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Kepaliawo 1

To piyadiko eninedo

1.1 AAyeBpira anoteAéopata

Mapadewypa 1.1. Q¢ yvwotov ot n-ootég pileg e povadag sivat

27 27T L. 27T
Lw w? ... w" b émov w=en®=cos — +isin — .
) ) bl b
n n

O1 n-ootég piles ¢ povadag Bpiorovtar tave oto povabiaio kukio {z € C : |z| = 1} kat elvar ko-
AY

OUQPEG TOU EYYEYPAUUEVOU KavovukoU touywvou P,.

Eneibn |w| = 1, 1o wijrog tou eyyeypauucvou kavovucov mofvyovou P, eivar

n—1 n—1 n—1
by =Y | = = el =11 =) 1 - w| =n|1 - w|.
k=0 k=0 k=0

'‘Ouweg

2 27 Lo T

=2 —2cos— = 4sin” —
n n

2 2
I1—w? = ‘(1—(3087() —isin—~
n n




2 KE®PAAAIO 1. TO MITAAIKO ETIIIIEAO

Kat ETOUEVAS

.o
£, = 2nsin — .
n

Apa,

. . .
lim ¢, = lim 2nsin —
n—oo n—oo n

. sin(w/n
_ o Jig S(T/7)
n—o00 7'r/n

sin x

= 27 lim =27. (pfxog tou povadiaiou KUKAOU)
z—0 X

2n+1

Mapadewypa 1.2. O pileg ¢ eflowong z =1, n € N, &ivovtat and tov 1no

e 2% 2%
Zkzeiz;nm:cos<2n:1>iisin<2nfl>, k=0,1,2,....n,

omov zg = 1 elvar n mpayuatkn pida g efiowong. Emousvog,

n
- 2k _ i 2km
2l 1 = (z-1) H (z - el2n+1> (z —e Z2n+1>

k=1

- (z—l)H(z2—2zc0s<2ijl>+1> : (1.1)

k=1
2n+1

Avon. Q¢ yvootov, ot pileg g e€iowong z = 1 Sivovtar and tov tUTo

i2k7‘r
zp=-e2ntl k£ =0,1,2,...,2n.

Ouogyak =0,1,2,...,n—1 glvar

7:2(71,-',-16-‘,-1)# 7:2(2n-‘,-1)‘rr _Z.Q(n—k)ﬂ ion _iQ(n—k)w _i2(n=k)m
Zn+k+1 =e 2n-+1 =e 2n+1 e 2n+1 = e -e 2n+1 = e 2n-+1 ,
oniadn
— 2nm - _i2(’ﬂ*1)7\' —i 27 o
Zpgl =€ Intl =z, Zpypo =€ L =Zp q,...,2p =€ Intl =z,

2n+1

Enopévag ot pifeg g efiowong z =1 givar

: 2kr 2k 2k
zk:eﬂ;nkﬂ = cos <2n—i7—rl> + ¢sin (271:1) , k=0,1,2,...,n.

INa mv anodeiln mg (1.1) mapatnpouvue ot

i 2km —i 2km 2 i 2km —i 2km
z — e 2n+1 zZ—e 2n+1 =z —z e2n+l+e 2n+1 +1

2k

2

= -2 +1
i =08 <2n—|—1>




1.1. AATEBPIKA AIIOTEAEXMATA 3
Mapadewypa 1.3. Av 21, 29, . . ., 2y, €lvat pryadikoi apduol, va amodeiydei Ot
|21 + 20+ -+ 2p| < 21| 4 |22 + - + |20l (1.2)

H 100tta wyvet otnu (1.2) av kat povo av 1a 21, 22, . . . , 2n, Belokoviar tave omv idta aktiva pue

apxmn mv apxmn 1oV afovov.

Amnddeiln. Mnopoupe va unobéooupe ot ta 21, 22, ..., 2y €lvat Siadopa tou pndevog. Eivai

21 = |zl|ei91 29 = |22|ei02, e, Bp = |zn]ei9” yla karota 01,05, . . ., 0, € R. To &6polopa z1 + 22 +
oot 2z, €COAV 2 + 294 -+ 2, =0, n (1.2) mpogpavag woyvet. 'Eotw 21 + 29 + -+ + 2z, # 0.
Tote

z1+z2—|—---+zn:]z1+22+-~+zn|ei9, yla xarow f € R.

Enopévag

lz14+ 204+ zn| = (21 + 20+ + 20)
— %{e—z‘e(Zl gt + Zn)}
= ?R{’Zﬂei(ére)} + 8‘1‘:{!22|ei(9279)} bt %{|Zn‘ei(0n79)}
= 21RO 1 |25 ReiO2=0) 4. 4|z, [ReiOn—0)

£i(6n—0) }

< |z eiw?_e)‘—k---—l—lzn\

00| 112y

= |z1] + |22 + - + |zal .-
®a €yxoupe 1ootnta oty (1.2) av kat povo av

{%ei((’l‘e) =1, %270 =1 ReiO1=0) = 1}
< {cos(f; —0) =1,cos(f2 —0) =1,...,cos(0, —0) =1}

<:>{91:9+2k17T,92=(9+2]€2ﬂ',...,9n=9+2knﬂ'},

orou ky, ko, ..., ky € Z. ‘Apa 1 100tta woxvet oty (1.2) av kat povo av ta 21, 22, - . . , Zn, Ppioko-
viat mave oty i6la aktiva pe apxr) vy apxr) tov aovav. O
Av 21, 29, . . ., 2, €lval piyadikoi ap1Bpoi, urtapyet mavia éva urtoouvolo S tev piyadikov aplOpov

, 010U ¢ eival pia otaBepd. ITio ouykekpipéva €xoupe to

o oote | Y. g2k > edp |2k

egng:



4 KE®PAAAIO 1. TO MITAAIKO ETIIIIEAO

Mapadewypa 1.4. Avzy, 29, . .., 2, elvat utyadikol apduol, 10te urdp)el utoouvojo A tou ouvoiou
{1,2,...,n}, téroo wote
1 n
E 2k Z; E |Zk‘ . (1.3)
keA k=1
Anodeiln. Eivaiz; = \z1|ei91, 29 = |22]e’92, R ]zn|ei9" ylakanowa 61, 6s, ..., 0, € R(unoBétoupe
outa zi, 29, . .., 2y eivat d1agopa tou undevog). T'a —7 < 0 < 7, ¢otw

A(B) = {ke{1,2,...,n} : cos(By — ) > 0} = {ke (1,2,....,n}: _g+a<9k < gw} .
To ouvoro S(0) := {z : k € A(f)} arotedeitat and dda exkeiva ta z; ou Bpiokoviat oto npte-
nirebo H(0) = {z : Rze 0 > 0} (BAére 10 apardte oxHRa).

AY

S(6)

=Y

Tote

Z 2L = Z e*wzk
)

kEA(D) kEA(D

>R Z e 2

kEA(6)

=R Y [l

kEA(D)

keA()

= Z | 21| cos(0 — 6)

keA()

= |zk| cosT (6 — 6r),
k=1



1.1. AATEBPIKA AIIOTEAEXMATA

orou

cos(f — 0;,) avcos(d —0;) >0,
cost (0 —0;) = ( ) ( :
0 av cos(@ —6;) <0.

Av f(0) :=>"}_, |zk| cost (0 — 6)), maipvoupe 10 Oy € [—, 7] £tor wote

f(6p) = max f(f)= m max Z\zk\cos (0 —6).

oe[—m,x] e[—m,

To f(6p) etvar peyadutepo 1y i0o and ) péon upn wg f oto diaotua [—7, 7], SnAadr

1 (7 - 1 ("
> — = — (o — :
o) > 5- [ reyas gg;rzk|2ﬂ_j(ﬁrcos (0~ 05)do
'Opng
1 T 1 9k+7r/2
— / cost (0 —0)d) = — cos(6 — 6x) do
2 —r 2 Op—m/2
1 w/2
= — costdt (avuxkatactaon t = 0 — 6)
27 —7/2
_1
o

Kal ETIOPEVROG

> | = f(60) = Z!ZH

keA(6o)
Apa 1 (1.3) woxvet pe A = A(6yp).

O

IMapatnprocig 1.5. 1. Amobeucvietar 6u omv avioomria (1.3) n owadepa 1/ eivar Befuon

béuvvarr, aoknon 9.

2. H avioomnta (1.3) vundpyet oto ovyypauua tov N. BOURBAKI: Topologie générale. 2nd ed.,

Paris 1955, Ch. 5-8, p. 113. Emiong mapanéumovue oto ovyypauua “Real and Complex

Analysis” tou W. Rudin[31, 6.3 Lemma] orou n avigomnta (1.3) ypnoyonoitat ota “uryaduca

UETOA .

Atvoupe Ot GUVEXELA Pid TIOAU XPH O MTIOAUGVUNIKI] aviootntd.

Mapadewypa 1.6. 'Eoto p(z) = ap2™ + ap_12" 1 + -+ + a1z + ap, ag,a1,...,ap_1,a, € C,

an # 0, mofuvavuuo Baduov n. Tote

1 3
Qmuvnsm@nsgmumn,ymm@ﬂdehzmm{

Zmu}

Jan|
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Anobealn. Av p(z) = ap, dndadny 1o moAuwvupo p eivat otabepd, TOTE 1 APATIAVE aAviooTnTa
PoQaveg 1oxvet. YroBétoupe Ot 1o oAuGvupo p eivat Babpou n > 1. Enedn p(z) — a, 2" =

an_12""1 4+ a1z + ag, yra kdbe |z| > R éxoupe
|p(z) - anzn‘ = |anflzn_1 +-rF+arz+ a0|
<an—1]]2[""" + - +|ar]|z| + |ao|
< lanall2" + -+ a2 + a2 (emedny |z| > 1)
= (lan—1|+ -+ +laa| + lao]) | 2" "

a _ , — n
< léﬁ\sz” ! (eredry Yop_g Jax| < 14571]2)

ol
2

Enopéveg yia kabe |z| > R eivat
a a 1 3
anllet — iz < @) < faallof” + 202 o Lanllep < o)) < Slanlel.
L

Mapadewypa 1.7. 'Ofsg o1 pilec tou moAveovvpou P(z) = 2" 4+ ap 12" 1 + -+ 4+ a1z + ao,

ap,ai, ..., an—1 € C, Bpiokovtar otov avouctd 6iorxo D (0, R) ue kévipo 0 kat axtiva

R=/1+]anaf +-- +larf’ + laof.

Anobein. 'Eow zg pita tou odveviopou P(z) pe |z = 7.
— Av |zp| < 1, téte mpogaveg to zp € D(0, R).

— YroB¢toupe Aoty ot |zp| > 1. Enedn 2 = — (an,lzgfl + - +ajz+ ao), éxoune

‘Zo|2n = |an_1zg_1 + -+ a1z + a0‘2

< (Jan—1* + -+ + |a1|* + |ao?) (J2o[*" 2 + - + |20)* + 1?)

(avicotnra Cauchy-Schwarz)

— (|an71|2 4t |a1|2 + |a0‘2) W#
2012 — 1
Bk

< (|an_]_‘2 + -+ |CL]_|2 + |a0\2) |ZO|27_1 .
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Enopéveg

1
— 120l < V14 |an_1]2 + -+ |a1|? + |aol?.

1< (Jap—1)* + - + |a1[* + |aol?) 0P —1

Apa 1o zp € D (0, R). O

Osopnpa 1.8 (Ocdpnpa Gauss-Lucas). Av
P(2) = anz" + 12" 4+ +arz+ag, ao,a1,...,8n_1,8, €C,a, #0,

etvatr éva moAudvuuo Baduouv n, ot pies e tapaywyou P'(z) avikouv otu kupt) Ijkn tov pilwv
tou P(z). Anfabdn av P'(zp) = 0 kat 21, 22, . . . , 2k, €lvar o Sragopetkés ava 6vo pileg tou P(z),

10te 29 € conv {z1, 29, . .., 2 }, OOU

conv {z1,22,..., 2kt = {Mz1 +Aeza+ .o+ Apzp s AL e, A >0 A F e+ A =11

Anodeifn. Eivat

P(z) =an(z—21)" (2 — 29)™ - (2 — z)™F,

orou my; etvat 1 ta§n(rmoddarmiomnta) g pidag z;, j = 1,2,. .., k. Ilapayeyilovtag éxoupe

P'(2) my ma my,
= + + ... .
P(z) Z—21 22— Z— 2k
Av 10 20 eivar pida tou P’ (z) kabog ertiong kat tou P(z), tdte mpodavag 1o zg € conv {21, 22, . . ., 2k }-

YroBétoupe Aowmdv 6t P'(zg) = 0 pe P(29) # 0. Tdte

mi ma Mg
0= + + -+
Z0 — 21 Z0 — 22 20 — %k
_my (EO — 51) mo (?0 — 52) n my (EO — Zk)
= 5 . L
|20 — 21 |20 — 22| |20 — 2]
Av 9¢ooupe ;= m;/ |20 — z; 2 7=1,2,... k, ano umv napandave tautotna Emnetat ot
121 + oz + -+ g2k
20 = € conv{z1,22,...,2k} -

n1 4+ po+ -+ g
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Mapadewypa 1.9. Iowg eival o peyadutepog IeTieog aképaiog n yia tov omolo OAeg ot Un UNOEVIKES
pieg g e€iowong
(I+2)"=1+2"

Bpiorovtar tave oto povabaio kukio |z| = 1;

Arnobeiln. To noAuwvupo
pn-1(z)=(1+2)"—-2" -1,

gtvat Babpov n — 1 pe pl,_1(2) =n [(1+2)""1 — 2", Etvar p/,_;(2) = 0 av ka1 pévo av

1 et 1
1+2)"1=2"le <—|—1> =1l —+1=exp2jmi/(n—1)),j=1,...,n—1.
z Zj

Enopéveg n

1 1
" exp(2mi/(n—1)) —1  cos(2n/(n—1)) — 1 +icos (2n/(n — 1))

<1

elval pia pn pndeviky pida v pl, 4 (z). Hapatmpovpe ot yia kabe n > 8 £xoupe

1 1 1 1
= T Sem @ 1) Zsm(n/(ni—1)) © Zsin(a/7) - 0.5675
YroO£toupe 611 0Aeg o1 pun undevikeg kal diagopetikég ava &vo pileg r1,...,7k, k < n — 2, Tou
oAuwvupou p,—1(2) Ppiokovial ave oto povaduaio kUkAo. AnAady) |ri| = -+ = |rg| = 1.
'‘Opwg ard 1o Behpnpa Gauss-Lucas 10 27 = A1r1 + -+ + Agrg, O1ou Aq, ..., A\p | apvhukoi
npaypatikoi apibpol pe A\p + - -+ + Ay = 1. Tore,
|z1] = [ M4+ ekl S M4+ F Xl = A+ F A =1 (dtoro)

Apa yia n > 8 dev Bpiokovial ddeg ot pn pndevikég pideg tou MOAUGVUROU p,—1(2) MGve oto

povadiaio kUkAo. Emnedn) yia n = 7 éxoupe

Po(2) = (142)° 2 —1 = Ta(s41) (P+2+1)? = Ta(z+1) (—ﬂ) <__Héﬁ> |

o n = 7 givat 0 PeyaAutepog JeTKOG AKEPALOG Yia TOV Oroio OAeg ol pn pundevikeég pileg Tig

e§lowong (1 + 2)" = 1 + 2" Bpilokovial ave oto povadiaio kKUKMo |z| = 1. O

Aoknosig



1.1. AATEBPIKA ATIOTEAEXMATA
1. Na AuBouv ot e€lo00e1g
- I N2 . N T 6., .5 A, 3, .2
(1) 1= (1) z°=—i wav (iti) z'+2°+2°+2"+2°+2°+2+1=0.

