc morf†c {Nr1 =
n1, . . . , Nrj = nj} Ïpou j 2 N0, r1, . . . , rj 2 [0, s] kai n1, . . . , nj 2 N0, tÏte P

⇥
Ã \ B

⇤
= P

⇥
A
⇤
P
⇥
B
⇤
,

Ïpou A = {Nt1 = m1, . . . , Ntk = mk}. AutÏ ja mac exasfal–sei àmesa Ïti h {Ñt}t�0 e–nai anexàrthth
apÏ tic {Nr}0rs. EpiplËon, pa–rnontac j = 0 , B = ⌦ ja mac exasfal–sei ep–shc Ïti

P
⇥
Ã
⇤
= P

⇥
A
⇤
, P

⇥
Ñt1 = m1, . . . , Ñtk = mk

⇤
= P

⇥
Nt1 = m1, . . . , Ntk = mk

⇤

kai epomËnwc Ïti h {Ñt}t�0 Ëqei tic katanomËc peperasmËnhc diàstashc miac diadikas–ac Poisson me rujmÏ
�. ApÏ ton t‘po thc olik†c pijanÏthtac Ëqoume Ïti

P
⇥
Ã \B

⇤
=

1X

m=0

P
⇥
Ã \B

��Ns = m
⇤
P
⇥
Ns = m

⇤
. (8.6)

Parathr†ste t∏ra Ïti sto to endeqÏmeno {Ns = m} Ëqoume

Nr =
mX

k=1

{Sk  r}, gia kàje r  s.

AutÏ sumba–nei giat– gnwr–zontac Ïti Ns = m mporo‘me na perior–soume to àjroisma sth sqËsh (8.2)
stoucm pr∏touc Ïrouc. ApÏ to L†mma 11 Ëqoume Ïti dedomËnou Ïti Ns = m, h {Ñt}t�0 e–nai anexàrthth
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apÏ tic E1, . . . , Em. EpomËnwc, dedomËnou Ïti Ns = m, h {Ñt}t�0 ja e–nai anexàrthth kai apÏ tic
{Nr}0rs kai h (8.6) ja g–nei

P
⇥
Ã \B

⇤
=

1X

m=0

P
⇥
Ã
��Ns = m

⇤
P
⇥
B
��Ns = m

⇤
P
⇥
Ns = m

⇤
. (8.7)

ApÏ to L†mma 11 Ëqoume akÏma pwc, dedomËnou Ïti Ns = m, h {Ñt}t�0 e–nai diadikas–a Poisson me rujmÏ
�. EpomËnwc, P

⇥
Ã
��Ns = m

⇤
= P

⇥
A
⇤
kai h (8.7) d–nei pràgmati Ïti P

⇥
Ã \B

⇤
= P

⇥
A
⇤
P
⇥
B
⇤
. 2

PÏrisma 12 H diadikas–a Poisson Ëqei anexàrthtec kai qronikà omoiogene–c prosaux†seic. Sugke-
krimËna, gia kàje s, t � 0 h prosa‘xhsh Nt+s � Ns e–nai anexàrthth apÏ tic prohgo‘menec timËc thc
diadikas–ac kai akolouje– thn –dia katanom† Ïpwc h Nt, dhlad† Po

�
�t
�
.

Ja do‘me t∏ra p∏c h plhrofor–a pou periËqetai sto prohgo‘meno pÏrisma kajor–zei tic katanomËc
peperasmËnhc diàstashc thc {Nt}t�0.

Je∏rhma 33 'Estw t0 = 0  t1  t2  · · ·  tn. Gia opoiousd†pote akËraiouc k0 = 0  k1  k2 
· · ·  kn Ëqoume

P
⇥
Nt1 = k1, . . . , Ntn = kn

⇤
= e��tn�kn

n�1Y

i=0

(ti+1 � ti)
ki+1�ki

(ki+1 � ki)!
. (8.8)

ApÏ to Je∏rhma 32 Ëqoume

P
⇥
Nt1 = k1, . . . , Ntn = kn

⇤
= P

⇥
Nt1 = k1, Nt2 �Nt1 = k2 � k1, · · · , Ntn �Ntn�1 = kn � kn�1

⇤

= P
⇥
Nt1 = k1

⇤
P
⇥
Nt2 �Nt1 = k2 � k1

⇤
· · ·P

⇥
Ntn �Ntn�1 = kn � kn�1

⇤

= P
⇥
Nt1 = k1

⇤
P
⇥
Nt2�t1 = k2 � k1

⇤
· · ·P

⇥
Ntn�tn�1 = kn � kn�1

⇤

=
n�1Y

i=0

e��(ti+1�ti)

�
�(ti+1 � ti)

�
ki+1�ki

(ki+1 � ki)!

= e��tn�kn

n�1Y

i=0

(ti+1 � ti)
ki+1�ki

(ki+1 � ki)!
.

PÏrisma 13 An mia diadikas–a {Nt}t�0 Ëqei anexàrthtec prosaux†seic me Ns+t �Ns ⇠ Po(�t), tÏte
h {Nt}t�0 Ëqei thn katanom† miac diadikas–ac Poisson me rujmÏ �.

ApÏdeixh: E–dame sthn apÏdeixh tou Jewr†matoc 33 Ïti mia diadikas–a {Nt}t�0 h opo–a Ëqei anexàrthtec
prosaux†seic me Ns+t � Ns ⇠ Po(�t) Ëqei tic katanomËc peperasmËnhc diàstashc pou fa–nontai sth
sqËsh (8.8). EpomËnwc Ëqei tic –diec katanomËc peperasmËnhc diàstashc me mia diadikas–a Poisson me
rujmÏ �. O isqurismÏc Ëpetai apÏ to gegonÏc Ïti oi katanomËc peperasmËnhc diàstashc kajor–zoun thn
katanom† miac stoqastik†c diadikas–ac. 2

ProkeimËnou na katalàboume diaisjhtikà th sqËsh (8.8) ac jumhjo‘me thn poluwnumik† katanom†, thn
opo–a màllon Ëqete sunant†sei se kàpoio eisagwgikÏ màjhma Pijanot†twn. H poluwnumik† katanom†
me paramËtrouc n, p1, . . . , pm e–nai mia diakrit† katanom† se m diastàseic me s.m.p.

p(n1, . . . , nm) =

✓
n

n1, . . . , nm

◆
pn1
1 · · · pnm

m , n1, . . . , nm 2 N0,
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Ïpou ✓
n

n1, . . . , nm

◆
=

n!

n1! · · ·nm!
, an n1 + · · ·+ nm = n,

kai mhdËn, an n1 + · · · + nm 6= n. Emfan–zetai fusikà Ïtan meletàme thn katanom† sfair∏n se kelià.
SugkekrimËna, an topojet†soume n sfa–rec se m kelià, kai epilËgoume to kel– i me pijanÏthta pi
anexàrthta gia kàje sfa–ra, tÏte h pijanÏthta na topojethjo‘n n1 sfa–rec sto kel– 1, . . . , nm sfa–rec
sto kel– m e–nai –sh me p(n1, . . . , nm).

Mporo‘me t∏ra na parathr†soume, diair∏ntac ta d‘o mËlh thc (8.8) me P
⇥
Ntn = kn

⇤
= e��tn (�tn)kn

kn!
, Ïti

P
⇥
Nt1 = k1, . . . , Ntn = kn

��Ntn = kn
⇤
=

✓
kn

k1, k2 � k1, . . . , kn � kn�1

◆ n�1Y

i=0

✓
ti+1 � ti

tn

◆
ki+1�ki

.

EpomËnwc, dedomËnou tou pl†jouc twn af–xewn kn sto diàsthma (0, tn], oi af–xeic pou shmei∏jhkan sta
diast†mata

I1 = (0, t1], I2 = (t1, t2], I3 = (t2, t3], . . . , In = (tn�1, tn]

akoloujo‘n poluwnumik† katanom† me pijanÏthta epituq–ac gia kàje diàsthma pk = tk�tk�1

tn
, –sh dhlad†

me to klàsma tou m†kouc tou diast†matoc Ik sto sunolikÏ m†koc tn. Me diaforetikà lÏgia, dedomËnou Ïti
mËqri th qronik† stigm† tn e–qame kn af–xeic, h katanom† aut∏n twn af–xewn sta diast†mata I1, I2, . . . , In
e–nai –dia Ïpwc an topojeto‘same tic kn af–xeic anexàrthta kai omoiÏmorfa sto diàsthma (0, tn]. AutÏ
akrib∏c e–nai to perieqÏmeno tou epÏmenou jewr†matoc.

Je∏rhma 34 'Estw {Nt}t�0 mia diadikas–a Poisson me rujmÏ af–xewn �. DedomËnou Ïti Nt = n,
oi qrÏnoi S1, S2, . . . , Sn, stouc opo–ouc h diadikas–a Poisson allàzei katàstash, akoloujo‘n thn –dia
katanom† Ïpwc mia diatetagmËnh n-àda shme–wn, omoiÏmorfa epilegmËnwn sto (0, t]. SugkekrimËna, Ëqoun
apÏ koino‘ sunàrthsh puknÏthtac pijanÏthtac pou d–netai apÏ thn

g(s1, s2, . . . , sn) = n! t�n {0  s1  s2  · · ·  sn  t}. (8.9)

ApÏdeixh: H sunàrthsh puknÏthtac pijanÏthtac tou dian‘smatoc E = (E1, E2, . . . , En, En + 1) e–nai h

f(t1, t2, . . . , tn, tn+1) = �n+1e�(�t1+···+�tn+1) {t1, · · · , tn+1 � 0}.

An or–soume S = (S1, S2, . . . , Sn, Sn+1), Ëqoume Ïti S = �(E), Ïpou

�(t1, . . . , tn+1) = (t1, t1 + t2, . . . , t1 + · · ·+ tn+1), (t1, . . . , tn+1) 2 Rn+1
+ .

O grammikÏc metasqhmatismÏc � Ëqei or–zousa 1 kai o ant–strofÏc tou ��1 d–netai apÏ thn

��1(s1, . . . , sn+1) = (s1, s2 � s1, . . . , sn+1 � sn), 0  s1  s2  · · ·  sn+1.

EpomËnwc, h sunàrthsh puknÏthtac pijanÏthtac tou S e–nai

f(s1, s2 � s1, . . . , sn+1 � sn) = �n+1e��sn+1 {0  s1  s2  · · ·  sn+1}.

'Eqoume t∏ra Ïti gia kàje Borel s‘nolo A ⇢ Rn

P
⇥
(S1, . . . , Sn) 2 A,Nt = n

⇤
= P

⇥
(S1, . . . , Sn) 2 A,Sn  t, Sn+1 > t

⇤

= �n+1
Z

A

Z 1

t

e��sn+1 {0  s1  s2  · · ·  sn  t}dsn+1ds1 · · · dsn

= �ne��t

Z

A

{0  s1  s2  · · ·  sn  t}ds1 · · · dsn.
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ApÏ to L†mma 10 Ëqoume Ïmwc Ïti P
⇥
Nt = n

⇤
= e��t (�t)n

n! . EpomËnwc,

P
⇥
(S1, . . . , Sn) 2 A

��Nt = n
⇤
=

Z

A

n!t�n {0  s1  s2  · · ·  sn  t} ds1 · · · dsn.

H parapànw sqËsh shma–nei akrib∏c Ïti h desmeumËnh sunàrthsh puknÏthtac pijanÏthtac twn S1, . . . , Sn,
dedomËnou Ïti Nt = n, e–nai h g thc (8.9). Ja de–xoume t∏ra Ïti h g e–nai ep–shc h puknÏthta thc
miac diatetagmËnhc katà mËgejoc n-àdac anexàrthtwn, isÏnomwn tuqa–wn metablht∏n, me omoiÏmorfh
katanom† sto [0, t].

'Estw U1, . . . , Un akolouj–a apÏ anexàrthtec, isÏnomec, tuqa–ec metablhtËc me omoiÏmorfh katanom†
sto diàsthma [0, t]. An ⇡ : {1, 2, . . . , n} 7! {1, 2, . . . , n} e–nai mia metàjesh tou sunÏlou {1, 2, . . . , n}, ja
sumbol–zoume me ⇡U to diànusma (U⇡(1), U⇡(2), . . . , U⇡(n)). Ja sumbol–zoume ep–shc me S to s‘nolo twn
metajËsewn tou sunÏlou {1, 2, . . . , n}. Epeid† h omoiÏmorfh katanom† e–nai suneq†c, me pijanÏthta 1 oi
U1, . . . , Un ja lambànoun diaforetikËc timËc. EpomËnwc ja upàrqei mia monadik† metàjesh ⇡< gia thn
opo–a isq‘ei

U⇡<(1)  U⇡<(2)  · · ·  U⇡<(n).

Fusikà h metàjesh ⇡< gia thn opo–a isq‘ei h parapànw sqËsh e–nai tuqa–a, afo‘ exartàtai apÏ thn
pragmatopo–hsh twn U1, . . . , Un. Ja de–xoume t∏ra Ïti to tuqa–o diànusma

⇡<U = (U⇡<(1), . . . , U⇡<(n)),

to opo–o e–nai h metàjesh tou dian‘smatoc U = (U1, . . . , Un) pou topojete– tic suntetagmËnec tou
dian‘smatoc U se a‘xousa diàtaxh, Ëqei sunàrthsh puknÏthtac pijanÏthtac thn g thc (8.9). Pràgmati,
an A e–nai Ëna s‘nolo Borel tou [0, t]n, ja Ëqoume

P
⇥
⇡<U 2 A

⇤
=
X

⇡2S
P
⇥
⇡<U 2 A, ⇡< = ⇡

⇤
=
X

⇡2S
P
⇥
⇡U 2 A, ⇡< = ⇡

⇤
.

Epeid† gia kàje ⇡ 2 S ta dian‘smata ⇡U kai U Ëqoun thn –dia katanom† (oi suntetagmËnec touc e–nai
anexàrthtec kai omoiÏmorfec tuqa–ec metablhtËc sto [0, t]), oi pijanÏthtec sto parapànw àjroisma e–nai
Ïlec –sec, dhlad†

P
⇥
⇡U 2 A, ⇡< = ⇡

⇤
= P

⇥
U 2 A, ⇡< = id

⇤
, 8⇡ 2 S,

Ïpou id 2 S e–nai h tautotik† metàjesh id(1) = 1, . . . , id(n) = n. EpomËnwc,

P
⇥
⇡<U 2 A

⇤
= |S|P

⇥
U 2 A, ⇡< = id

⇤
= n!P

⇥
U 2 A, U1  U2  · · ·  Un

⇤

=

Z
· · ·
Z

A

n! t�n {0  s1  s2  · · ·  sn  t}ds1 · · · dsn,

dhlad† to diànusma ⇡<U Ëqei sunàrthsh puknÏthtac pijanÏthtac thn g. 2

To diaisjhtikÏ sumpËrasma tou Jewr†matoc 34 e–nai Ïti, me dedomËno Ïti se Ëna qronikÏ diàsthma [0, t]
Ëqoume n af–xeic miac diadikas–ac Poisson, mporo‘me na anakataskeuàsoume thn katanom† twn qrÏnwn
àfixhc epilËgontac tuqa–a (anexàrthta kai omoiÏmorfa) n shme–a sto diàsthma [0, t].

ProsËxte Ïti to apotËlesma e–nai anexàrthto apÏ ton rujmÏ twn af–xewn thc diadikas–ac. O rujmÏc
ephreàzei opwsd†pote to pl†joc twn af–xewn mËqri th stigm† t. Me dedomËno Ïmwc to pl†joc twn
af–xewn, o rujmÏc den Ëqei kam–a àllh plhrofor–a gia to p∏c katanËmontai autËc oi af–xeic sto diàsthma
[0, t]. 'Opwc e–dame, arke– na tic topojet†soume tuqa–a s' autÏ to diàsthma.