2. Na Aubel 1) €iowon

2"+ Z)"=0.
3. Avn € N, &eite ou
LI sin (P10 | oo nf
14 cos@+cos20+---+cosnf =R Ze”“@ - 2 - 2
P sin &
4. Av w = exp(mi/n), deigte ont
o nol i i\
> (1) cos(mj/n) = > w (Mzw)
=0 j=0
n n—1
n
2 k=0 k 7=0

5. 'Eotw n € N*.

(@) Acifte 6u ot pideg g e€iowong 22" = 1 eivat ot

. k k
m=e iZ’“n—cos< ”)iiM(”), E=0,1,2,....n,
n n

orou zg = 1 kat z, = —1 eivat ot mpaypatkeg pideg g ediowong.

(B) Aci&te on
22n_1 = z -1) 1:[ (z—e n) (z—e_i%ﬂ)

= z -1) H( —2zcos<k:>+1>. (1.4)

6. 'Eoww n € N*. T'a kabe 6 € R\ {0} 8ei&te ou

3?r
HH

n—1

sin nd ne1 km ,
g =2 H<cos€—cos<n>> . (2)
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[aipvovtag 0 — 0, dei&te o

n—1 kr
n=2""1 sin| — | . 7
k=1
Ynobeifn. Av z = cos + isin 6, ano mv (1.4) npokurtet ot

o= ] (2o (25)).

k=1

7. 'Eoww x > 1. Aeifte 6111 — 2z cost + 22 > 0 yua kGbe t € [0, 7] kat Sewpeiote ) ouvéaptnon
f(t) :=1In(1 — 2z cost +2%), tecl0,7],
Av n € N*, xpnowonoioviag 1) 9ewpia tou odorAnpopatog Riemann dei§te ot

T n—1
k
/ In(1 — 2z cost + z?)dt = lim T Z f (W) =2rlnz. (oAorAnpwpa Poisson)
0 k=0

n—00 1 “— n
Ynodeln. Anio v (1.4) énetat 6Tt

() cm et o]

k=1

8. Av n € N*, va BpeBouv ot pileg g e&iowong 22" — 22" cosnf + 1 = 0, § € R xat va

artodeixOel o1

n—1
2k
22— 22" cosnf 4+ 1 = H {z2 — 2z cos (0—1— W) + 1} .
k=0 n

9. 'Eow 2z = e2mik/n g = 1,...,n, o1 n-00tég pideg tng povdadag Kat €0t
m m
S(G):{zk: —§+9<0k:argzk<§+0} )
Na amodeyBei ot

. ’Z%es@ Zk‘ 1
lim ~—7—— = lim — Z 2
n—oo Y b |2kl n—oo N

ZkES(G)
1 9+ﬂ'/2
= — / e¥dyp
27 0—m/2
1 1



1.1. AATEBPIKA AIIOTEAEXMATA

10. 'Eot® ), 10 0UVOAO TeV MOAUGVUN®V TG HOPPLIS

p(z) =2"4an 12" P4+ taz+1, peareChk=1,...,n—1.

Na artodeybei ot

M, = mi =2.
min (rgg \p(Z)\)

11
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Kepalaio 2

TormoAoyia Kat avaAuor oto Piyadiko

entinedo

2.1 Zuvektika Zuvola

Opiopog 2.1. 'Eva ovvoio E C C egivai pn ouvertird av uvrdpyouvv avoiktd ovvoida O rkat O

oto C téroia oote

(i) ECO1UO2< E=(ENO1)U(ENO7),
(it) ENO1#0rat ENOy # 0
Krat

(i15) (ENO1)N(ENO3) =0, éndabn ENO1NO2=10.

Inuewvetatl ou ta ouvoda F N O kat E N Oy eival avoiktd oto E(avoiktd oxeukd pe o E).
Ermopévag, to ouvodo E C C eivatl ouvertiko av dev eival éveon 600 pn kevov rat §évov
petafu toug avolktedv cuvodwv oto E. H cuvekukdinua evég cuvodou £ C C ouyva xpnot-
poroteital og €&ng: Yrobétoupe 011 £XOUHE KATAOKEUAOEL U0 CUPITANPOPATIKA AVOIKTA CUVOAQ
ENO;1 xat EN Oy oto E. Tote av 1o E sival cuvektiko, cuprepaivoupe ot gite to £ N Oq givat
10 KeVO ouvolo 1) to F N O eivatl 1o kevd ouvolo.

[pogavr) rapadeiyata CUVEKTIKOV OUVOAGV £ival TO KEVO GUVOAO Kal OAd Td 110VOOUVOAQ.

Ba dwooupe TWpPa PEPIKOUG 10086UVAPIOUG XAPAKTNPIOPOUS Y1d TI) [ OUVEKTIKOTTA KAO®G £ITioNg

KAl yla T OUVEKTIKOTTA £vog urtoouvodou tou C.

13
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®csopnpa 2.2. 'Ectw F C C. Ot napakdie mpotdoeig elvat 1006UVausg.
(i) To FE eivair un ouveKtuco.

(i) Yraoyouvv 6vo un keva ovvoida A, B C E t€toia wote

E=AUB xat ANB=0=ANB. (2.1)

(iii) Ymapyxouvv 6vo un keva &va uetalv toug ovvoia A, B C F kai ta 6vo avoikta oto E t€toia

wote E = AU B.

(iv) Yrapxouv §vo un keva Eeva uetalv tovg avvoia A, B C E kat ta 6vo kisiota oto E tétoia

wote B = AU B.

(v) Yrdpyet vmootvoio A tou E ue A # (), E 1o onoio eivat ouyxpdvag avorkto kai KAoTto oto

E.

Anobeén. (i) = (it) YroBétoupe ou unapxouv avoikta ouvoda O kat Oy oto C térowa wote
E=(ENO1)U(ENO2) pe ENO1 #0, ENO2 #Dxat ENO1 N O3 =0. Eoww A:= ENO,
kat B := ENO;. Téte A,B # ) ka1 E = AU B. Mévet va éeifoupe ou AN B =0 = AN B.
[paypaty, eredfy A C C\ Oz, B C C\ O; kat ta ovvoda C \ Oz, C\ O; eivar rAeiotd oo C,

gxoupe o1l

AC(C\O2)=C\Oy xat BC(C\Oy) =C\Oy.

Eropévag ANOy =0 =0 NBratdpa ANB=0=ANB.
(ii) = (i) Av Op := C\ A, Og := C\ B, tte 1a ouvoda O1, Oy eival avoktd oto C xat sivat

A C Oy, B C O;. Enopévag,
ECO1UOy, ENO1#0, ENOy#0, ENO1NOy=0.

(1) & (ii7) Eival mpogpavég.
(7i1) < (iv) Eival mpogavég.
(iv) = (v) Emedr) A = E \ B kat 10 B eivatr kAewoto oo E, 0 A 9a eivar avokto oo E.

Enopéveg 1o urtootvodo A tou E pe A # ), E eivatl ouyxpdveg avoiktd kat KAe1oto oto F.
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(v) = (iv) YmoBétoupe 6t 1o unoouvodo A tou E pe A # (), E eival ouyxpdveg avolktd xat
KAe1016 oto E. Tote 1o B = F \ A eivat kAewot6 oo E. Enopéveg ta ouvoda A, B C E eivat pn

Kevd, KAglotd oto F kat tétowa wote £ = AU B. O

Av 10 ouvodo E C C eivat avoiktd, tote éva urtoouvodo tou E eival avoikto oto E av kat povo
av stvat avoikto oto C. IMapopoia, av to ouvodo F C C sival KAe1oto, tote £va unocuvoAo tou F
elvat kAeloto oto E av kat povo av eivat kAeioto oto C. Emopéveg, arnd 1o mponyoupevo Seopnua
TMIPOKUITIEL OTL:

'Eva avoikto ovvofo eivat ouvektiko av Oev givat évwon 6uo un kevov katr Evav puetalt toug
avoiktav ouvoAwv. 'Eva kAgiotd ovvoAo sival ouvekTiko av 6gv gival Evwon U0 un Kevav Kat

Eevwv uetalu toug Kot ouvioAwv.

Ipéraon 2.3. 'Eotw G C C gva un kevo avousto ovvofo. Tote undpyer avfovoa axoflovdia (K )

ouumayov uroouvodev tou G, nidadn K, C K, 11, 1€toia dote G = Uff:l K,,.

Anobaln. — Eow G = C. Av K, := D(0,n), e (K,) eivat avouoa akodoubia cuprayov
uroouvodev tou C ne C = ;2 K.

— Eow ou to G eivar yvrjoto urtoouvodo tou C. Av
1 , «
F,=32z€G:|z—w|>—, yuaxabew e C\G;, neN,
n

wte pogpavag F,, C F,y1. Twa va 8eifoupe o n (F,) etvalt avgouoa akodouBia KA£10TOV
uroouvodev tou G, apkei va Sei§oupe ot yia onoladrnote cuykAivouoa akodoubia (zx) onueiov

. _ : . : ' 1
tou F, e limg 00 2¢ = 20, 10 20 € Fj. Tlpaypaty, eneidn) yua kabe w € C\ G etvat |z —w| >

kat limy_e0 |2 — w| = |20 — w|, émetat éu |20 — w| > L kat katd ouvénela to zg ¢ C\ G. AnAadr)
10 29 € G xat enopéveg zg € F,.

Opidoupe twpa v akoAoubia cuvolewv K, pe

K, :=F,ND(0,n).

Ta K, eivat ppaypéva vrioouvoda tou G. Emiong ta K, eival kAeiotd eneidr eivatl topr) KAE10T@OV

ouvodev. Enopéveg ta K, eival ouprnayr) urtoouvoda tou G kat ipopaveg K, C K4 1.
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Mévet va deigoupe ou G = |2 | K. Enedny (U, | K, € G, apket va deifoupe ou xdbe z € G
avnket oe éva toudayiotov K. Enedn 1o z € G kat 1o G gival avoikto oUvoAo, UTIAPXEL AVOLKTOG
diokog D(z,7) C G. Téte |z — w| > r, yia ka0e w € C\ G. Iaipvoupe n € N* pe L < r
Kat |z| < n. Towe z € F, ka1 z € m Andadn z € K, ywa xarow n € N* kat enopévog

zelUl, Kn. O
Aoknocig
1. To ovvopo tou cuvorou A C C, cupBoAiletal pe JA, eival to ouvolo
0A={z€C:yuaxaber >0, D(z,r)NA#D xar D(z,r)N(C\ A) #0} .

Na anodeBet 6t z € JA av kat povo av urnapyet akodoubia (a,) onueiov ou A kat

axoAoubia (b,) onueiov tou C\ A pe limy, o0 ay = limy, 00 by, = 2.

2. 'Eotw D; xat Dy 8Uo témot(avoiktd kat ouvektikd ouvoda) tou C. Av Dy N Dy # 0, pe

katdAAndo avurnapddetypa Seifte 6t to D1 N Da Sev eival katavaykr évag torog tou C.



Kedpaiawo 3

AvaAutirég (OAopopdeg ) Zuvaptnoetlg

3.1 INapaywyog piyadikng ouvdaptnong

Opopdg 3.1. 'Ectw f : U — C uyabdikn ovvdoptnon opiouévn oto avowtd ovvojo U C C kar

éotw zg onueio tou U. Ba Aéue 6t n f eivar napaywyiowun oto 2y, av 10 0plo

Z—20 zZ— 20

unapyet. Auto 1o povadud dpo A € C eivar n napaywyog tng f oto 2y kat oupboAifetar ue

f'(20).