S‘mfwna me to prohgo‘meno Je∏rhma, ja mporo‘same na prosomoi∏soume Ëna monopàti miac diadikas–ac
Poisson me rujmÏ � sto qronikÏ diàsthma [0, t] wc ex†c. Arqikà epilËgoume to pl†joc twn af–xewn
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pou ja topojet†soume sunolikà s' autÏ to diàsthma. ApÏ to L†mma 10 to pl†joc twn af–xewn sto
diàsthma [0, t] akolouje– katanom† Poisson me paràmetro �t. 'Eqontac epilËxei to pl†joc twn af–xewn
n, epilËgoume omoiÏmorfa kai anexàrthta n shme–a sto [0, t]. Autà e–nai kai ta shme–a pou ja kànei àlma
katà 1 to monopàti thc diadikas–ac Poisson.

Paràdeigma 50 Ta thlefwn†mata pou dËqetai to EKAB metax‘ 6 to prw– kai 12 to meshmËri e–nai
mia diadikas–a Poisson me rujmÏ 10/∏ra. An apÏ tic 6 mËqri tic 9 Ëginan dËka thlefwn†mata, poia e–nai
h pijanÏthta na Ëgine Ëna akrib∏c thn pr∏th ∏ra;

An {Nt}t�0 e–nai h diadikas–a pou metrà ta thlefwn†mata metà tic 6, yàqnoume gia thn

P
⇥
Ns = 1

��Nt = 10
⇤
,

Ïpou s =1 ∏ra kai t = 3 ∏rec. Mporo‘me na l‘soume to prÏblhma me d‘o trÏpouc. EkmetalleuÏmenoi
tic anexàrthtec prosaux†seic thc diadikas–ac Ëqoume

P
⇥
Ns = 1

��Nt = 10
⇤
=

P
⇥
Ns = 1, Nt = 10

⇤

P
⇥
Nt = 10

⇤ =
P
⇥
Ns = 1, Nt �Ns = 9

⇤

P
⇥
Nt = 10

⇤

=
e��s (�s)1

1! e��(t�s)

�
�(t�s)

�9
9!

e��t (�t)
10

10!

= 10⇥ 29 ⇥ 3�10.

Sto –dio apotËlesma ja mporo‘same na ftàsoume kai qrhsimopoi∏ntac to Je∏rhma 34. DedomËnou Ïti
Ëqoume 10 thlefwn†mata, autà katanËmontai anexàrthta kai omoiÏmorfa sto diàsthma (0, t]. 'Eqoume
loipÏn 10 anexàrthtec dokimËc Bernoulli me pijanÏthta epituq–ac (na sumbo‘n katà thn pr∏th ∏ra) –sh
me s/t = 1/3. To pl†joc twn epituqi∏n s' autËc tic dokimËc akolouje– diwnumik† katanom† bin(10,1/3),
epomËnwc

P
⇥
Ns = 1

��Nt = 10
⇤
=

✓
10

1

◆�1
3

�1�2
3

�9
.

Skefte–te t∏ra thn poluplokÏthta twn d‘o mejÏdwn, an jËlame na bro‘me thn pijanÏthta na Ëqoume
akrib∏c m–a àfixh apÏ tic dËka, sta pr∏ta e–kosi depterÏlepta kàje lepto‘. O pr∏toc trÏpoc màllon
den e–nai elkustikÏc, o de‘teroc trÏpoc Ïmwc mac d–nei e‘kola Ïti h apànthsh paramËnei –dia!

Paràdeigma 51 'Enac fwteinÏc shmatodÏthc epitrËpei th diËleush pez∏n apÏ mia diasta‘rwsh ta
pr∏ta 10 depterÏlepta kàje lepto‘. Oi pezo– ftànoun sth diasta‘rwsh wc mia diadikas–a Poisson. An
se diàsthma miac ∏rac Ëftasan sth diasta‘rwsh 500 pezo–, poia e–nai proseggistikà h pijanÏthta to
pol‘ 90 apÏ auto‘c na diËsqisan th diasta‘rwsh qwr–c na qreiaste– na perimËnoun;

S‘mfwna me to Je∏rhma 34 oi qrÏnoi àfixhc twn 500 pez∏n Ëqoun thn –dia katanom† Ïpwc 500 ane-
xàrthtec isÏnomec tuqa–ec metablhtËc me omoiÏmorfh katanom† sto diàsthma [0, T ], Ïpou T = 60min.
EpomËnwc, gia kajËnan apÏ auto‘c h pijanÏthta na Ëftase sto shmatodÏth kàpoia stigm† pou h Ëndeixh
tou shmatodÏth †tan pràsinh e–nai –sh me to posostÏ tou qrÏnou pou h Ëndeixh tou shmatodÏth †tan
pràsinh sth diàrkeia miac ∏rac, dhlad† 1

6 . To pl†joc N twn pez∏n pou Ëftasan sth diasta‘rwsh kàpoia
stigm† pou Ëndeixh tou shmatodÏth †tan pràsinh kai th diËsqisan qwr–c na qreiaste– na perimËnoun ako-
louje– loipÏn diwnumik† katanom† bin(500,1/6). EfÏson 500⇥ 1

6 � 10, mporo‘me na qrhsimopoi†soume
thn prosËggish apÏ to KentrikÏ OriakÏ Je∏rhma ∏ste na ektim†soume thn pijanÏthta

P
⇥
N  90

⇤
= P

⇥N � 500⇥ 1
6q

5001
6
5
6


90� 500⇥ 1

6q
5001

6
5
6

⇤
' �

�4
5

�
' 0, 78814.

133



8.3 PrÏsjesh kai eklËptunsh

S' aut†n thn paràgrafo ja do‘me d‘o qr†simouc qeirismo‘c, stouc opo–ouc mporo‘me na upobàlloume
diadikas–ec Poisson kai to apotËlesma e–nai pàli mia diadikas–a Poisson, thn prÏsjesh anexàrthtwn dia-
dikasi∏n kai thn eklËptunsh (thinning).

Sto parakàtw sq†ma fa–netai mia pragmatopo–hsh twn qrÏnwn àfixhc d‘o anexàrthtwn diadikasi∏n Pois-
son {Xt}t�0 (me rujmÏ 2 se mple qr∏ma) kai {Yt}t�0 (me rujmÏ 1 se kÏkkino qr∏ma).

t

To pr∏to apotËlesma pou ja de–xoume Ëqei na kànei me th diadikas–a twn af–xewn pou blËpoume, an
agno†soume to qr∏ma touc.

Je∏rhma 35 An {Xt}t�0 kai {Yt}t�0 e–nai d‘o anexàrthtec diadikas–ec Poisson me rujmo‘c � kai µ
ant–stoiqa, tÏte h diadikas–a {Nt}t�0 me Nt = Xt + Yt, e–nai mia diadikas–a Poisson me rujmÏ �+ µ.

ApÏdeixh: S‘mfwna me to PÏrisma 13, arke– na de–xoume Ïti gia kàje s, t me 0  s  t, h tuqa–a
metablht† Nt � Ns e–nai anexàrthth apÏ tic {Nr}0rs kai akolouje– katanom† Po(

�
� + µ)(t � s)

�
.

'Eqoume Ïmwc
Nt �Ns = (Xt �Xs) + (Yt � Ys).

H Xt �Xs e–nai anexàrthth apÏ tic {Xr}0rs, afo‘ h {Xt}t�0 e–nai diadikas–a Poisson. Ep–shc e–nai
anexàrthth apÏ tic {Yr}0rs, afo‘ oi diadikas–ec pou prosjËtoume e–nai anexàrthtec. EpomËnwc, h
Xt � Xs e–nai anexàrthth apÏ tic {Nr}0rs. Me ton –dio trÏpo blËpoume Ïti kai h Yt � Ys e–nai
anexàrthth apÏ tic {Nr}0rs. EpomËnwc h {Nt}t�0 Ëqei anexàrthtec prosaux†seic.

Sqetikà me thn katanom† thc Nt � Ns, prosËxte Ïti h Xt � Xs akolouje– katanom† Po
�
�(t � s)

�
, h

Yt � Ys akolouje– katanom† Po
�
µ(t � s)

�
, en∏ oi Xt �Xs kai Yt � Ys e–nai anexàrthtec. Sunep∏c, to

àjroismà touc akolouje– katanom† Poisson me rujmÏ to àjroisma twn d‘o rujm∏n, dhlad† (�+µ)(t�s).
2

Parat†rhsh: To parapànw Je∏rhma genike‘etai e‘kola me epagwg†, se ajro–smata n anexàrthtwn
diadikasi∏n Poisson. To àjroismà touc e–nai mia diadikas–a Poisson me rujmÏ to àjroisma twn ep– mËrouc
rujm∏n.