Ina apreta pupo h € C, 10 29 + h € U kat o optoudg e napayayou g f oto zg diatunevetar kat

@¢ e§NG

(2) = lim f(z0 +h) — f(20) '

h—0 h
Z10v 0p1o0po g rapaywyou tg f oto onueio zg 10 2 — zglavtiotowxa, to h — 0) pe avbaipeto

TPOTIO Katl OX1 Pe TV Aoyt e181KoV d1eubuvoemv.
Mapadewypa 3.2 (Mwa pn napaywyiowpn ouvaptnon oto C). '‘Eotw n ovvdptnon f : C — R
ue f(z) = f(x+iy) =Rz==x2. Avhe C,h #0, ylaxade z € C

f(z+h)—f(z) R(z+h)—Rz
h h

Rh 1 avheR,

0 avh=1k, keR

17
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M 6ev undpxet. ‘Apan ovvdptnon f(z) = Rz = x 6ev eivar

Kai emougveg 1o dpto limy, g
napayayion oto C.
Znueioon. Q¢ yvwotov n npayuatikr ovvdptnon f : R — R ue f(x) = x eivar napaywyioyn ya

kade x € R katn mapaywyog f'(z) =1 .
Mapadewypa 3.3 (Suvaptnon napaywyiown povo o £va onpeio tou C). 'Eoww 1 ovvdptnon
g:C—[0,0)ueg(z) =2 =2z2=22+y% Avhe€ C,h #0, yaxade z € C

gz +h) —g(z) _ |z +h[> =2
h N h

zh + zh + |h|? z+Z+h=2z+h avheR,
— =

—z2+4+z—1tk=—-2ty—ik avh=1k, keR.
Emnopgvog av z # 0

. g9(z+h)—g(z) _ gz h) —g(2)
}Lli% =2x #£ —2iy = }LILI% Y ,

heR h=ik

éniabdn n tapayeyog g'(z) éev undpyet. Eneibn

J— 2 J—
im 9 =90y P im0
h—0 h h—0 h h—0

n ovvdpmon evar tapayoyioun oto 0 ue f'(0) = 0.

3.2 AvdaAutikég ouvaptroelg Kat ot e§towoelg Cauchy-Riemann

Opiopog 3.4. Eow [ : U — C yaducr) ovvaptnon opiouévn oto avouto ovvoio U C C. BGa
Néue oun f eivar avaduvtiky (1 oAdpopen) oto onpeio zy € U, av kat uovo av vrapyetr > 0
tét010 wote 1 f va elvar tapaywyioyn oe kade onueio tou avouctov diokou D(zp,r) C U.

Av n ovvapton | elvar avaidutiky oe kade onueio touv U, Ague oun f eivar avadutiky (1 oAo-

popen) oo U.

Av n ovvapmnon f : C — C givar avaduvtucn oe kade onueio touv C, Asue 6t n f civar aképaa.

H xAdon 6Aev tov avaAlutkov(0Adpoppev) cuvaptioeov oto U oupBodidetal pe H(U). Av f €
HU)xaige HU),wwen f+ge€ HU) xarn fg € H{U). Enopévag (H(U), +, ) etvat évag

daxtuAtlog.
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Hapatipnon 3.5. Mia ovvdptnon f elvar avadutucr oe kade onueio tou avoiktov ouvvoou U,
av kat uovo av n f eivar tapayoyioyn os kade onueio tov U (autd opeifletal oto yeyovog ot kade

onueio aro U eivar 10 kévtpo evdg avotktou Giokou mou Boioketat oo U).

Eow f: U — C, f = u+ iv, muyadikr] ouvdptnon optopévr oto avoiktd cuvodo U C C. H
AUPI0VOCTIAVIn] OUVAPTNOT)
: RZ — C
(z,y) = z=z+iy

pag erurpénet va tavtiooupe 1o U jie éva avoiktd UrtooUvoAo tou R2. Eivat

f(2) = fx+iy) = f(e(z,y) = (fop)(z,y)-

Enopéves av f (z,y) = (f o ¢)(x,y), n pyadiky) ouvaptnon f tautidetal pe ) ouvaptnon f
TV MPAYRATIKOV PETABANTOV o Kal ¥. Xto e§ng otav dewpoupe ) myadikr) cuvaptnon f cav
OuUVAEPTNOY TV MPAYHATIKGOV PetaBAntov x kat ¥, 9a ypagpoupe f(x,y) avti yia f (x,y).

"Eoww zg = xg + iyp onueio tou U. @swpoupe v f oav cuvdptnorn tov £ Kal ¥ Kal uriobitoupe
0Tl 01 PePIKEG TIAPAY®YOL Tng f urdpxouv oto onpeio (g, yp)(1oodUvapa, o1 pepikég mapaywyot
OV U Kat v urapxouv oto (o, yp)). Tote,

0 0
a*i(%ﬂo) = —ia?];(xo,yo)

5] (0 0
a*;(xovyo) =—1 <8Z($o,yo) + Zaz(fﬂo,yo))

& % . 30) + 19 (0,0) = O (0, 90) — i o (0, 30)
o 0, Y0 o 0, Y0 —ay 0, Y0 dy 0, Y0

& P ao,p) +i
o o, Yo ¢

e 49 wo,0) = Do) st O (a0,u0) = — o (0. 0)
o 20, Yo _ay Zo, Yo a 8y Zo,Y0) = O Z0o, Yo .

Opiopdg 3.6 (E§tomocig(ouvOnkeg) Cauchy-Riemann). 'Eotw f : U — C puyabikn ovvdaptnon
optopgvn oto avoikto ovvofo U C C kat éotw 29 = xg+ 1Yo onueio tou U. Av o1 ugpikég mapdywyot
mg f urapyouv oto onueio (xg,yo), 6nAabn oL ugpikés Tapdy@yol WL U KAl v UTGOXOUV 010
(20, Y0), t01€ 01 e€lowIoEIg

O e w0) = 2 (o) mar (a0, 0) = — o (0, 0)
O Zo,Yo) = ay Zo, Yo Kai ay To,Yo) = O Zo,Y0)

eivar yvwotég oav e§towoeig(ouvOnkeg) Cauchy-Riemann. O: efiowoeig Cauchy-Riemann givat
wodvvapeg ue m ptyadkn eflowon

9, 0
8%:(330’%) = —Zaz(ﬂcojyo)- (3.1)
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Amnobeiln. Ano v unobeon 1 napdywyog

/() = lim flzo+ h}z — f(20)

—0

UTIApXEL.

(i))Avh e R,hA0pe zg+ h € U, t6te 10 20 + h = xo + iyo + h = (xo + h) + iyo tavtiletar pe

1o onueto (zg + h,yo) € U kat enopéveg

f/(ZO) _ ELT& f(ZO —+ h}i - f(ZO) _ }ngé f($0 -+ h, y()})L — f(q;o, yo)

heR heR

= fx(m07 yO) .

(ii) Avh =ik, k€ R, k#0mpe 20+ h € U, wte 0 20 + h = zo + iyo + ik = zo + i(yo + k)

tautidetat pe to onpeio (zg, yo + k) € U xat enopéveg

f(z0+h) = f(z0)

fz) = lim h
h=ik,keR
~ lim f(xo,yo + ’f) — f(x0,%0)
E—0 ik
keR
L o, Y0 + k) — f(xo, )
— it T ®0 0+ k) = S 0y0)=—zfy(xo,yo).

k—0 k
keR
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Apa, ol pepikég mapaywyor f(zo,yo) Kat fy(xo,yo) vmapxouv kat n mapdyeyos f'(zp) =

fo(z0,90) = —ify(20, Yo)- O
To avtiotpogo g IPONyounevng MPOtaong yevikd dev oxuetl. AnAadr) eivat Suvatov yia pia
myadikn ouvapton f = u + v va wavorolouviat ot £§lomoelg Cauchy-Riemann o éva onpeio
zo = To + iy kair n f va pnv sival mapayeyiowan oto onpeio zp.

Hapadewypa 3.8. 'Eoww n ovvdpmon f : C — C ue

(@ +y3)+i(y®—2%)
. s —— avz #0,
f(z) = flz+iy) = i
0 avz=20.

Ba beifoupe mpota ot ucavonoovvtal ot e§lowoelg Cauchy-Riemann oto onueio (0,0).

log¢ toomog. Evar f = u + iv ue

34,3 3_,3
izii’k av (z,y) # (0,0), Z2+z2 av (z,y) # (0,0),
kar v(z,y) =

0 av (z,y) = (0,0) 0 av (z,y) = (0,0) .

U(l’,y) =

Nazr e R, x #0, elvar
u(z,0) —u(0,0)  3/z?

= = 1
z—0 z
Kat EMOUEVRSG
1 (0,0) = lim 80 = u(0:0) _ -
z—0 z—0
iay € R,y # 0, eivar
v(0,y) —v(0,0) _ ¥*/y*
y—0 Y
Kat EMOUEVRSG
0,(0,0) = lim 20:#) =0(©0.0)

y—0 Yy — 0
AnAadn uz(0,0) = vy(0,0) = 1. Hapduowa anodeucvverar ot uy(0,0) = —v,(0,0) = 1. ‘Apa,
ucavonotovvtar ot e€lowoelg Cauchy-Riemann oto onueio (0, 0).

20¢ 1pomog. Bswpouvue v f oav ovvdptnon tov z kary. Nax € R, ¢ # 0, eivar

f(2,0) = £0,0) _ (@*—ia®)/a®
x—0 T

Katl EMOUEVGS

£,(0,0) = lim £&:0) = f(0,0)

=1-z.
z—0 z—0
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Hapduowa, yiay € R, y # 0, eivar

f0,y) = £(0,0)  (v° +iy?)/y?

y—0 y
Katl EMOUEVAS
_ o fOy) = f(0,00
(0.0) = iy TOD OO
Apa f2(0,0) = —ify(0,0) = 1 — i, énAadn wavonowovvtar ot e§lowoels Cauchy-Riemann oto

onueio (0,0).
Oa anobeifouue tpa ou n f dev elvar napaywyiown oro 0. Iapatnpouvue ot yia kade z € C,

z # 0, elvar
)= F0) _ ) _ (@ o) il — o)
z2—0 z (22 +y?)(z +iy)

Avy = Az ue A € Rkarx # 0, 1ot
f(z) = f(0) (2% + Xa23) +i(N2® —23)  (1+ M) +i(A3—1)

z2—0 (22422 (x+didz) (LHAD)(1 4N

Kat EMOUEVRS TO OPL0

by SE SO L A i —1) (1) +i( - 1) "
:%%A =0 om0 (1+A)(1+n) 1+ ) (1 +N)

e€apratar and 1o \. ‘Apa, n napaywyog f'(0) bev undpyet
Znueioon. Av ndapovue A = 0 ot (*), wte

lim M —1—3
z:)é) z —
'Ouwg yia A = 1 ano mu (x) éxouue
— 2 1—1
TG e A A

Eow f: U — C, f = u+ iv, uyadikn cuvdptnon opilopévr oto avoiktd ouvodo U C C kat
¢otw 2o = T + 1Yo onpeio tou U. @a amodeifoupe ou n f eival mapaywyioyn oto onpeio 2, av
Kat povo av ikavortolouviat ot e§lowoelg Cauchy-Riemann oto (xg, yo) Kat n f, oav ouvaptnon
wv & KAt y, givat suapopioyn oto onpeio (g, yo)tooduvapa, ot u kat v eival iapopiotes oto
(20, Y0)]. ®a XpeloTOUHE PEPIKA AMOTEAEONATA OXETKA PE T §1apoplotpotnia ouvaptroemv dUo
MPAYHATIKGV PETABANTOV Ta OIoia UIapXouVv ota IEPoootepa ouyypappata “Zvvaptnoswv I1oji-

Aav Metab6Antov’, napanépnoupe oto [19].
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AlagoplopdtTnTa oUVAPTHOE®V §U0 nNpaypatirkov petabAntov

Opiopdg 3.9 (Atagopiré ouvaptnong 640 petabAntdv). 'Eotw n ovvdpmon f : U C R?2 — C
optopévn oto avowktd ovvojo U kat €otw (¢, yo) onueio tou U. Aéue dun f eivar Sragpopion

avo (70, Y0), av undpyet R-yoauukr ovvapton L : R? — C téroia ote

im |f(zo + & 90 + 1) — f(z0,90) — L(E,n)]

(&m)—(0,0) VEX+1n?

H ypaupucr ovvapton L eivai 1o Srapopiré tng f oo (xo, yo) kat ouubofiletar ue D f(xg, yo ) (o€

=0. (3.2)

ugpika ovyypauuata ovpbofiletar ue df (xo, yo))-

H f givai SBragopiopn oto U, av eivar Siagopion oc kade onueio tou U.
Eneidr) 1o s1apopiko mg f oto (xg, yo) eivat pia R-ypappikr) ouvapmon, n L = D f(xg, yo) eiva

mg HopPNg
L(&,n) = Df(x0,y0)(§,n) = A§ + un, vy xarmow A, pu € C. (3.3)

Mpétaon 3.10. 'Eotw n ovvdpmon f : U C R? — C sivar iapopioyn oto onueio (o, 1y0) T0U
avowctov ovvoiouv U. Tote ot uepukég mapaywyol f(xo, yo). fy(xo,yo) undpxouvv kai 10 btapopuco

¢ ovvdptnong | oto onueio (xg, yo) bivetar anod tov 1o

L(é?”) = Df(fUO’yO)(’fa??) = fx(x07y0)‘£ + fy('TanO)n'

Ewsuca, n R-ypapuucn ouvaptnon L mou ucavomnoiel m ovvdnkn (3.2) elvar povadusn).

Anobaln. T € € R, £ # 0 kar n = 0, and mv (3.2) éxoupe

lim |f (w0 +&,90) — f(z0,90) — L(&,0)]

o Ve

Ao v (3.3) eivat L(&,0) = A\ kat katd ouvéneia

[f (o +&,90) — fzo,yo) = AE|

=0.

lim 0.
-0 q
Icobuvana,
i | £ 20+ & 50) = flzo.90) | _

£=0 ¢
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KAl ETIOPEVRG

T — flz

i @0 + & 30) — flwo,50) _ |
£—0 1]

Apa, 1 PEPIKT) TIApAyeyos f (o, yo) undpxet kat wovtat pe A. IMapdpola anodeikvietal 6t 1

HePIKN mapaywyos fy (o, yYo) undpxet kat wovtat pe 4. 'Exoupe doutdv arodeifet 6t av n f

eivat Sragopion oto (Zo, Yo), TOTE 01 PEPIKEG TIapaywyot f(xo, yo). fy (o, Yo) vrapxouv kat to

Srapopikod tng ouvaptnong f oto onpueio (g, yo) diverat and tov turo

L(&,n) = Df(xo,y0)(§:n) = fu(®0,y0)§ + fy(zo,y0)n -
O

YroBétoupe ot 1 ouvaptnon f : U C R? — C eival Siagopion oto onpeio (20, Yo) TOU AVOIKTOU

ouvédou U. Opidoupe m ouvépton ¢ : R? — C pe

( _ flwo+&yo+1n) — f(wo,y0) — Df(zo,y0)(§,m)
e VR '

Amo v (3.2) €éxoupe ot hm(ﬁ,n)—>(0,0) £(&¢,n) = 0. Enong ano tov optopod g ouvaptnong € Kat

arno Vv IPONyouEeVH] IIPOTACT] MTPOKUITIEL OTL

f(xo+&yo+1n) — f(zo,90) = fel®o,y0)& + fy(zo,y0)n + (&, n)VE + 12, (3.4)

OIToU lim(&n)ﬁ(ao) E(f, 77) = 0.
‘Eote n ouvaptmon f : U C R? — C xat éoto (79,%p) onueio t1ou avoiktou cuvédou U. Av
Ol pEPIKES TIapaywyot fr(Zo,vo0). fy(xo,yo) vnapxouv, e 1o S1apopikd g ouvdaptnong f oto

onpeio (zg, yo) propel va pnv vnapyet.

Mapadsiypa 3.11. Oswpovus m ovvdpton f : R? — R ue

T av () # (0.0),

flz,y) =
0 av (z,y) = (0,0) .
Eivai
00 =g B0 = i 228 —o

kat napouoia fy(0,0) = 0. AnAadn ot uspucés mapdywyor mg f vndpxouv oto (0,0).
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Av unodéoouue ot n ouvdpmon | eivar srapopioun oto onueio (0,0), Adyw mg (3.4) moéner va

oxvUeL
f(&m) = £(0,0) = f2(0,0)§ + f4(0,0)n + (&, m) V& +n* = e(€&;mMVE +n?,

pe lime 1y (0,0) €(€, ) = 0. Emopgvag yia kade (§,1) # (0,0) Ia eivar

&n &n
\/?7772 =&, MVE+n? el n) = Pk

'Ouwg yran = £ # 0 éxouue

2 1
R

“ere 7o

N

0

‘Atomo, emeldn 10 0plo lim(57n)_>(070) e(&,n) mpémer va wovtar ue 10 unbév. ‘Apa, n f bev givar
Suagopiown oro (0,0).
Z auto 10 Tapddelypa oL UEPIKES Tapaywyol fi, [, ev givar ovvexeis oto (0,0). IMpdyuatn, av

(z,y) # (0,0), wre

%+ y? VaZ+y? (2P +y?)R

Ebika yiay = Ax pe A € R karz # 0 éxovue

yva? +y? = 2x(xy)/2v/2% +y* oy 2%y

f:v(l'a y) =

f (:c )\x) _ AT _ PV
o VI A2 [z[3(1+ A2)3/2

Kat avto 1o 0pio 6ev undpyet kadwg 1o r — O(efaptatar ano 10 N). Emouévag, n fr 6ev gvai

ovvexrig oto (0,0) kar tapouoa n fy Sev sivar ovvexris oto (0,0).

ZuvrBwg eival eukodo va §oupie ToTe 01 PEPIKEG MAPAY®YOL Plag oUvApTnong urdapxouv. 'Opeg,
@aivetal mo §Uokodo va eraAnBevucoupe ) ouvOnkn (3.2), 6nAadn va egetdooupe ) Sragopt-
Ol0TNTA TG OUVAPTNONG. ZT0 enopevo dempnpa divoupe €éva amlo KPplo mou pag Agel ote

Ha cuvaptnon sivat Siagopion.

@sdpnpa 3.12. 'Eotw n ovvdpmon f : U C R? — C, omov U avoikté ovvofo. Ymodétouue ot
Ol UEPURES TIapaywyol [, fy umdpyouv kat elvat ouvexeis oe pia meptoxn v onueiou (o, yo) € U.

Tote n f eivar Srapopioyn oto (xo, Yo).
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Anobeiln. Av f = u + iv, érou u,v : U C R? = R, and mv undbeon o1 Pnepikég mapdymyot
Uz, Vg, Uy, Uy UMIAPXOUV Kal etvar ouvexeig oe pua nepoxry D C U twu (zg,y0) € U. Av 10

(xo+&,y0 +1n) € D, and 1o evdpnpa péong Tpng £xoupe

u(zo + &, 90 + 1) — u(zo,y0) = [u(zo + & yo + 1) — u(xo,yo +n)] + [u(zo, yo + 1) — u(zo,v0)]

= Uz (21, Y0 + )& + uy(x0,Y1)7,

yla KArmo1o 1 petadu g Kat g + £ Kat yia KAoo Y1 petady yo xat yo + 1. Enopéveg,

[u(zo + & 5o +n) — u(zo, yo) — [uz (0, Y0)§ + uy (o, yo)7]|
= |[ua (21,90 + 1) — ue(x0,y0)§ + [uy(z0, y1) — uy(x0, y0)]n|
< ue (@1, 90 + 1) — wal@o, yo)| [€] + [uy (w0, y1) — uy(zo, yo)| |7l
< {lua (@1, 90 + 1) — a0, y0)| + [y (@0, y1) = wy (o, y0) [} VE + 1

KAl KATd OUVETEld

[u(zo + &, yo + 1) — u(zo, Yo) — [uz(0, Y0)E + uy (o, yo)n|
N

< ug (21,90 + 1) — uz(z0,Y0)| + |uy (o, Y1) — uy(0,90)| -

Enedr) ané v unébeon ot u,, u, eivar ouvexeig oty niepoxr) D C U tou onpueiou (zo, yo) € U,
naipvovrag 1o (£,7) — (0,0) 1o 6§16 pédog teivel oto pndév. Emopéveg kat 1o aplotepd péhog

9a teivel oto pndev, 6nAadn

lim [u(zo + &, 90 + 1) — w(xo,yo) — [wz(z0, Y0)E + uy(x0, yo)n]|

(£m)—(0,0) VE +1?

=0.

Apa, 1 u eivar Sragopiotn oto (2o, Yo) re Du(zo, Yo)(§;n) = ua(20, Y0)§ + uy(zo, yo)n. Mapo-

/]7 =
n) =

)
pota, n v eivat dragopioyn oto (zo, Yo) we Dv(xo, yo) (€, vz (0, Y0)€ + vy(0, Yo)n. Exoune
)

dowurtov anobeitet ou i f etvat Sragopioyun oo (xo, o) pe

D f(z0,90)(§:m) = fa(z0,90)€ + fy (20, y0)n,
omou [ (20, Yo) = uz (0, Yo) + z(z0,Yo) KA fy(zo,Y0) = uy(z0,Y0) + ivy(zo, Yo)- O

Eow f: U — C, f = u+ iv, myadikr] ouvaptnon optopévr oto avolktd ouvoro U C C. Ba
dmooupE Twpa pia Kavr Kat avaykaia ouvOnxkn ya va eivat n f napaywyiotyn o éva onueio tou

U xat rmo yevika ya va eivat avaduvtukr oto U.
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Oempnpa 3.13 (10 RpiTpro avaAutiroTyTag prag ocvvaptnong). 'Eotw n uyaducn ouvdotnon
f:U — C, f =u+ v, oprouévn oto avoixto ovvodo U C C kat éotw zg = g + 1y onpueio tou U.
H f eivar mapayayiown ato 2y, av kat uovo av n f, oav ovvapinon tov & kKaiy, ivar Siapopioyn
oto (xg, yo)ltoobvvaua, ot u, v evar ragopioues oto (xo,Yo)l Kar tcavomoovvtal oL e§I0WOELS
Cauchy-Riemann

{fz (0, 40) = —ify(z0, 90)} & ua(Z0,%0) = vy (0, Y0)

uy(ZEQ, yo) = _U:c(an yO)
Av n mapayoyog f'(z) undpxet, ote

f'(20) = fu(w0,y0) = uz(z0,Y0) + ivz(20, Yo)
n
f'(20) = —ify(20,90) = vy(20,y0) — iuy (20, o) -
ITio yevika, n f elvar avaivukn(oAduocpgn) oto U, av kat uévo av n f, oav ovvdptnon v x

rat y, eivat Sragpopiown oto U ioobvvaua, ot u, v evar dtagopioueg oto U] kar tcavomotovvtatl ot

e€lowoeig Cauchy-Riemann oe kade onueio tou U.

Anobeiln. YnoBetoupe ou 1 f elvar mapaywyioyn oto zg. Znv Ilpotaon 3.7 anodei§ape ot
wavorolovvtat ot e§loooelg Cauchy-Riemann oto zp kat ou f/(z0) = fz (20, y0) = —ify(x0, Yo)-
Mévet va 8ei§oupe ot n f, oav ouvaptnon tev = Kat y, sivat tapopiown oto onpeio (xo, yo). Av
zo+heU,oémouh=¢E&+in#0, t6teto 20 + h = (x9 + §) + i(yo + 1) tautidetat pe 1o onpeio
(zo + &, yo + 1) Kat eropévag
f(zo+h) — f(z0) f/(Zo)‘ _ ‘f(xo + & 9o +ﬁ) — f(zo,y0) F(20)
h §+in

_ @+ & w0+ 1) — f(wo,90) — f'(20)(€ + in)|
€ +in]
A f(xo+ &m0 + 1) — f(2o, y0) — f(20)(§ 4 1))

- NEET |

Enedr) n napayoyos f'(zp) uvndpxet, maipvoviag to b — 0 10 apiotepd pédog tetvel oto pndév
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KAl Katd OUuvenesla

|f(zo+ & y0+1) — f(zo,90) — f'(20) (€ + in)|

(ém%ig%&o) NGERT =0 )
'Opwg
f'(20) (€ +im) = fo(zo,y0)(€ +1in)
= fe(x0,y0)€ + i fe(0,Y0)N
= fe(z0,v0)€ + fy(wo,%0)n (fz(z0,90) = —ify(w0,y0))

Kat and my () énetat ou n f eival Siagopiomn oto (xg, yo) He

D f(x0,90)(&,m) = fe(z0,y0)€ + fy(x0,y0)n -

Avtiotpoga, unobétoupe ot n f, cav cuvdptnon v T kat y, eivar dagopiomun oto (xg, yo)
KAl Ot Kavorowovvtat ot e§lowoelg Cauchy-Riemann, 6nAadn fi(zo,yo) = —ify(xo,y0) rat
woduvana fy(zo,y0) = ife(z0,y0). Eow 29 + h € U, énov h = { +in # 0. Enedn to
20+ h = (zo + &) + i(yo + 1) Tautidetat pe 1o onueio (g + &, yo + 1), eiva

f(zo+h) — f(z0)  f(zo+& yo+n)— f(xo,%0)

h N E+1in
_ fw(x(]vy())g + fy(xoé:'-—/’f])zz—i—g(&an) V 52 + 772 (aro mv (3.4))
; /2 2

= fx($0’y0)§+zfx(x271032+8(§’n) S [fy($07y0) = ifx(.f()vy()))
/2 2

= fx(z0,%0) +5(f,77)§_|_—;;7

KAl EMOPEVRG
f(z0+h) — f(20) B VE+nE
N — fz (0, 0) —\d&ﬁﬂm— le(€,m)] -

Enedn lim g ;) —0,0) e(§,m) =0, énetat 6u 1 f eival napayeyiomn oto zp pe

f'(20) = lim flan+ h}z —flz) _ fa(20,0) -
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"Eow n ouvapmor f: U — C, f = u + v, opiopévn oto avoktd ouvoro U C C.
(?) Av n f eival avadutikn oo U kat Sswprjcoupe v f oav ouvdpton OV £ KAl Y, £XOULE

arodei§el 6n yia kabe z = x + iy € U eivar

0 0
£1:) = G) = =i ).

®a arnodei§oupe apyotepa, XP1OHIOMIOIOVIAG TOUG 0AOKANP®TIKOUG turtoug Cauchy, 6t n f eivat

anelpeg @opég napaywyiomun oto U. Edikd, n 6eutepn napaywyog uridpxet kat diverat arod tov

2
76 = ot (Ghwn) = G

)

TUITo

0 0 o2
() = ik (—z‘agm,y)) -,

o2 0%f
Ox2? 8y2

Enopéveg o1 pepikég napdywyot deutepng tdéng uniapyouv oto U kat katd ouvéneia ot
HEPIKEG TTAPAYRYOL TP®ING TAENg %, %i 9a eivatl ouvexeig oto U. 'Exoupe Aoutdv arodeifet to
egng:

Av n ovvapmon [ eivar avadvuxrn oto avoikto ovvoio U C C, t0te o ugpikég mapdywyot
%, %(QSa)poUus mv f oav ovvdptnon tov z, y) undoxouv Kkat elvar cuveyeig oto U.

(42) Av 11 f, oav ouvaptnon TV T KAt y, £XE1 CUVEXEIS HePIKEG Tapaywyoug oto U, ard 1o @copnpa
3.12 1 f 9a eivatr dagopiown oto U.

AapBavoviag unéyn to (i) kat to (i), 0 Oevpnua 3.13 cuvendyetal 1OV NMAPAKAT® XPLOHO

KPLINP10 Yld TV avaAuTtikotntd piag ouvAaptnong.