To epÏmeno Je∏rhma perigràfei thn katanom† tou pl†jouc twn af–xewn kàje e–douc, me dedomËno ton
sunolikÏ arijmÏ af–xewn.

Je∏rhma 36 An {X(i)
t
}t�0, i = 1, 2, . . . ,m e–nai anexàrthtec diadikas–ec Poisson me rujmo‘c �i, i =

1, 2, . . . ,m kai {Nt}t�0 e–nai to àjroismà touc, tÏte gia kàje k1, . . . , km 2 N0 Ëqoume

P
⇥
X(1)

t
= k1, . . . X

(m)
t

= km
��Nt = n

⇤
=

✓
n

k1, . . . , km

◆✓
�1

�

◆
k1

· · ·
✓
�m

�

◆
km

, (8.10)

Ïpou � = �1 + · · · + �m. EpomËnwc, an xËroume ton sunolikÏ arijmÏ af–xewn se kàpoio diàsthma,
mporo‘me na anakataskeuàsoume to e–doc twn af–xewn apod–dontac kàje àfixh sto e–doc i me pijanÏthta
pi = �i/�.
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ApÏdeixh: Arke– na apode–xoume ton isqurismÏ Ïtan k1+ · · ·+km = n, afo‘ diaforetikà kai ta duo mËlh
thc (8.10) e–nai –sa me mhdËn. ApÏ to Je∏rhma 35 h diadikas–a {Nt}t�0 e–nai mia diadikas–a Poisson me
rujmÏ �. ApÏ thn anexarths–a twn diadikasi∏n {X(i)

t
}t�0 kai to L†mma 10 Ëqoume

P
⇥
X(1)

t
= k1, . . . , X

(m)
t

= km
��Nt = n

⇤
=

P
⇥
X(1)

t
= k1, . . . X

(m)
t

= km
⇤

P
⇥
Nt = n

⇤

=
P
⇥
X(1)

t
= k1

⇤
· · ·P

⇥
X(m)

t
= km

⇤

P
⇥
Nt = n

⇤

=
e��1t (�1t)k1

k1!
· · · e��mt (�mt)km

km!

e��t (�t)
n

n!

=
n!

k1! · · · km!

�k1
1 · · ·�km

m

�n

=

✓
n

k1, . . . , km

◆✓
�1

�

◆
k1

· · ·
✓
�m

�

◆
km

.

Gia na de–xoume ton teleuta–o isqurismÏ, arke– na parathr†soume Ïti to dex– mËloc thc teleuta–ac sqËshc
e–nai h s.m.p. thc poluwnumik†c katanom†c me paramËtrouc n, p1, . . . , pm. 2

PÏrisma 14 An {X(i)
t
}t�0, i = 1, 2, . . . ,m e–nai anexàrthtec diadikas–ec Poisson me rujmo‘c �i, i =

1, 2, . . . ,m kai {Nt}t�0 e–nai to àjroismà touc, tÏte

P
⇥
X(i)

t
= k

��Nt = n
⇤
=

✓
n

k

◆✓
�i

�

◆
k
✓
1� �i

�

◆
n�k

,

Ïpou � = �1 + · · · ,�m. EpomËnwc, me dedomËno ton sunolikÏ arijmÏ af–xewn n se Ëna diàsthma, oi
af–xeic tou e–douc i akoloujo‘n diwnumik† katanom† bin(n, �i

�
).

ApÏdeixh: Jewr†ste th diadikas–a {Yt}t�0 me Yt =
P

j 6=i
X(j)

t
, h opo–a e–nai mia diadikas–a Poisson me

rujmÏ µ =
P

j 6=i
�j = �� �i (Je∏rhma 35) kai e–nai anexàrthth apÏ thn {X(i)

t
}t�0. H (8.10) d–nei Ïti

P
⇥
X(i)

t
= k

��Nt = n
⇤
= P

⇥
X(i)

t
= k, Yt = n� k

��Nt = n
⇤
=

✓
n

k

◆✓
�i

�

◆
k
✓
1� �i

�

◆
n�k

.

2

Paràdeigma 52 'Ena Tm†ma EpeigÏntwn Peristatik∏n efhmere‘ei mÏno gia pajologikà, qeirourgikà
kai kardiologikà peristatikà. Ta pajologikà peristatikà kataftànoun Ïpwc mia diadikas–a Poisson me
rujmÏ � = 1/10min, ta qeirourgikà peristatikà Ïpwc mia diadikas–a Poisson me rujmÏ µ = 1/15min, en∏
ta kardiologikà peristatikà Ïpwc mia diadikas–a Poisson me rujmÏ ⌫ = 1/30min. Oi treic diadikas–ec
e–nai anexàrthtec. An 20 leptà metà thn Ënarxh thc efhmer–ac e–qan prosËljei 6 asjene–c, poia e–nai
oi pijanÏthta na e–qame 2 asjene–c apÏ kàje e–doc peristatiko‘; An katà th diàrkeia thc efhmer–ac
emfan–sthkan 300 asjene–c, poia e–nai proseggistikà h pijanÏthta na up†rqan anàmesà touc toulàqiston
50 kardiologikà peristatikà;

Oi sunolikËc af–xeic sto Tm†ma EpeigÏntwn e–nai epomËnwc mia diadikas–a Poisson {Nt}t�0 me rujmÏ
�+ µ+ ⌫=1/5min. ApÏ to Je∏rhma 36 Ëqoume Ïti

P
⇥
⇧t = 2, Xt = 2,Kt = 2

��Nt = 6
⇤
=

6!

(2!)3

✓
1

2

◆2✓1

3

◆2✓1

6

◆2

=
5

72
.
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ApÏ to PÏrisma 14, me dedomËno Ïti katà th diàrkeia thc efhmer–ac emfan–sthkan 300 asjene–c, to pl†joc
KT twn kardiologik∏n peristatik∏n akolouje– diwnumik† katanom† bin(300, 16). EpomËnwc,

P
⇥
KT � 50

��NT = 300
⇤
=

300X

k=50

✓
300

k

◆✓
1

6

◆
k
✓
5

6

◆300�k

.

Mporo‘me na ektim†soume to àjroisma autÏ qrhsimopoi∏ntac thn prosËggish thc diwnumik†c katanom†c
me bàsh to KentrikÏ OriakÏ Je∏rhma. SugkekrimËna,

P
⇥
KT � 50

��NT = 300
⇤
= P

⇥KT � 300⇥ 1
6q

300⇥ 1
6 ⇥ 5

6

� 0
��NT = 300

⇤
' 1� �(0) =

1

2
.

2

Paràdeigma 53 Sto prohgo‘meno paràdeigma, upolog–ste thn pijanÏthta to pr∏to peristatikÏ pou
ja emfaniste– sthn efhmer–a na e–nai pajologikÏ.

'EstwX,Y, Z oi qrÏnoi anamon†c mËqri thn àfixh tou pr∏tou pajologiko‘, qeirourgiko‘ † kardiologiko‘
peristatiko‘, ant–stoiqa. JËloume na upolog–soume thn pijanÏthta tou endeqomËnou {X  Y } \ {X 
Z} = {X  Y ^Z}. Mporo‘me na kànoume ton upologismÏ ap' euje–ac, qrhsimopoi∏ntac thn apÏ koino‘
sunàrthsh puknÏthtac pijanÏthtac twn X,Y, Z. Mporo‘me Ïmwc kai na parathr†soume Ïti h Y ^Z e–nai
ekjetik† me rujmÏ µ+ ⌫. Pràgmati,

P
⇥
Y ^ Z > t

⇤
= P

⇥
{Y > t} \ {Z > t}

⇤
= P

⇥
Y > t

⇤
P
⇥
Z > t

⇤
= e�µte�⌫t = e�(µ+⌫)t.