Ocswpnpa 3.14 (20 rpruplo avaluTiroTyTag plag ouvaptnong). 'Eotw 1 puyadikn cuvdaptnon
f:U = C, f =u+ iv, optougvn oo avowkto cvvoido U C C. H f elvar avaivtucri(oAduopen)
oo U, av kar puovo av n f, oav ouvdpmon tov & Kat Yy, EXel OUVEXEIS UEPUKEG TAPAYWDYOUS GTO
Uoobvvaua, ot uz, uy, v, kKat vy, evar ovveyeis oto U] kar ikavomoovvtat ot e§lowoeig Cauchy-

Riemann

{fm - _ify} <~
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Av n f eivar avaiutikn oto U, 10te n mapaywyog e [ oto zg = zg + iyp € U ivetar and tov twmo

f'(z0) = fo(xo, o) = uaz(20,yo) + 0z (xo, Yo)
n

f(20) = =i fy(@o, y0) = vy(wo,yo) — iuy(zo, yo) -

Hapatipnon 3.15. To Ozwpnua 3.13 pag Aéer ot avn f = u + iv, optouévn oto avorkto avvoflo
U, oav ovvaptnon wv x, y svar Siapopiown oto U ivodvvaua, ot u, v givar Stagpopiousg oto U]
Kat tkavorolovvtar ot elocwoelg Cauchy-Riemann oe kade onueio tou U, 101 n [ elvar avaiuvticn
oto U. Eivat yvwoto 0tt acdeveotepeg UTodEoels anod avteg tou Yewpnuarog 3. 13 ouvendyovial tnv
avadvuuomra mg f oo U. To“kafvtepo anoteAeoua’ eivat 1o maparxdio Iedpniua, TapaneUntoupe

oto [11].

O@zopnpa 3.16 (Looman-Menchoff). Av n f = u + iv, opiouévn oo avowktd ovvoio U, eivar

TET01a WOTE

(i) o1 uegPIKéG TAPAYWYOL Uy, Uy, Uy, Vy UTLAPYOUV 0TO U,

(ii) otu, v ucavomowv g eflowoelg Cauchy-Riemann oto U kai
(iii) n f eivar ovveyng oto U,

w1te n f etvar avadvukr oto U.

I'a v anodeiln tou Yewpnuarog xpnoyonocitar Lebesgue ofokjnpwon kat 1o Yedpnua xKarnyo-
ptag tou Baire, BAsme [11].

Hapadeiypata 3.17. 1. 'Ectwnovvapmon f : C — R ue f(2) = f(z+iy) = Rz = z. Elvar
f=u+ivpusulz,y) =z karv(z,y) = 0, ya kade (z,y) € R%. Emneién ot u,v €xovv
OUVEXEIG UEPIKES TTapaywyoug, yia va svar i f mapaywyioun 9a mpénetl va tkavomoovvial

ot e§looeis Cauchy-Riemann. 'Ouwg u; = 1 # 0 = vy katuy = 0 = —v,, énAadn dev
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ucavonotovvtar ot e€locoeig Cauchy-Riemann yia kavéva (x,y) € R? kat apa n f bev givat

rnapayeyiowun os kaveva onueio tou C.

2. 'Eotw n ovvdpmon g : C — [0,00) ue g(2) = |2|> = 22 = 22 + y%. Eivarg = u + iv ps
u(z,y) = 22 + % karv(x,y) = 0, yia kade (x,y) € R%. Ensidn ot u,v €xovv ouveysic
UEPIKES TAPAywyougs, yia va glvat 1 g tapayeyioyn 9a mpeneL va tkavomoovvial ot eEI0WO0ELS

Cauchy-Riemann

& & {(z,y) =(0,0)}.
Uy = —Ug 2y =20

Enouévag n g eivar tapayeyioyn uovo ot 0. Erebr g.(x,y) = 2x, n napaywyog ¢'(0) =
9.(0,0) = 0.

3. 'Eotw n ovvdpmon h : C — C ue h(z) = h(z +iy) = 23 + y + i(—x — v + 3y). Evar
h =u+iv psu(z,y) = 22 +y karv(z,y) = —x — 3> + 3y, yia kade (z,y) € R2. Ensién
Ol U,V EYOUV OUVEXEIC UEPIKEG TLapaywyoug, yia va eivar n h napaywyiown 9a mpenet va

weavornoovvtat ot e§lowoelg Cauchy-Riemann

Uy =V 3$2:—3y2+3
RGP sl tyi=1e |z =1}.
Uy = —Vg 1=1

Emnopévag n h elvar tapaywyiown ota onueia tou povadiaiov KUKAoU Ue Taopdywyo
h/(z) = hx(:c,y) = Ux(xay) + ivx(xay) =327 — i, —1<z<1.

'Eotw z onueio tou povabiaiov kUkiou kar éotw D(z,d) wa omowadnmote mepoxn v z.
Eneibn n h eivar tapayeyiown puovo ota onueia tov avouktov biokou D(z, §) mou Bpiokoviat
oto povadbiaio kurfo, n h bev elvar avadutucn oto z(mpéner n h va eivat tapaywyiown os 0Aa

1a onusia tou avoiktov iokou). ‘Apa n h bev elvar avadvuxn oe kavéa onueio tou C.

Mapadewypa 3.18. 'Eotw U C C avoiktd ovvoio kat éotw U* = {z : Z € U} 10 ouppetpuco tou

U w¢ mpog tov mpayuatuxd afova. H ovvaptnon f : U — C givar avaidvuxn oto U av kat uévo av

nf*:U"— Cue f*(z) := f(Z) elvar avadvuxr oto U*.

AvYon. Yrnobitoupe ou n f(z) = u(z,y) + iv(x,y) eivar avadutukn oto U. Oa deifoupe ou 1

f*(z) == f(Z) etvar avadvuxkr) oo U*. Enedr) o U eivat avowktd ouvoro kat to U* 9a eivat
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CVOIKTO OUVOAO.
log oomog. Emedbn) n f eivar avaduukr oo U, 1 f €xel ouvexelg pepkeg mapaymyousg Kat

wavorotovvtat ot e§lowoelg Cauchy-Riemann: {u, = vy, uy = —v,}. Enedn f*(z) = f(Z),

evat f*(2) = u*(2,y) + i (z,y) pe v (x,y) = u(z, —y) xav*(z,y) = —v(z, —y). Enopévag,

u;(m,y) = u$($7 _y> = Uy@v _y) > UZ(IE, y) = _uy(xa _y) = ’Uz(l', _y) ’
vi(z,y) = —vg(x, —y) Kat vy (2, y) = vy(w, —y).

s Uy = —v¥}, 8ndAadry kavoroovviat ot edlowoelg Cauchy-Riemann ya my f*

Apa, {ul =wv
oto U*. Enedn) n f* éxel xat ouvexeig pepikég mapaywyoug, n f* eivat avaduuxr) oto U*.

20¢ oorog. 'Eotw 29 € U*. Téte zp € U xat vnobétoupe 6t n mapdyeyog f'(Zg) = A €
C undpyet. @a 6eloupe 6T kat n ouvaptnon f* eival mapayeyioyn oto zp Kat padiowa n

napayeyos (f*) (z0) = A. Mpdypat, enedn

lim (20 + h) — f*(20)
h—0 h h—0 h

(n ouvapnon z — z eival ouvexng)

n f* eivat napayeyiomn ot zg € U* pe napayeyo (f*)'(z0) = f/(Z0) = .

Avtiotpoga, uriobétoupe ot ) f*(z) = ﬁ eivat avadutikn oto U*. Tote amno v nponyoupevn
nepiroon n f*(Z) = f(z) eivar avaduukr oto (U*)* = U, 6ndadn 1 f eivat avadutiks oto U. m
‘Eoww f : [ — R npaypaukr) cuvdptnon opiopévn o éva Sidotnpa I tou R. Av f/(z) = 0, yia kabe
x € I, 1ote n f elvar otaBepry oto Sidotnpa I. Auto 10 YyVOOTO ATIOTEAEONA YEVIKEUETAL KAl yia

avaAUTIKEG OUVAPTIOELG TIOU opidovial oe avolktd Kal ouvektikda urtoouvola tou C. Znueidvetat

ot ta Swaotrparta eivat ta povadikd oUVEKTIKA uTtoouvoAa tou R.

IIpétaon 3.19. Avnovvdpmon f : G C C — C, f = u+ v, elvar avaivtucr otov tono G ue v
rapayawyo f'(z) = 0, yia kade z € G, e n [ eivar otadepr; oo G.
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Anobeiln. Eneidn ano v urobeon
I'(2) = ug(2,y) + ivg(x,y) = vy(z,y) —iuy(z,y) =0, yaxade z € G,

sivat

um(xay) = ’Um(.’IJ,y) = uy(x7y> = Uy@:vy) = 07 qu KdeS («T,y> € G

'Eow zg = o + iyo otabepo onpeio tou G. Apket va dei§oupe ou f(2) = f(20), yia kabe z € G.

e
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"Eoww 2z = x + iy éva tuxaio onpeto tou G. Eneidr) to ouvodo G eival avoiktd kat cuvekuko, 1o G
elval KAakota ovvektiko. Enopéveg undpyetl moAuyeviky ypaput oto G e apxn 10 2, IEPAg
10 2 Kat g oroiag ta eubuypappa turpata ivat apdAAnda eite pog Tov npaypatnko agova
1} TIPOG TO PAVTAoTKO dfova, BAére to maparndve oxnua. Enedn to eub. wnua [z, 21], 21 =
x1 + iy, eival opigévrio, epappodoviag 1o Ssmpnpa péong THRAG yia ) ouvdpton & — u(z, yo)
gxoupe

u(1,y0) — u(z0, Yo) = uz(T,y0) (71 — T0),

yia kanowo 7 petagu zp kat z1. To (Z,yo) eival onpueio tou gub. tpfpatog 2o, 21] Kat enopéveg
aviiket oto G. Enedr) u, (T, yo) = 0, énetat ou u(z1, y0) = u(xo, yo). Hapopola anodeikvietat
ouv(x1,yo) = v(zo, Yo) Kat eropévag f(z1) = f(20).

Av 9ewprjcoupe TOPA T0 KATAKOPUPO €ub. tunupa [z1,22], 22 = 1 + iy2, pe avdloyo tporo
arnodeikvuoupe ot f(z1) = f(z2). Egappdloviag v idia pébodo kat yia ta urddoua eub.

TUNpata, TeEAKA £Xoupe
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Kat dpa n f eivatl otaBepr) oo G. O

IMa P oUVEKTIKA OUVOAd TO TIPONYOUHEVO ATIOTEAECHA YEVIKA Bev 1o0xUel. 'Eote yia nmapadetypa
G = D(0,1)U D(3,1) éva avoikto kat prn ouvektikd ouvodo. Opidoupe ) ouvapton f : G — C
ue

1 avze D(0,1),
f(z) =
i avzeD(3,1).

Enedyy f eival otabepr) otov avokto dioko D(0, 1), eivar f/(z) = 0 yua xabe z € D(0,1) xat
napépoa f'(z) = 0 ya k&be z € D(3,1). Apa, f/(2) = 0 yia xdbe 2z € G. 'Opag 1 f dev eivar

otaBepr) oto G.

IIpotaon 3.20. Eow f : G C C — C, f = u + v, avajvukn ovvdptnon otov ono G. Ta

mapakdi® glvat 10odUvaua :

(i) H f elvar otadepn oto G.

(ii) ToRf = u elvar otadepo oo G.
(iii) ToSSf = v eivar o1adepo oo G.
(iv) H|f]| eivar otadepri oo G.

(v) H ovvaptnon 7 = u — 1 elvar avadvuxn oto G.

Anobealn. Orwoobuvanieg (i) < (it) < (iii) poxkurttouy apeoa ano v [Mpdtaon 3.19 kat and
g elomoelg Cauchy-Riemann.

Eivatl mpodaveg ot ) () ouvendyetat ug (1v) kat (v).

(v) = (i): log oomog. H f 4 f = 2u eivat avadutkn oto G pe I(f + f) = 0, dndadn o S(f + f)
elvat otaBepo oto G. Tote and g e§lonoelg Cauchy-Riemann kat v [Ipdtaon 3.19 énetat 6
n f + f eivat otaBepn) oto G. Tapduowa, enedn n f — f = 2iv eivar avadutxn pe R(f — f) = 0,
n f — f eival otaBepry oto G. Emopévag 1 f = w eivat otabepr) oto G.

20¢ 1o6mog. Enedn ) f + f = 2u = 2Rf eivar avadvtikn, n Rf eivar avadutkr ouvaptnon oto

G. To gavtacuko pépog g Nf eivar undév ondre kat mdAt ano g e§iowoelg Cauchy-Riemann
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xkat myv [potaon 3.19 n Rf 9a eival otabepry oo G. AnAadty woxvet 1 (74) ou eivatl 1woduvapn
pe 1 (7).

(iv) = (i): Ynapyet ¢ € R tétow0 oote ff = |f|*> = c.

Av c =0, tote f = 0 ka1 eropévag 1 f eivatl otabepry oo G.

Aagopetikd, eivat f(z) # 0 yia kdbe z € G. Tote n f = ¢/ f eivar avadutikn oto G Kat émeg

anodei€ape npornyoupéveg 1 (v) ouvenayetat ) (¢). O
Hapadewypa 3.21. Ynodérouue ou 1 ovvapmon f = u + v gvar avaivuxn otov o G. Av
u = v2, va Bpedein f.

Avon. Enedr n f eivar avadutuxkn otov oo G, 9a mpémnet va kavorolovvial ot §1000e1g

Cauchy-Riemann:

Vy = Uy Vy = 200, Uy = 200z Uy = 200z
= = =
Vg = —Uy Vg = —200y Vp = —41)22195 (1 + 41)2) vy =0
Enopéveg, v, = vy = Uy = uy = 0 kat kata ovvénewa f(z) = ugz(z,y) + ivz(z,y) = 0 otov toro

G. Ao mv I[Mpdraon 3.19 ) f eivat otaBepry oto G. Apa,

f(z) =2 4iX, XER.