AutÏ ja Ëprepe na to perimËnoume. H Y ^Z e–nai o qrÏnoc anamon†c mËqri thn pr∏th àfixh thc diadikas–ac
{Xt +Kt}t�0, h opo–a s‘mfwna me to Je∏rhma 35 e–nai mia diadikas–a Poisson me rujmÏ µ+ ⌫.

EfÏson oi Y, Z e–nai anexàrthtec apÏ thn X, oi Y ^ Z kai X ja e–nai ep–shc anexàrthtec. EpomËnwc,

P
⇥
X  Y ^ Z

⇤
=

Z 1

0
�e��x

Z 1

x

(µ+ ⌫)e�(µ+⌫)v dv dx = �

Z 1

0
e�(�+µ+⌫)x dx =

�

�+ µ+ ⌫
=

1

2
.

Ant–stoiqa, h pijanÏthta to pr∏to peristatikÏ na e–nai qeirourgikÏ e–nai µ

�+µ+⌫
= 1

3 kai h pijanÏthta
to pr∏to peristatikÏ na e–nai kardiologikÏ e–nai ⌫

�+µ+⌫
= 1

6 .

Ja mporo‘same àrage na isquristo‘me Ïti kàje peristatikÏ pou emfan–zetai e–nai pajologikÏ, qeirourgikÏ
† kardiologikÏ me pijanÏthta 1

2 ,
1
3 kai

1
6 ant–stoiqa, anexàrthta apÏ ta àlla peristatikà; Kàti tËtoio

upodeikn‘ei kai to perieqÏmeno tou Jewr†matoc 36. Ja mporo‘same pràgmati na to isquristo‘me, an
genike‘ame to Je∏rhma 32 ∏ste na exasfal–soume thn isqur† markobian† idiÏthta gia ton qrÏno diakop†c
T = X^Y ^Z. H àfixh tou de‘terou asjeno‘c e–nai h pr∏th àfixh metà ton qrÏno T , opÏte to prÏblhma
thc de‘terhc àfixhc anàgetai sto prÏblhma pou mÏlic l‘same, en∏ mporo‘me na epeke–noume ton parapànw
sullogismÏ epagwgikà. Sto –dio apotËlesma mporo‘me na katal†xoume qrhsimopoi∏ntac thn Ënnoia thc
eklËptunshc miac diadikas–ac Poisson, me thn opo–a ja asqolhjo‘me t∏ra. 2

OrismÏc: H p-eklËptunsh miac diadikas–ac Poisson {Nt}t�0 e–nai h diadikas–a af–xewn pou prok‘ptei
an diagràyoume kàje àfixh thc {Nt}t�0 me pijanÏthta 1 � p anexàrthta apÏ tic àllec af–xeic kai th
diadikas–a {Nt}t�0.

Gia na katano†soume kal‘tera thn eklËptunsh ac kànoume to akÏloujo nohtikÏ pe–rama. Ja jewr†soume
mia akolouj–a {Xi}i2N apÏ anexàrthtec, isÏnomec tuqa–ec metablhtËc me katanom† Bernoulli(p), pou e–nai
anexàrthtec apÏ th diadikas–a af–xewn {Nt}t�0 kai ja qrwmat–soume thn i-ost† àfixh kÏkkinh, anXi = 1,
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† mple, an Xi = 0. H diadikas–a pou perigràfei tic kÏkkinec af–xeic e–nai mia p-eklËptunsh thc {Nt}t�0.
To pl†joc twn kÏkkinwn af–xewn mËqri th qronik† stigm† t e–nai

P
Nt
i=1Xi. Ant–stoiqa, h diadikas–a pou

perigràfei tic mple af–xeic e–nai mia (1 � p)-eklËptunsh thc {Nt}t�0 kai to pl†joc twn mple af–xewn
mËqri th qronik† stigm† t e–nai

P
Nt
i=1(1 � Xi). To epÏmeno Je∏rhma qarakthr–zei tic diadikas–ec twn

kÏkkinwn kai mple af–xewn.

Je∏rhma 37 'Estw {Nt}t�0 mia diadikas–a Poisson me rujmÏ � kai {Xi}i2N mia akolouj–a apÏ ane-
xàrthtec, isÏnomec tuqa–ec metablhtËc me katanom† Bernoulli(p), pou e–nai anexàrthtec apÏ th diadikas–a
af–xewn {Nt}t�0. TÏte oi diadikas–ec {N+

t
}t�0 kai {N�

t
}t�0 me

N+
t

=
NtX

i=1

Xi kai N�
t

= Nt �N+
t

=
NtX

i=1

(1�Xi),

e–nai d‘o anexàrthtec diadikas–ec Poisson me rujmo‘c �p kai �(1� p) ant–stoiqa.

ApÏdeixh: 'Estw M1,M2, . . . , h akolouj–a twn epituqhmËnwn prospajei∏n, dhlad†

M1 = inf{k � 1 : Xk = 1}, Mn+1 = inf{k > Mn : Xk = 1}, n 2 N.

Gia paràdeigma, sto parakàtw sq†ma, Ïpou Ëqoume qrwmat–sei thn k-ost† àfixh kÏkkinh, an Xk = 1, †
mple, an Xk = 0, Ëqoume M1 = 2,M2 = 3,M3 = 5,M4 = 11,M5 = 12,M6 = 14.

t0

E+
1 E+

2 E+
3 E+

4 E+
5 E+

6

Oi M1,M2 �M1,M3 �M2, . . . e–nai anexàrthtec, isÏnomec tuqa–ec metablhtËc, pou akoloujo‘n gewme-
trik† katanom† me paràmetro p, dhlad†

P
⇥
M1 = k

⇤
= (1� p)k�1p, k 2 N. (8.11)

An {Ek}k2N e–nai h akolouj–a twn qrÏnwn pou mesolabo‘n anàmesa stic diadoqikËc af–xeic thc diadika-
s–ac {Nt}t�0 kai or–soume M0 = 0, tÏte oi qrÏnoi anàmesa stic diadoqikËc af–xeic thc {N+

t
}t�0 e–nai h

akolouj–a {E+
k
}k2N me

E+
n =

MnX

k=Mn�1+1

Ek.

EfÏson h {Mn}n2N exartàtai mÏno apÏ thn {Xi}i2N kai h {Ek}k2N mÏno apÏ th diadikas–a af–xewn,
oi akolouj–ec autËc e–nai anexàrthtec. EpiplËon, h anexarths–a kai isonom–a twn M1,M2 � M1, . . .
sunepàgetai thn anexarths–a kai isonom–a twn E+

1 , E
+
2 , . . . Ja de–xoume Ïti opoiesd†pote d‘o apÏ autËc

e–nai anexàrthtec kai isÏnomec kaj∏c to epiqe–rhma sth genik† per–ptwsh e–nai entel∏c anàlogo. Gia
n,m 2 N me n < m Ëqoume

I = P
⇥
E+

n > t,E+
m > s

⇤
= P

⇥ MnX

k=Mn�1+1

Ek > t,
MmX

k=Mm�1+1

Ek > s
⇤

=
X

p1,p22N

X

q2�q1+p1

P
⇥ q1+p1X

k=q1+1

Ek > t,
q2+p2X

k=q2+1

Ek > s,Mn�1 = q1 = Mn � p1,Mm�1 = q2 = Mm � p2
⇤
.
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ApÏ thn anexarths–a twn akolouji∏n {Mn}n2N kai {En}n2N pa–rnoume

I =
X

p1,p22N

X

q2�q1+p1

P
⇥ q1+p1X

k=q1+1

Ek > t,
q2+p2X

k=q2+1

Ek > s
⇤
P
⇥
Mn�1 = q1 = Mn � p1,Mm�1 = q2 = Mm � p2

⇤
.