Mapadewypa 3.22. Na Bpedovv ofeg ot axépaieg ovvaptroe f : C — C g poperic

f(2) = f(z +iy) = u(z) +iv(y) .

Avon. Eneidr) n f eival aképata, a mpémnet va wkavorotouviat ot e§lonoelg Cauchy-Riemann.
Enopévag,

u'(z) = (y), yaxdade (z,y) € R2.

Eneidn n «’ etvat ouvdpton tou x kat n v’ eival ouvaptmon tou y, 9a npénet va sivar v/ (z) =
V'(y) = a, 6mou a € R. Tote u(zr) = ax + by xar v(y) = ay + be, pe by, ba € R. Apa, 6Aeg ot

aképaleg ouvaptroslg f etvatl mg poperg
f(z) =azx+ by +i(ay + b2) = a(x +iy) + (b1 +ib2) = az + b, (b = by +1iby)

orioua €E Rrxatbe C. m
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Hapadewypa 3.23. 'Eowo f : G — C avadvuxy cvvdptnon otov 1ono G. Av 6ieg ot tpég g f

Bpiokovtar mave oe pia evdeia yoauun L oto C, 0te n f eivar otadepn oto G.
Avon. Kabe gubeia ypappn L oto C eivat g poporg
L={z€C:z=2+t(, teR}, yuaxanow z,( € Cne #0.

Eow f(z) € L yua kdbe z € G. Av opiooupe ) ouvdptnon g : G — C pe

g(z) = m, yua kabe z € G,

¢

0te 1) ¢ eival avadutky oto G pe g(z) € R yia kdbe z € G. Enedr n ¢ naipvel mpaypatikeg
Tpég, o Fg = 0 kat and myv [Mpdraon 3.20 énetat ou 1) g eivat otabepry oto G, £0tw g = c. Tote
kat n f(2) = z0 + ¢ eivar otaBepr) oo G. =

Aoxkrnoelg

1. Yrnobétoupe ot ) ouvaptnor f : Q — C eivat ouvexnig oto avowktd ovvodro  C C kat 1 f2
etvat mapayeyiomn ot Q. Av f(z) # 0 yia kdbe z € Q, 1€ 1 f eival napayeyiomn oto

Q.
2. Eotww n ouvapmon f : C — C pe

zy(z+iy)
) Ay av z # 0,
f(z2) = fle+iy) = Y
0 avz=0.

Aeigte on kavoroovvial ot egowoelg Cauchy-Riemann oto onpeio (0,0) kat éu n f Sev

etval mapaywyioyn oto 0.
3. 'Eotw n ouvaptnon f : C — C pe

2 2
‘ a:—y—l—z'xiy av z # 0,

f(z) = flz+iy) = N
0 avz=0.

Aei&te 6u kavorolovvtatl ot eglonoelg Cauchy-Riemann oto onpueio (0,0) kat 6u n f ev

etval mapaywyioyn oto 0.
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. 'Eoww n ouvapton f: C — C, pe

f(z)=/]|22—7%.

Na 8eifete 61 kavoroovvtat ot e§lowoelg Cauchy-Riemann oto onpeio (0,0). Eivain f

napayeyioyn oto 0; AttioAoyrote v andavinor| oag.

. 'Eotw n ouvaptnon f: C — C pe

% av z # 0,

f(z) =

0 avz=0.

Aei&te 6u kavorolovvtal ot e§lo0oelg Cauchy-Riemann oto onueio (0,0). Eivai n f ma-

payeyiomn oto 0; AttioAoyrote TV andvinor| oag.

. Ze mowa onpeia eivat ) ouvaptnon f(z) = 2Rz + 282z + Z napayeyiopn; Yrodoyiote v

MAPAY®YO OIIOU UTIAPYEL.

T—1Y
2 +y2

etvat mapaywytomn oto C \ {0}.

. YroBétoupe ot n ouvaptnon f : U — C, ocav ouvdptnon tov T Kat Y, £XE1 OUVEXEIG NEPIKEG

napayoyoug oto avoikté cuvodo U C C. Av h € R xkat

i JEEN S fe i)~ 1)
h—0 h h—0 ih

, yaaxkabe z € U,

deigte o ) f elvar avadutukn) oto U.

. 'Eoww n pyadikn ouvdapwon f : U — C, f = u + v, opiopévry) 010 avoiktd oUvolo

U C C xrat éoww zg = xo + iyo onueio tou U. Av 1 ouvaptnon f €xel ouvexeig pnepikeég

napayoyoug(oav ouvaptnon v z, y) oto (g, Yp) Kat 10 0p1o

Lo o+ ) = F(z0)]

h—0 |h’

unapyet, Wte eite ) f = v + v {1 f = u — v eival napayeyioyn oto 2o = g + i7o.

"Eow n ouvaptnor f: U C C — R opiopévn oto avoikto ouvodo U(n f naipvel mpaypatt-
KEG TIPEG) KAl £0T® 29 = Xg + Yo onpeio tou U. Asi€te ou ite n f Sev eivarl mapaywyiomn

oto 2 1 f'(20) = 0.
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Av n ouvapmon f : D(0,1) — C eivar avaAutikr) oto povadiaio dioxo D(0, 1), deifte o
Kal n ouvdaptnon g pe

g(Z):f(Z>—f(—§), ZGD(Oul)a

9a eivat avadutikr) oto povadiaio dioko D(0,1).

Eow f: G — C, f = u + iv, avadutuky] ouvdptnor oTt0 avolKtd Kal CUVEKTIKO GUVOAO
G C C. Avau(z,y) +bv(z,y) +c = 0 yia kabe (z,y) € G, émou a,b, ¢ € R pe a® + b # 0,

va Bpedei n f.

Eow f: G — C, f = u+ iv, avaAutiky ouvdpTtor OT0 AVOIKTO KAl CUVEKTIKO GUVOAO
G CC. Av uy(z,y) + vy(z,y) = 0 yia kabe (z,y) € G, 8eife ou vnapxet ¢ € R xkard € C
TETO1d OOTE

f(z) = —icz+d, yaxabezeG.

"Eow n pyadikr) cuvdaptnon f : U — C, f = u + v, opiopévn oto avoikto ouvodo U C C
KAl £€0T® 29 = xo + 1Yo onpeio tou U. YroBétoupe 6t n f, oav ouvaptnon v  Kat g, eivat
dragpopion oto onueio (xg, yo)lwoduvapa, ot u, v etvar Siapopiopeg oto (xg, Yo)l kat du

10 Op10
f(z0 + h) — f(20)
h

lim
h—0

unapyet. Aeifte 6 eite n f = u + v eivar apayeyion o 2 n n f = u — v givat
Mapay®yioin oto zg.

Ynobeiln. Av h = £ + in, oneg kat otv anddeidn tou Fewprjpatog 3.13 eival

Folw0, 90)€ + fy (w0, yo)n + (€, mV/E + 17

omou lim¢ ;) 5(0,0) e(&,n) = 0. Bswpeiote Tig meputtwoeg (1) 7 = 0, £ — 0, (1) £ = 0,

f(z0+ 1) = f(z0)
h

n — 0, (#42) £ = n, n — 0 xat eifte ou

(fo(20,%0))” = (—ify(z0,70))*



Kepaliawo 4

Mwyadiki oAorAnpwon

Mua kaprdAn oto C etvat pia ouvexng ouvdptnon v : [a,b] — C. Av v(t) = z(t) + iy(t), tote o1
ouvaptijoelg ¢ = x(t) kat y = y(t) eivar ouveyeig oto [a, b]. TupBoAidoupe pe v* to medio tpov
g v, dnAadny v* = v([a, b]). To y(a) eivar n apxn mg KapruAng kat to (b) eivat 1o népag mg
raprudng. Ta y(a), y(b) eivat ta dxpa g KapruAng kat Aépe Ot n KapruAn v ouvdéet to y(a)

ne o y(b).
Av v(a) = v(b), n xaprUdn vy Aéyetal KAs1oTY.

‘Eow t1,ta € [a,b). Av t; # to ovvenayetat y(t1) # (1), n kaprudn v Aéyetat amds. Av

EMUITAEOV 1] KAPUITUAT eival KAg1otr), 1) 7y Aéyetal anAn KA£10TH KAPUAD.
H xaprdn v : [a,b] — C Aéyetat Aeia, av n 7/ eival ouvexnig oo [a,b] pe v/(t) # 0 yia xdbe

t € (a,b).

H xaprdn 7 : [a,b] — C Aéyetal tpnpatika Aeia, av undpyet duapéplon a = tg < t1 < -+ <
tn—1 < t, = b wou [a,b] tto1a Gote 0 MEPIOPIONOG TG ¥ 0 KGOe KAe10T6 draotpa [tr—1, ti,

k=1,...,n, va elvar Aeia kapmuln.

Mapadewypa 4.1. Hkaumviny(t) = cos® t+isint, t € [0, 27, sivar anin, kisiot kai unuaticd

Asia.

39
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[S]
aV

Mapatnpovus 6t n ' (t) = —3 cos? tsint + 3isin? t cost eivar ovvexrig oto didotnuat € [0, 27| ue
7Y (t) =0 av kar uévo avt = 0,7/2, 7,37 /2, 2.

4.1 OAoxrAnpoworn- Baowka anoteAéopata

Hapadewypa 4.2. Na unofloyotovv ta oflokinpouara | 2|% dz kar I, 22 dz, 6mou
(i) v = evar 1o evd. yurua [0,1 + i
Kat

(ii) v = 7o eivar 10 Tipa mg Tapaboinsy = x* ue apyn 10 0 kar népag o onusio (1,1).

Avorn. 'Eote 10 0AOKApePA fw 2|2 dz.
(i) H napaperpikr) e§iowon tou eub. tfpatog v = [0,1 + 4] eivar z1(¢) =t +it, 0 <t < 1.
Enopévaeg,

1 1
2
]z]de—/ ]t+it\2(1+i)dt—(1+i)/ 2t = 2(1+4).
0

V1 0

(ii) H napapetpikn e€iooon g V2 ivat za(t) = t2 +it, 0 <t < 1. Enopévag,

1
/|z2dz:/ 62 + it|2(2t 4 i) dt
V2 0
8

1 1
:(1+7;)/ 2t(t4+t2)dt+i/ 1 ydr= S &
0 0 6 15

[Mapdtt o1 KapPIUAeg 1 Kat Yo €X0UV v id1a apyn kat to 610 mépag, eivat

/ |z]2dz # | |2)*dz.
7

Y2
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Qg yvaotov, Ilapddetypa 3.3 kat [apadeiypata 3.17, n ouvexng ouvaptnon w = |z\2 etvat
napayeyiown povo oto onpeio 0 kat emopévag dev eival avadutikr| oe kavéva onpueio tou C.
BOewpoUE TWPA T0 OAOKANpOPRA f7 22 dz. Etvat

(4)

1 1 1
2
/szz:/(t+it)2(1+i)dt:—2/ t2dt+2i/ t2dt = —=(1 — 1)
Y1 0 0 0 3

1
/z2dz=/ (t2 +it)%(2t 4 4) dt
V2 0
1 1 2
:/ (2t5—4t3)dt+z’/ (5t4—t2)dt:—§(1—i).
0 0

Ta mv axépata cuvaptnon f(z) = 22

2
/22d22/22dz:—(1—i),
m 72 3

OTIoU y1 KAl y2 eivatl Aeleg kaprudeg pe v i6ta apyn kat to 1610 népag. Autd dev eival armr)

mapatnPoupe ot

oupriworn. O®a arodeifoupe apyotepa, Bshpnpa 4.26, ot av pa ouvdaptnon f eivat avaAutiky)
o¢ éva arAd OUVEKTIKO TOTIO, TOTE TO EMMKAUITUAL0 0AOKA-peua tng f eiva ave§aptnto tou Spdpou

OAOKANpP®ONG. ®

Hpétaon 4.3. Eow v : [a,b] = C, v(t) = x(t) + iy(t), mnuawra Aeia kaunvin kar £0tw

f: U — C pia ovvexrg ovvdptnon oto avoucto ovvoio U C C 1o onoio mepeyet  v* = v([a, b)).

b
2)dz 2)|dz| = g dt . .
Lf() §/7|f( )/ldz] /a!f(v(t))ll’v(t)l ’ @)

Ewbuca av |f(z)| < M, yia kade z € v* = v([a, b]), t6te

/yf(z) dz

Tore,

< M x (urrog mg ) . (4.2)
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Anobealn. Av f7 f(2)dz = 0, tote mpopavog n npdtaocn W0xVeL. Yriobitoupe ot f,y f(z)dz # 0.

Ene1dr] to fﬁ/ f(2)dz € C xat etvat 61dpopo 1o pndevog, eivat

/y f()dz =
/7 £(2) d=

z)dz| e yia karow 0 € R.

=10 /7 f(2)dz
:%{e_ie/f(z)dz}
%{ [ saonoal

{7 Fm)y @)} at

Tote,

)1y (8)] dt

2)[|d=|.

IN
\\\

Eow |f(z)] < M yua kdbe z € v*. Er[atﬁn 10 TO PNKOG TG Kaprwng v divetat and tov tirno

-/ EOP T GO dt = / (o) dt = / dz],
/vf(z) dz

TeEAIKA £Xoupe

b
< [ /@) de = M x (incos g )
a

O
Mapadewypa 4.4. Na anobeyydei ot
§£ 3% dz| < 2my/e.
C(0,1)
AdYorn. H efiocwon tou povadiaiou kuxkdou C(0,1) eivat |z| = 1 & 22 +y? = 1. [dve oto

povadiaio KUKAoO givat

AN YA

— ‘e(x*iy)y’ e

e*in‘ — o™ < o(@2HY?)/2 _ 1/2 _ Je.
Enopévag, ano my (4.2) €xoupe

% efgz dZ
c(0,1)

< Ve x (pfxog tou povadiaiou KUKAOU) = 2mv/e.
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Mapadewypa 4.5. Ynodérouue ot n ovvaptnon f : C — R givar ovveyrig kat maipvet mpayuatikeg

Tueg. Av
|f(2)] <1 yuakade |z| =1,

‘ng':l f(z)dz

Znueioon. Aegv unodétouvue oun f eivar avaidutucr; ouvdptnon. Av n f eivar avaivuxn oto C kat

va anoderydel Ot

<4. (4.3)

naipvel mpayuatikes tiueg, 1o Sf = 0 kat emopvwg ano tmu Ipotaon 3.20 1 f 9a elvar otadeo.