ApÏ thn anexarths–a kai thn isonom–a twn tuqa–wn metablht∏n En, n = 1, 2, . . . pa–rnoume sth sunËqeia

I =
X

p1,p22N

X

q2�q1+p1

P
⇥ p1X

k=1

Ek > t
⇤
P
⇥ p2X

k=1

Ek > s
⇤
⇥

⇥ P
⇥
Mn�1 = q1,Mn �Mn�1 = p1,Mm�1 = q2,Mm �Mm�1 = p2

⇤

=
X

p1,p22N
P
⇥ p1X

k=1

Ek > t
⇤
P
⇥ p2X

k=1

Ek > s
⇤
P
⇥
Mn �Mn�1 = p1,Mm �Mm�1 = p2

⇤

TËloc, apÏ to gegonÏc Ïti oiMn�Mn�1 kaiMm�Mm�1 e–nai anexàrthtec kai Ëqoun thn –dia katanom†
me th M1 pa–rnoume

I =
X

p1,p22N
P
⇥ p1X

k=1

Ek > t
⇤
P
⇥ p2X

k=1

Ek > s
⇤
P
⇥
M1 = p1

⇤
P
⇥
M1 = p2

⇤

=

0

@
X

p12N
P
⇥ p1X

k=1

Ek > t
⇤
P
⇥
M1 = p1

⇤
1

A

0

@
X

p22N
P
⇥ p2X

k=1

Ek > t
⇤
P
⇥
M1 = p2

⇤
1

A

=

0

@
X

p12N
P
⇥ M1X

k=1

Ek > t,M1 = p1
⇤
1

A

0

@
X

p22N
P
⇥ M1X

k=1

Ek > t,M1 = p2
⇤
1

A

= P
⇥
E+

1 > t
⇤
P
⇥
E+

1 > s
⇤
.

Sunoy–zontac to parapànw epiqe–rhma, de–xame Ïti gia kàje m,n 2 N me m > n kai kàje s, t > 0 Ëqoume

P
⇥
E+

n > t,E+
m > s

⇤
= P

⇥
E+

1 > t
⇤
P
⇥
E+

1 > s
⇤
.

EpomËnwc oi tuqa–ec metablhtËc En, Em e–nai anexàrthtec kai Ëqoun thn –dia katanom† Ïpwc h E+
1 .

ProkeimËnou na bro‘me thn katanom† touc parathro‘me Ïpwc prin Ïti

P
⇥
E+

1 > t
⇤
=

1X

n=1

P
h nX

k=1

Ek > t
i
P
⇥
M1 = n

⇤
. (8.12)

Ac jumhjo‘me t∏ra Ïti h tuqa–a metablht†
P

n

k=1Ek akolouje– katanom† G(�, n). EpomËnwc,

P
h nX

k=1

Ek > t
i
=

Z 1

t

�nxn�1

(n� 1)!
e��x dx.
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An antikatast†soume thn parapànw sqËsh kai thn (8.11) sthn 8.12 kai qrhsimopoi†soume to Je∏rhma
Fubini-Tonelli gia na enallàxoume th seirà thc àjroishc kai thc olokl†rwshc, pa–rnoume

P
⇥
E+

1 > t
⇤
=

1X

n=1

Z 1

t

�nxn�1

(n� 1)!
e��x dx (1� p)n�1p

= �p

Z 1

t

e��x

 1X

n=1

�
�(1� p)x

�
n�1

(n� 1)!

!
dx

= �p

Z 1

t

e��xe�(1�p)x dx

= �p

Z 1

t

e��pxdx = e��pt.

EpomËnwc oi {E+
k
}k2N e–nai anexàrthtec, isÏnomec kai akoloujo‘n ekjetik† katanom† me paràmetro �p,

àra h diadikas–a {N+
t
}t�0 e–nai mia diadikas–a Poisson me rujmÏ �p.

EfÏson h {1 �Xi}i2N e–nai mia akolouj–a apÏ anexàrthtec, isÏnomec tuqa–ec metablhtËc, me katanom†
Bernoulli(1�p), pa–rnoume amËswc Ïti h {N�

t
}t�0 e–nai ep–shc mia diadikas–a Poisson me rujmÏ �(1�p).

Ja de–xoume t∏ra Ïti oi {N+
t
}t�0 kai {N�

t
}t�0 e–nai anexàrthtec. Ja xekin†soume de–qnontac Ïti oi

tuqa–ec metablhtËc N+
t
kai N�

t
e–nai anexàrthtec gia kàje t � 0.

P
⇥
N+

t
= m,N�

t
= n

⇤
= P

⇥
N+

t
= m,Nt = m+ n

⇤
= P

⇥m+nX

i=1

Xi = m,Nt = m+ n
⇤

(8.13)

= P
⇥m+nX

i=1

Xi = m
⇤
P
⇥
Nt = m+ n

⇤
. (8.14)

Sto teleuta–o b†ma qrhsimopoi†same Ïti h akolouj–a {Xi}i2N e–nai anexàrthth apÏ th diadikas–a af–xewn
{Nt}t�0. ApÏ to L†mma 10 Ëqoume Ïti

P
⇥
Nt = m+ n

⇤
= e��t

(�t)m+n

(m+ n)!
.

EpiplËon, efÏson oi X1, X2, . . . e–nai anexàrthtec t.m. Bernoulli me pijanÏthta epituq–ac p Ëqoume ÏtiP
m+n

i=1 Xi ⇠bin(m+ n, p) kai

P
⇥m+nX

i=1

Xi = m
⇤
=

✓
n+m

m

◆
pm(1� p)n.

An antikatast†soume tic d‘o parapànw isÏthtec sthn (8.13), Ëqoume Ïti

P
⇥
N+

t
= m,N�

t
= n

⇤
= e��t

(�t)m+n

(m+ n)!

✓
n+m

m

◆
pm(1� p)n

= e��pt
(�pt)m

m!
e��(1�p)t (�(1� p)t)n

n!
. (8.15)

EpomËnwc oi tuqa–ec metablhtËc N+
t
kai N�

t
e–nai anexàrthtec gia kàje t � 0. Gia na de–xoume Ïti oi

diadikas–ec {N+
t
}t�0 kai {N�

t
}t�0 e–nai anexàrthtec, qreiàzetai na de–xoume kàti ant–stoiqo gia tic apÏ
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koino‘ katanomËc peperasmËnhc diàstashc. SugkekrimËna, an 0  t1  t2  · · ·  tk kai oi {mi}1ik

kai {ni}1ik e–nai a‘xousec akolouj–ec akera–wn, jËloume na de–xoume Ïti

P
h k\

i=1

{N+
ti

= mi, N
�
ti

= ni}
i
= P

h k\

i=1

{N+
ti

= mi}
i
P
h k\

i=1

{N�
ti

= ni}
i
. (8.16)

Mporo‘me na qrhsimopoi†soume to gegonÏc Ïti oi diadikas–ec Poisson Ëqoun anexàrthtec kai qronikà
omoiogene–c prosaux†seic, ∏ste na anagàgoume autÏ to er∏thma sto er∏thma gia tic monodiàstatec
katanomËc thc diadikas–ac pou †dh apant†same. Pràgmati, an jËsoume t0 = m0 = n0 = 0, Ëqoume

P
h k\

i=1

{N+
ti

= mi, N�
ti

= ni}
i
= P

h k\

i=1

{N+
ti
�N+

ti�1
= mi �mi�1, N�

ti
�N�

ti�1
= ni � ni�1}

i

= P
h k\

i=1

{
NtiX

k=Nti�1+1

Xk = mi �mi�1,

NtiX

k=Nti�1+1

(1�Xk) = ni � ni�1}
i

=
kY

i=1

P
h
N+

ti�ti�1
= mi �mi�1, N�

ti�ti�1
= ni � ni�1

i
.

ApÏ thn (8.15) Ëqoume t∏ra Ïti

P
h k\

i=1

{N+
ti

= mi, N�
ti

= ni}
i
=

kY

i=1

P
h
N+

ti�ti�1
= mi �mi�1

i
P
h
N�

ti�ti�1
= ni � ni�1

i

kai antistrËfontac ta b†mata tou teleuta–ou epiqeir†matoc ftànoume sthn (8.16). 2

PÏrisma 15 Jewr†ste d‘o anexàrthtec diadikas–ec Poisson {Xt}t�0 kai {Yt}t�0 me rujmo‘c � kai µ

ant–stoiqa. An {Nt}t�0 e–nai to àjroismà touc kai {X̃t}t�0 e–nai mia
⇣

�

�+µ

⌘
-eklËptunsh thc {Nt}t�0,

tÏte ta zeugària diadikasi∏n

({Xt}t�0, {Yt}t�0) kai ({X̃t}t�0, {Nt � X̃t}t�0)

Ëqoun thn –dia katanom†. EidikÏtera, kàje àfixh thc {Nt}t�0 ofe–letai se a‘xhsh thc {Xt}t�0 me
pijanÏthta �

�+µ
, anexàrthta apÏ tic àllec af–xeic kai th diadikas–a af–xewn {Nt}t�0.

PÏrisma 16 Me bàsh ta Jewr†mata 35 kai 37 mporo‘me na prosomoi∏soume tautÏqrona d‘o anexàr-
thtec diadikas–ec Poisson {Xt}t�0 kai {Yt}t�0 me rujmo‘c � kai µ ant–stoiqa, kànontac eklËptunsh sto
àjroismà touc. SugkekrimËna, prokeimËnou na prosomoi∏soume tic d‘o diadikas–ec sto diàsthma [0, T ]
mporo‘me na kànoume ta akÏlouja b†mata.

1. Prosomoi∏noume to sunolikÏ pl†joc af–xewn NT = XT + YT ⇠ Po
�
(�+ µ)T

�
.

2. An NT = n prosomoi∏noume touc qrÏnouc twn n af–xewn epilËgontac n anexàrthtec, isÏnomec
tuqa–ec metablhtËc me omoiÏmorfh katanom† sto [0, T ].

3. Apod–doume anexàrthta kàje mia apÏ tic n af–xeic e–te sth {Xt}t�0 (me pijanÏthta pX = �

�+µ
) e–te

sthn {Yt}t�0 (me pijanÏthta pY = µ

�+µ
).
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Paràdeigma 54 Oi ànjrwpoi pou prosËrqontai se Ëna anayukt†rio Ëna kalokairinÏ meshmËri ftànoun
wc mia diadikas–a Poisson me rujmÏ 3/min. KajËnac apÏ auto‘c epilËgei e–te qumÏ portokàli e–te qumÏ
m†lo me pijanÏthta 5/6 kai 1/6 ant–stoiqa kai anexàrthta o Ënac apÏ ton allon. An kàpoia stigm†
upàrqoun apojËmata portokali∏n gia 240 qumo‘c kai m†lwn gia 39 qumo‘c, poia e–nai h pijanÏthta na
exuphrethjo‘n Ïloi oi ànjrwpoi pou ja ftàsoun mËsa sthn epÏmenh miàmish ∏ra;

S‘mfwna me to prohgo‘meno Je∏rhma, oi paraggel–ec gia qumÏ portokalio‘ ftànoun wc mia diadikas–a
Poisson me rujmÏ 3/min⇥5/6=2,5/min. EpomËnwc, apÏ to Je∏rhma 10, oi paraggel–ec gia qumÏ por-
tokalio‘ thn epÏmenh ∏ra e–nai mia tuqa–a metablht† N , pou akolouje– katanom† Poisson me paràmetro
2,5/min⇥90min=225. Ant–stoiqa, oi paraggel–ec gia qumÏ m†lou ftànoun wc mia diadikas–a Poisson
me rujmÏ 3/min⇥1/6=1/2min. EpomËnwc, oi paraggel–ec gia qumÏ m†lou thn epÏmenh ∏ra, e–nai mia
tuqa–a metablht†, M , pou akolouje– katanom† Poisson, me paràmetro 1/2min⇥90min=45. Màlista,
efÏson oi d‘o diadikas–ec e–nai anexàrthtec, ja e–nai anexàrthtec kai oi tuqa–ec metablhtËc M kai N .
Eme–c jËloume na upolog–soume thn pijanÏthta

P
⇥
{N  240} \ {M  39}

⇤
= P

⇥
N  240

⇤
P
⇥
M  39

⇤
.

ProkeimËnou na oloklhr∏soume ton upologismÏ, mporo‘me na upolog–soume autËc tic posÏthtec e–te
me th bo†jeia kàpoiou statistiko‘ pakËtou, Ïpwc h R, e–te na bro‘me proseggistikà thn apànthsh me
th bo†jeia tou Kentriko‘ Oriako‘ Jewr†matoc. SugkekrimËna, an h tuqa–a metablht† X akolouje–
katanom† Po(�), tÏte

P
⇥X � �p

�
 x

⇤
! �(x), kaj∏c � ! 1,

Ïpou h sunàrthsh � sto dex– mËloc e–nai h sunàrthsh katanom†c pijanÏthtac thc tupik†c kanonik†c
katanom†c. Sthn pràxh, h prosËggish e–nai arketà kal† gia � � 30, opÏte mporo‘me na ektim†soume

P
⇥
N  240

⇤
= P

hN � 225p
225

 240� 225p
225

i
' �(1) ' 0, 8414.

Omo–wc,

P
⇥
M  39

⇤
= P

hM � 45p
45

 39� 45p
45

i
' �(� 2p

5
) = 0, 1856.

EpomËnwc h zhto‘menh pijanÏthta e–nai per–pou 0,1561. H apànthsh pou ja pa–rname me th bo†jeia tou
upologist†, qwr–c thn prosËggish tou Kentriko‘ Oriako‘ Jewr†matoc, ja †tan 0,1769. 2

Paràdeigma 55 An {Xt}t�0 kai {Yt}t�0 e–nai d‘o anexàrthtec diadikas–ec Poisson me rujmo‘c � kai
µ ant–stoiqa, poia katanom† akolouje– to pl†joc Z twn af–xewn thc {Xt}t�0 anàmesa se d‘o diadoqikËc
af–xeic thc {Yt}t�0;

H diadikas–a {Nt}t�0 meNt = Xt+Yt e–nai mia diadikas–a Poisson me rujmÏ �+µ. To endeqÏmeno {Z � k}
e–nai to endeqÏmeno oi pr∏tec k af–xeic thc {Nt}t�0 metà apÏ mia àfixh thc {Yt}t�0 na ofe–lontai se
aux†seic thc {Xt}t�0. EpomËnwc

P
⇥
Z � k

⇤
=

✓
�

�+ µ

◆
k

, k = 0, 1, . . . .

EpomËnwc gia kàje k 2 N

P
⇥
Z + 1 = k

⇤
= P

⇥
Z � k � 1

⇤
� P

⇥
Z � k

⇤
=

✓
�

�+ µ

◆
k�1 µ

�+ µ
,

dhlad† h Z + 1 akolouje– gewmetrik† katanom† me paràmetro µ

�+µ
. 2
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8.4 Ask†seic

'Askhsh 120 Swmat–dia prosp–ptoun s' Ënan aniqneut† s‘mfwna me mia diadikas–a Poisson. An sta
pr∏ta d‘o leptà leitourg–ac tou aniqneut† prosËpesan 14 swmat–dia, poia e–nai h pijanÏthta ta 5 apÏ
autà na prosËpesan katà to pr∏to leptÏ;

'Askhsh 121 Se mia diadikas–a Poisson me rujmÏ af–xewn µ, an SN e–nai o qrÏnoc thc N -ost†c àfixhc,
upolog–ste ta Ïria

P
⇥
lim
N

SN

N
=

1

µ

⇤
kai lim

N

P
⇥
SN  N

µ

⇤
.

'Askhsh 122 Se mia diadikas–a Poisson me rujmÏ af–xewn �, bre–te thn katanom† pou akolouje– to
pl†joc twn af–xewn sto diàsthma (0, s] dedomËnou Ïti Ëqoume N af–xeic sto diàsthma (0, t] me t � s.