Anobeiln. Xpnowornowwviag kateubeiav tnv avicotta (4.2) ing Ipotaong 4.3 (kat katd cuveneia

un AapBavoviag unown v urdbeon ot n f maipvel mpaypatikeg tipég), £xoupe

‘yi'_l f(z)dz

Eivatr 27 > 4. TIpoxkepévou Aoutov va arodeifoupe Ot 10 Ave @pdypa tng andAutng TG tou

< 1 x (pfxog tou povadiaiou KUKAOU) = 27 .

oloxrAnpopatog eivat o 4, 9a npénet va akoAoubrjcoupe ta idla Brjpata oneg kat otnv anodeidn
g avicotntag (4.1) (Ilpotaon 4.3).
Av 9%4:1 f(z)dz = 0, tote n (4.3) mpodavag oxvet. YrioBétoupe ot 9%Z|=1 f(z)dz # 0. Eneidn

10 fﬁz\:l f(2) dz € C xat eivat 81apopo tou pndevog, sivat

%ﬂ:l f(z)dz

e, ywa kdrowo § € R.

Tote,

= {ew f(etyiet dt} (2| =1:2(t) =€, —m <t <)

= [ petm{it=0} ar. (f(e") € R)
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Eneidn R {iei(tf‘g)} =R {i(cos(t — 0) +isin(t — 0))} = sin(0 — t), éxoupe

™

| f(z)dz| = f(e®)sin(f —t) dt
|z|=1 -7
< [ 1sn)] finge — o) ds
< / sin(t — 0)] dt (If(eh)] < 1)
_7r—9
= / | sin x| dx (avtikataotaon x =t — 6)
—7—0
= 2/ | sin x| dz (n y = | sin z| etvar T-nieprobik))
0

iy
—2/ sinzdr =4.
0

O

To endpevo anotédeopa givatl Xprjoli0 OTOV UTIOAOY10H0 YEVIKEUPEVOV OAOKANPOUAT®V TG HOop-

ong [ f(x)dz 7y [° f(x)de, @ € R, érou f pnum ouvaptnon, XpNoHOnoevIag pyadikr
OAOKATP®OT).

Afjppa 4.6. 'Eow f(z2) = %, omou P kai Q) elvar mofuaovuua kai 1o () gxet Badud touAdyiotov
Kata 2 peyaiuvtepo amno 1o Baduo tou P.

() I'ia Ry apketa pueyaio, unapyet otadepa M t€toia wote

‘ P(z)
(2)

M ,
SW’ ya kade |z| > Ry .

(i) Av R evar 1o nuucUKio tou dve Nuetmedou ue efiowon y(t) = Re', 0 <t <, tote

: P(z) ,
ngréo WRQ(Z)alz—o.

Anobean. (i) 'Eow P(z) = apz"+- - +a1z+ag, an # 0 ka1 Q(2) = bpipz™ P+ -+ -+ b1z + b,

bntp # 0, Ta moAuvovupa pe p > 2. Ano to Iapadetypa 1.6 unidpxouv Ry, R > 1 tétowa
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wote
1 n 3 n 3
Slanllel" < 1P()] < Slaallel", v xdee |2| > By

Kat

1 3 .
3bnipll2" < 1Q(2)] < Slbnipll2|"P, yia xabe |2] > Ry

Av Ry := max{ Ry, R2}, 10t yia kdbe |z| > Ry eivat

’P(z) __Slanlll®  _ 3lan| 1 _ Bja| 1
Q)| = glbaapll2l™® [onpl [21P T by 212
Ernopéveg, yua M = élﬁ;” €xoupe
P(z M ,
‘ngi < LE yua xabe |z| > Ry .
(i) Etvai
/ P(z) dz </ Pz) |dz|
v Q) T S 1Q(2)
M
< — |dz]|
YR R?
M M
e e ol
Kat apa

: P(z)
Rh—rgo[mQ(z)dz_O'

45

(a6 1o (7)) yia |z| = R > Ry)
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Anoddeifn. Eneidr) ) ouvapmon F' eival avadutiky) oto avoikté ouvodo U, ard 1ov 0AOKANp®TIKO
wrno Cauchy yia napayoyoug énetat 6u nj F/ unapyet xat eivatr ouvexng oo U. Av g(t) =

F(v(t)), ané tov kavéva aduoidag éxoupe ou ¢ (t) := F'(y(t))v'(t). Emopévag,

b b
/ F'(z) dz = / F(y(6)/(t) dt = / §(t)dt = g(b) - g(a) = F(1(8)) — F((a)).
vy a a

HMapadewypa 4.8. 'Eotw (2 avouto, kupto uroovvodo tou C kat f : ) — C avaduvukr ovvdptnon

ueRf'(z) > 0 yra kade z € Q. Na amoberydei oun f eivarl — 1 owo ().

Anobeiln. 'Eowe 21,22 8o onueia tou Q kat ot [z1, 29], pe edlowon z(t) = z1 + t(z2 — 21),
t € [0, 1], to eubUypappo TP pe apXr) 10 2] Kat répag to z2. Enedn) to Q eival kupto ouvolo,
10 eUBUYpappo tpApa (21, 22| aviiket oto €2 Kat ano 1o Jepediwdeg Yedprnpa 0AOKANP®ONG

o) = 1) = [

[21,22

1
Sz = /0 () (22— ) .

Av 21 # 29, 0T .
f(z2) = f(z1) 'y
LB [ e a

Eneidn Rf/(2) > 0, yia xabe 2z € Q, 9a eivat fol f(z(t))dt #0. Apa f(21) # f(z2), 6nAadh n f

etvat 1 — 1 oto €. O
Aoxkrnoelg

1. AeiSte ou

yﬁ Rzdz = inr?,
C+(0,7)

érou C1(0,7) eival kUKAog pe kévipo 0, axtiva 7 > 0 kat Seukr| gopd diaypadrg.

1
/[22i(z+>} dz = 27 + 4mi
~ z

omou v : z(t) = e, —m <t < .

2. Aei€te oul

3. Aei€te 6u | sin 22| < e, yua kdbe |z| = 1. T ouvéxela amnodeifte ot

?5 e?Zsin 22 dz| < 2me?.
|z|=1
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. Aei&te onl

6mou v n kapurmudn pe efiowon v (0) = e, r > 0 ka1 0 < § < /4.

Ynodeiln. TMa kabe t € [0, g] 10XVl 1) aviootnta: sint > % .

. YroAoyiote 10 0AoKATpopa

I:/ezsinzdz,
v

O1ou ¥ Asia KApPItUAn pe apxr] tv apXt tov aiovev KAt IEpag o OnHeio .

. Aei€re o1

2
/zcos(m’z) dz = —,
. T

émou 7 1 kaprmudn pe eiowon y(t) =t — t2 +it3, t € [0, 1].

. Av 7y gival Tpnpatka Asia KApmuAn oo Ave nUEermnedo pe apxn 10 —1 kat népag 1o 1,

Xpnotporotwviag to depedindeg Sewpnpa oAokArpwong deite ot
; 1+e™™ )
/z’dz: — (1 —1).
~ 2

Znueiwon. Eivat 2° = exp(ilog z), émou logz = In|z| +i0, —7/2 < § < 37/2, eivat o

avadutikog kKAadog tou Aoyapibpou z otov amdd ouvektko wono: C\ {iy : y < 0}.

. Aei€te o6u 8ev undpyxet avadluukr) ouvaptnon f oto daktvdo A : 1 < |z| < 3 tétowa oote

Ynobeln. Asitte 6u f'(2) = 1/z xat ewpeiote 10 odoxAnpopa

1
yg —dz.
|z|=2 z

. Eowo v :[0,1] = C, pe y(t) = (1 — t)i + ¢, 1o euBVYpappo THAPA PE ap)t) TO i KAt TEPAg

10 1. Asigte ou

|24 > >, yiaxd®e z €.

=

It ouvéxela va anodetyOel ot av

tote || < 44/2. Tlowa eivat n tpr tou |1

’
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'Eowe n ouvapmon f(z) = ﬁ kat ¢otw R > 0. Asi€te 6u ta dpla
lim (2)dz war lim f(z)dz
R—+4o00 [0,R] R—+o0 [—R,0]

UTIApX0ouV Kat OTl

/f(z)dz = lim f(z)dz=0.
R

R—+00 [-R,R]

Ta kabe z1, zo € C amno to Jepsdimwdeg Sempnua oAokArpeong sivat

e?? — ™t :/ e“dz,
[21,22]

orou [z1, 22| eivat to eubUypappo THAPA Pe apXy To 21 Kat répag 1o ze. Av Rzi, Rze < 0,
6eitre 6
|e*? —e*| < |z9 — 21].
Av n ouvapmon f : [a,b] = R, a < b, eivar ouvexng, deifte ot n
b
t
Foy= [ I a e\ (o,
o t—%

etvat ouvexng oto C \ [a, b].

,heC,0<|hl <d/2kar M = m[a>g]|f(t)
t€la,

’

Ynobeln. Eow z € C\[a,b]. Avd = rrfir})]ht—z
E— t€la,

6eite 6

b —a
F(z+h) — F(z)] = / (t_zhf(t) | < 2O =a),,

Wt—z—n) "= &

Aeigre 6u undpyxet € > 0 této1o wote yla kKabe rmoAuovupo p piag pyadikng petaBintnig
etvat

>¢e, vwaxabe |z|=1.

(H doxknon auty) anodeikvuel 6Tt 1 ouvexrg ouvaptnon f(z) = 1/z oto povadaio kukAo
|z| = 1 6ev mpooeyyiletar opowouoppa and mofvavuua. Anhadn 0 KAaoiko Jeppnpa tou
Weierstrass ylia ouvexeig mpaypatikég ouvaptroelg Oplopeéveg o KAE10TA KAl @paypéva
Sraotpata tou R, 6ev 1oxvel yia ouvexeig piyadikég ouvaptr|oelg OPIOPEVEG OE CUNTIAYT)
urtoouvora tou C. BAéne xat ITapatripnon 4.76.)

Yroberln. Na unoBéoete ot yia kdbe € > 0 urtapxet MOAUGOVUPO p TETO0 MOTE

<e, yaxdabe|z|=1.

1

OMoxAnpmvovtag 1o p(z) — - oto povadiaio kUkAo |z| = 1 va xataAngete oe droro.
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4.2 Oenpnpa Cauchy

Eow 7 : [a,b] — C, v(t) = z(t) + iy(t), pa amdr, KAew0w) KAl THNPATIKA Asla Kaprudn. Av
1 ouvaptnon f eival avaAutikn dve Kal oT0 E0WIEPTKO TG KAUITUANG 7, TOTe 10 depnpa tou

Cauchy pag Aéet ot

%/f(z)dz—o.

To Sewpnpa autd sivatr JepeAdwdeg ot dewpia 1OV AVAAUTIKOV OUVAPTHOE®V Kal arnodeixtnke
artd tov Cauchy to 1814. Av n f 6ev eival avaAutikf) oe 6A0 10 £0MTEPIKO TG KAUTTUANG v,
T0Te 10 OAOKANPEHA Propet va pnv woutat pe o undév. Ta mapdadeypa, n f(z) = 1/z eivat
avaAutiky) oe 6Aa ta onpeia oto e0@TEPIKS T0U povadiaiou KUKAoU |z| = 1 ektog ard o z = 0 kat
10 odorAfipepa dev eivat undév. Tpaypaty, enedn z(t) = e, t € [0, 27, eivar n mapapetpiky

e&§lowon tou povadiaiou kUKAoU |z| = 1, givat

1 27 1 o ' 27 »
—dz = — e dt =1 dt = 273 .
|z|=1 # o € 0

Av 1 ouvdptnon [ eival avadutikn oe éva andd ouvektiké témo G C C kat n napayeyog [ etvat
ouvexng oto G(unevBupiletat 6t n avadutikétnta g f dev ouvenayetat ot n f etvat ouvexng),
10Te 10 OAoKAfpePa g f MAve oe pia artAr), KAE10T Kal THNRAtKA Asia kaprudn oto G elvat
undév. H anddeiln eival dpeon ouvérela tou KAaokou Sewprjpatog Green aro tr) S1avUOPATIKY)
avdAuon):

‘Eoto D C R? évag armdd ouvektikdg TOmMog pe oUvopo pia amdr), KAEot) Kal Tunpatikd Asia
kaprvdn 7. Av F = (P, Q) sivat éva Siavuopatikd nedio pe ouvexelg pepikég napayoyoug oe

éva avolktd ouvoro U mou mepigxet 1o D, tote

Pdz + Qdy = [[ (Qu(z,y) — Py(z,y)) dzdy,
f I,

OIoU 10 TIPKOTOG HEAOG efval to erikaprnudio odorAnpepa tou F = (P, Q) ndave oty kaprdn +y

ne Seukr) popa.

Ocopnpa 4.9 (AcOeviig popd1n tou dswpnpatog Cauchy). Eow f : G C C — C, f(z) =

u(z,y)+iv(z,y), avaivukn ovvdptnon otov ania ovvektro no G kai éoto n [’ eivat ouvexng
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oto G. Av vy elvar ja anin, Kieot) Kat tunuatika deia kaumuin oto G, 10te

ﬁf(z)dz:(].