'Askhsh 123 Oi af–xeic foitht∏n sth biblioj†kh tou EMP metax‘ 8pm kai 2mm e–nai mia diadikas–a
Poisson me rujmÏ af–xewn 1/5min. Oi af–xeic kajhght∏n thn –dia per–odo e–nai mia mia diadikas–a Poisson
me rujmÏ af–xewn 1/30min. An sto diàsthma 11pm kai 12m mp†kan sth biblioj†kh 10 àtoma, poia e–nai h
pijanÏthta na mp†kan to pol‘ d‘o kajhghtËc; H pijanÏthta na daneiste– bibl–o kàpoioc kajhght†c pou
episkËptetai th biblioj†kh e–nai 4/5 en∏ h pijanÏthta na daneiste– bibl–o Ënac foitht†c pou episkËptetai
th biblioj†kh e–nai 1/6. UpojËste Ïti den mesolabe– qrÏnoc anàmesa sthn àfixh enÏc atÏmou pou jËlei
na daneiste– bibl–o kai ston daneismÏ tou bibl–ou. P∏c ja perigràfate th diadikas–a pou metràei touc
daneismo‘c bibl–wn katà thn parapànw per–odo; Poia e–nai h pijanÏthta to pr∏to bibl–o thc hmËrac na
to daneiste– Ënac foitht†c;

'Askhsh 124 S' Ëna diskàdiko exuphreto‘n d‘o upàllhloi. O qrÏnoc exuphrËthshc enÏc pelàth
akolouje– ekjetik† katanom† me rujmÏ 1/2min. Mpa–nete sto diskàdiko kai parathre–te Ïti kai oi d‘o
upàllhloi exuphreto‘n, en∏ upàrqei akÏma Ënac pelàthc prin apÏ sac pou perimËnei na exuphrethje–.
Poia e–nai h katanom† tou qrÏnou pou ja sac pàrei mËqri na exuphrethje–te; Poia e–nai h pijanÏthta na
telei∏sete prin apÏ ton pelàth pou perimËnei; Poia e–nai h pijanÏthta na telei∏sete prin apÏ kàpoion
pelàth pou exuphrete–to Ïtan mp†kate;

'Askhsh 125 Stic anametr†seic twn podosfairik∏n omàdwn A kai B ta tËrmata thc omàdac A sh-
mei∏nontai s‘mfwna me mia diadikas–a Poisson me rujmÏ af–xewn 1/45min, en∏ eke–na thc omàdac B
s‘mfwna me mia anexàrthth apÏ thn prohgo‘menh diadikas–a Poisson me rujmÏ af–xewn 1/60min. Poia
e–nai h pijanÏthta sto hm–qrono na prohge–tai h omàda B me 0-1 allà sto tËloc na kerd–sei h omàda A
me 3-1; Poia e–nai h pijanÏthta na kerd–sei h omàda A me 2-1, dedomËnou Ïti to skor hmiqrÏnou e–nai 0-1;

'Askhsh 126 Swmat–dia t‘pou A kai t‘pou B ftànoun s' Ënan aniqneut† s‘mfwna me d‘o anexàrthtec
diadikas–ec Poisson me rujmo‘c af–xewn � kai µ ant–stoiqa. Poia katanom† akolouje– to pl†joc twn
swmatid–wn t‘pou A pou Ëqoun aniqneute– mËqri thn an–qneush tou pr∏tou swmatid–ou t‘pou B; Poia
katanom† akolouje– to pl†joc twn swmatid–wn t‘pou A pou Ëqoun aniqneute– mËqri thn an–qneush tou
tr–tou swmatid–ou t‘pou B;

'Askhsh 127 S' Ënan mellontikÏ kÏsmo diasthmikà lewfore–a anaqwro‘n apÏ th Gh gia th Sel†nh
wc mia diadikas–a Poisson {Dt : t � 0} me rujmÏ � = 4 anà hmËra. Oi taxidi∏tec prosËrqontai wc mia
diadikas–a Poisson {At : t � 0} me rujmÏ µ = 50 anà ∏ra, anexàrthth apÏ thn {Dt : t � 0} kai fe‘goun
me to pr∏to diajËsimo diasthmikÏ lewfore–o. Aut† th stigm† h ∏ra e–nai 12 to meshmËri.

a) Poia e–nai h pijanÏthta to mejepÏmeno lewfore–o na anaqwr†sei prin ta mesànuqta;

b) Poia e–nai proseggistikà h pijanÏthta na Ëqoun ftàsei toulàqiston 640 epibàtec mËqri ta mesànuqta;
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b) An N e–nai to pl†joc twn epibat∏n se m–a pt†sh upolog–ste thn pijanÏthta P
⇥
N = k

⇤
, gia k =

0, 1, 2, . . .

st) An ⇤ e–nai to pl†joc twn lewfore–wn pou ja Ëqoun anaqwr†sei mËqri th stigm† pou ja ftàsei o
qiliostÏc taxidi∏thc (metr∏ntac apÏ t∏ra kai metà) upolog–ste thn pijanÏthta P

⇥
⇤ = k

⇤
, gia k =

0, 1, 2, . . .

'Askhsh 128 Autok–nhta kai motosuklËtec prosËrqontai se Ënan stajmÏ diod–wn wc d‘o anexàrthtec
diadikas–ec Poisson me rujmo‘c 3/leptÏ kai 1/leptÏ ant–stoiqa.

a) Upolog–ste thn pijanÏthta to epÏmeno leptÏ na peràsoun toulàqiston d‘o oq†mata apÏ ton stajmÏ.

b) Upolog–ste thn pijanÏthta to epÏmeno leptÏ na peràsoun mÏno motosuklËtec apÏ ton stajmÏ.

g) An to prohgo‘meno leptÏ pËrasan apÏ ton stajmÏ d‘o oq†mata, upolog–ste thn pijanÏthta oi af–xeic
touc na ape–qan qronikà ligÏtero apÏ 1/2 leptÏ.

d) Upolog–ste thn pijanÏthta to epÏmeno leptÏ na mhn peràsoun diadoqikà oq†mata tou –diou t‘pou.

'Askhsh 129 Se mia peiramatik† diàtaxh mia dËsmh laser pernà apÏ Ëna diaqwrist† pou th qwr–zei
se d‘o dËsmec A,B. H prosp–ptousa dËsmh apotele–tai apÏ fwtÏnia pou ftànoun ston diaqwrist† wc
mia diadikas–a Poisson me rujmÏ �. Kàje fwtÏnio, kateuj‘netai e–te sth dËsmh A e–te sth dËsmh B
me pijanÏthta 1/2, anexàrthta gia kàje fwtÏnio. Oi d‘o dËsmec A, B kateuj‘nontai sth sunËqeia se
d‘o fwtodiÏdouc. Gia kàje fwtÏnio pou prosp–ptei sth fwtod–odo apeleujer∏netai Ëna hlektrÏnio. Ta
hlektrÏnia pou apeleujer∏nontai dhmiourgo‘n ta re‘mata I1 kai I2 ant–stoiqa. Sth sunËqeia ta d‘o autà
re‘mata afairo‘ntai, opÏte prok‘ptei Ëna hlektrikÏ re‘ma I = I1 � I2, pou odhge–tai se mia suskeu†
mËtrhshc. Poia e–nai h mËsh tim† kai poia e–nai h diasporà tou arijmo‘ twn hlektron–wn pou ftànei sth
suskeu† mËtrhshc se qrÏno �t;

'Askhsh 130 Arsenikà kai jhlukà mparmpo‘nia pËftoun sta d–qtua enÏc yarà s‘mfwna me d‘o ane-
xàrthtec diadikas–ec Poisson me rujmo‘c ↵ = 1/20min kai ✓ = 1/30min ant–stoiqa.

a) An o yaràc af†sei ta d–qtua gia 2 ∏rec poia e–nai h katanom† tou pl†jouc twn mparmpouni∏n pou ja
piàsei;
b) An se 2 ∏rec Ëpiase 10 mparmpo‘nia poia e–nai h pijanÏthta na mhn Ëpiase kanËna sto diàsthma 30min
Ëwc 90min;
g) An se 2 ∏rec Ëpiase 10 mparmpo‘nia poia e–nai h pijanÏthta na mhn Ëpiase kanËna jhlukÏ metax‘
30min kai 90min;
d) An T e–nai h pr∏th qronik† stigm† (apÏ thn ∏ra pou Ërixe ta d–qtua) pou Ëqoun piaste– toulàqiston
2 arsenikà kai toulàqiston 2 jhlukà mparmpo‘nia, poia katanom† akolouje– h tuqa–a metablht† T ;

'Askhsh 131 Se mia diadikas–a Poisson me rujmÏ af–xewn �, poia e–nai h katanom† tou diast†matoc
anàmesa se diadoqikËc af–xeic pou periËqei to t > 0; Giat– h katanom† DEN e–nai ekjetik† me rujmÏ �;
Poio e–nai to Ïrio aut†c thc katanom†c Ïtan t ! 1;
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