. , ! , , , ,
Anodeiln. Enedn n [ eival cuvexng oto G, ot ug, Uy, v, Kat vy eivat ouvexeig oto G. Enopévaeg,

av D C G eival 1o xopio pe oUvopo T TUNHATIKA Agia Kaurudn vy, £xoupe
b 121 dz = Puta ) + ivte,)(d + idy)
¥ ¥

= %u(m, y)dx —v(z,y)dy + iygv(x, y)dx + u(z,y)dy

¥
= — //D(Ux<$a Y) + uy(x,y)) dedy —I—i//D(um(:v,y) —vy(z,y)) dedy
(Seopnua Green)

=0. (e§lomoelg Cauchy-Riemann: Uy = —Vgp KAl Uy = Uy)
O

O Goursat, “Acta Mathematica, vol. 4, 1884” ka1 “ Transactions of the American Mathematical
Society, vol. 1, 19007, anédeide 10 edpnua Cauchy xopig v unéeon 6u n [’ eivar cuvexng
otoV amAd OuvekTIKO toro (. Auto 1o armotédeopa eival yvwotd kat cav @scopnpa Cauchy-

Goursat, niaparnépnoupie oto [22].

Ozmpnpa 4.10 (Bsodpnpa Cauchy yia andd ouvektiko tono). 'Eoww f : G C C — C avadv-
K ouvdoetnon atov arid cuvektiko tormo G. Av vy eival pa kAot kat unuatikd Asia kaumuin

oto G, to1te

ﬁf(z)dz':O.

IIpotaon 4.11. 'Eoww f : Q2 — C avadvuxr cuvdotnon otov tono () kKai £0t@ Y1, Yy 6U0 amieg

KAelotég Kat tunuatica Aeieg kaumuieg oto ) ue ) Yo 010 E0WTEPUO TG V1. AV 0L KaUTUAEG EYouv
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mu i6la eopd Slaypa@ng Kai 1o x@plo pe oUvopo ug v1, Y2 Boloketar oAokAnpo péoa oto 2, tote

(2)dz= Q] f(2)dz.
m V2

Anobeifn. YmoBetoupe OTL 01 ATAEG KAEI0TEG KAl THNPATIKA Agleg KAPITUAES 71, Y2 €XOUV 9ETIKY)

@opa Saypadns.

- _

Am6 1o Sedpnpa Cauchy €xoupe

f(z)dz—|—/ f(2)dz=0

@f(z)dﬁ/

@f(z)dﬁ/

/AW EA

Kat

/A_éf(z)dz—i—/Eﬁf(z)dz—i-/G_éf(z)dz—i-/cﬁf(z)dz:O.
TMpoobétoviag katd pédn maipvoups
</A?éf(z) dz—’—/cﬁ f(z) dz> + </C?f(z) dz—i—/G_éf(z) dz)
+ (/Gﬁf(z)dz+/Eﬁf(z)dz) + (/E_Af(z)dz%—/A_E)f(z)dz> =0

KAl ETIOPEVRG

élf(z)derézf(z)dz—O@ygl f(z)dz_yi £(z)dz.
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IMapadewypa 4.12. Av 10 onueio zy fpioketal 0T0 €0WTELIKO NG aAmAnNg KALOMG Kal TUNUATKA

Aglag waunvuing v ue 9ty eopd, 101e

1 1
21 52— 20

Ipayuat, anod v TPONyoUuevn TPOTAoN EXOUUE

1 1 1 1
; dz = —
211 N Z— 20 211

dz,

|z—zo|=r # — 20

onou o kukAog |z — zg| = 1 e KEVTPO 10 2 Kkat aktiva r Poioketal 0To E0MTEPIKO TG KAUTUANG

Kat xel U ibla eopd ue m y(9etkn opd).

Enougvog

do (z(0) = re?, 0 < 6 < 2m)

H Ilpdtaon 4.11 yevikeuetal otV NMEPINIOON MOU £0MTEPIKA P1AG ATTANG KAEIOTNG KAl TUNHATIKA
Aeilag kapmudng v Bpiokoviat n 1o MANO0G ArAEg KAEI0TEG KAl TUNHATIKA Agieg KAPIMUAEG, ON®G

Kdl OT0 MTAPAKAT® oXnud.
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Osopnpa 4.13 (Fevirkeupévo O@cwpnpa Cauchy). 'Ectw f : G — C avadvukr cvvdaptnon
otov ono G kat é0tw vy anin Kisot) kar unuatica Asia kauruin oto G mou mepucieist Tig awgg,
KAgwotEG Kat unuatuca Asieg¢ KauUmUAS Y1, - - - , V- YTTOOETOUUE OTL OL KAUTUAEG Y, Y1, - - - 5 Yn EXOUV
mu id1a gopd kai ot Kade Kaumuan vy; Bpiokerar oo e§oTEPIKO Kade Kaumuing v ue j # k.
Jk=1,...,n. Av 10 ywpio Tou Bpioketal eowteptcd g Y Kat EDTEPIKA TOV Y1, - - - , Vn Bploretar

ofokAnpo usoa aro G, tote

éf(z)dz:iygkf(z)dz:yglf(z)der...Jr;g )

k=1 n

Mapadewypa 4.14. 'Eowo p(z) = Y 1, apz®, an # 0, moAucvuuo Baduov n. Av ot pileg ToU

ToAvevuuou p Bpiokovial 0To E0WTEPIKO NG aming kKisotj¢ kal tunuatika fsiag kaunving vy, va

épé)dz.

Avon. (i) Av p(z) = ag # 0, 5nAadr) to modumvupo eivat Babpou 0(otabepd), Wte and to Yevpnua

1
%dz:ygldz:().
’yp(z) 700

(1) Av p(z) = a1z + ag, a; # 0, eivar moAuovupo Babpou 1, and 1o mponyoupevo napadetypa

vmnojloytotel 1o oflokAnpoua

Cauchy
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1 1 1 1 2
;éd,z:gédz:gédz:%.
5 (%) 5 a1z + ag ar Jy z+aop/a a1

(¢i7) Eow p(z) = anz™ + -+ + a1z + ag, a, # 0, moAucovupo Babpov n > 2. Tdote and to Mapd-

gxoupe

detypa 1.6 unapyet Ry > 1 tétoo wote
1 n ’
Ip(2)] > §\anHZ| ., YakaBe |z| > Rg.

[Maipvoupe 10 Ry apketd peydlo €101 @Ote 1] KAPMUAL ¥ va BPioKeTal E00TEPIKA TOU KUKAOU

C(0, Rp). Tote yia kaBe R > Ry and to yevikeupévo Jevmpnpa Cauchy éxoupe

ép(lz)dz:y%:Rp(lz)dz

1

- ‘ﬁpmd'
1

< ?%.:R w1

KAl Katd ouvenesa

§é(12)dz

S

2
< - yg |dz| ([p(2)| > |an|R™ yia xa6e |z| = R > Ry)
|an| R™ J2=r

_ orR— T (h—1>1

T Jan BT T Jan| R Roee nTas
‘Apa,

1
%dz =
5 p(2)

|

4.3 OAloxrAnpwtikoi tunot Cauchy

Oplopog 4.15. 'Eotw v wa kisiom kar unuatka Asia kaurnvin oo C kat éotw zg € C éva
onueio mou Sev avrkel ot kKaunuin y. Tote 0 SeikTNG OTPOPNG THNG KAPNUANG ¥ WG NMPOG TO
onueio 2y, ovuboilerar I(7, zo) 1 Ind, (z0) rat opilerar wg e€ng

1 1
I(~, 20) yﬁ dz.
2l

 2mi zZ— 2

Ague ou n kiewot] kaunvin v neprotpépetat yipe ané o zo, I(7, z) eope.
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Av 10 onpeio zp PploKetal 010 £0MTEPIKO TG ATMANG, KAEIOTHG KAl TUNPATIKA Asiag KapmuAng y
pe Seukn @opd, wte 1(7,29) = 1(MMapdderypa 4.12). Av n ardr), KAelow) Kat THNpatka Aeia
KAUITUAD 7 €Xel apvnuky @opd, tote 1(7,20) = —1. Av y(t) = €, 0 <t < 2mn, n € N, 161€ 0

povadiaiog KUKAOG IEPIOTPEPETAL YUP® A0 TNV ApXl] TV aidvav n-@opég Kat ivat

21 z

1 1
I(~,0) ?gdz:n.
gl

Xpnowormowwviag 10 @swpnpua Cauchy anodeikvistal €vag mMoOAU XPrjo110g TUI0g, O OAOKAN-
peTKOg tunog Cauchy, mou pag Aéet 6t o1 TipéG plag avaAutikig ouvdptnong f ndve oe pa
KA£10T1] KAl TUNPATIKA Agia KAPIUAn 4 Tou eival 10 oUvopo evog arAd ouvektikou torou G,

nipocbiopidouv g tipég tng f ota onpeia tou G.

O@zmpnpa 4.16 (OAorAnpwtirég tunog Cauchy). 'Eotw f : Q2 C C — C avaduvukn ovvdptnon
010 avolkto ouvoo () Kkat £0tw 7y ua Kieotn kal tunuatuca Adeia kaumvin oto §) Tou 10 e0WTEPUKO

g Bpioketar oA0KANpo uéoa ato ). Av 1o anueio zg € () bev avket otV KaurvuAn y, 10t

L_ M dz . 4.4)
21

f(Z())'I(’)/,Z())Z Z— 2

~
Ei6ica, av n andyy, kAeiot] kat unuatica deia kaumuin v oto () €xel 9eTry @opd kai 10 2( ivat
070 E0RWTEPIKO NG 7Y, TOTE

= 1) dz.

Z — 20

f(z0) =

2 (4.5)

Y

HMapatnpnon 4.17. Acv undpyet avdioyo 9e@pnua yia TG moayuatikeés cUvaptroels Hag moay-
uaukng peta6inuig. Ia mapabdeyua, yia kade n € N* o1 napaywyioes ovvaptoe fn(z) = ™,
0 <z <1, égyouvv ug ibieg tuég oto ovvopo, bndadn fn(0) = 0 kar f,(1) = 1. 'Ouwg Srapépovv
yia kade x € (0,1).

Xpnoponowviag Tov 0AOKANPp®TIKO turo Cauchy, anodeikvuetal EMAYOYIKA OTL 1] AVAAUTIKI)
ouvaptnon f eival Anelpeg POpPEg MAPAYDYIoIN OT0 avolkto ouvolo ) Katl 10XVUEL 0 MIAPAKAT®

TUIT0G, YV®OOTOg Kal oav ojlokfnpwtikog twnog Cauchy yia mapayayoug.
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Ozmpnpa 4.18 (OAorAnpwtikog tinog Cauchy ywa Mapayoyoug). Eoww f : 2 C C — C
avaAutikn ouvaptnon oto avolkto ouvoAo () kai £0t® Yy pia KAt Kat unuaticd Asia Kaumuin
oto §) Tov 10 0wTEPIKO TG Bploketar oA0KANPOo uéoa oto ). Av to onueio 2y € ) Sev avnket otnv
Kaumuin -y, 10te

™ (20) - I(7, 20) = 1 %L dz, neN, (4.6)
2!

omi [ (2 — z)n
onou f(™) eivai nn-oor mapayeyog mg f. Eibucd, av n andAf, kAswow) kai unuatikd deia kaumvin

v oto () £xel QTR @OPA KAt 10 2y VAL OTO EOWTEPIKO TNG Y, TOTE

Wy~ L b FE@ N. 4.7)
£ (z0) 7§< o me

o J, (2 — zo)7tt

Mapadewypa 4.19.

Xpnowornowwvtag 1oug ofokAnpotiucovs tunoug Cauchy, va vnofoyiotet to ofokAnpoua

1 e
I=— ¢ -5 d,
2m§éz3—3z2 :

onou o kuriog C, ue 9stkn gopd Saypaprig, bev didpyetar ano ta onueia z = 0 kat z = 3. Na

e€etaotouv Ojleg ot SUVATES TEPIMIWOEL.

Avon. Eivai

1 e
I=—¢ - d.
2m§é;z2(z—3) :

(i) O xuKrAog C dev mepiéxet ta onpeta 0 kat 3. Ao 1o Sevpnpa Cauchy I = 0.

(74) O rurdog C mepiéxet povo to onueio 0. Aro tov odorAnpeuxo twro Cauchy yia napayo-

youg €xoupe

=2 Mdz:( < >,

2w Joo 22 z—3

z

4
9"

ze® — 4e

0 (2—3)?

(7i7) O xukAog C mepiéxet povo 1o onueio 3. And tov 0AokAnpetiké turo Cauchy éxoupe

2=0

e3

I:i, ez/Zde:e—z
270 Jo 2z —3 22

z=3 9

(iv) O xUKAog C' mepiéxet ta onpeia 0 kat 3. 'Eotww C] kat Cy §Uo KUKAOL 1ou Sev tépvoviat Kat

Bpiokovial eowtepikda tou kUKAoU C, £totl hote 0 C] TEPIEXEL OT0 E0MTEPTKO TOU 16VO To onueio 0
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kat o Uy mepléxel OT0 e0WTEPIKO TOU POVO To onpeio 3. Tote,

r=_ yg A 55 < ( tvo 9eépnpa Cauchy)
=— QO 0= — O 0= VIKEUPEV
omi b 20 —3) 2t > 2 3) z yevikeupévo Jewpnpa Cauchy
4 & -4 , g
=75 + 5= 9 - (mepurttwoetg (i4) kat (i4i))

Mapadewypa 4.20 (Oepediddeg Ocdpnpa g ‘AdyeBpag). Kade pyadiko mofuodvupo Baduov
n > 1 gyet pida oo C. Emoucvag, kdade uryadiko mofuavupo Baduov n > 1 gxer akpibag n pileg

oo C

Anodaln. 'Eotw p(z) = anz™ + an_12""1 + -+ + a1z + ag, a, # 0, moAudvupo Babpov n > 1.
Yrobétoupe 6t p(z) # 0 yia xkdbe z € C. Emnedn) 10 p eival aképaia ouvaptnon mou Sev

pndevitetat, n 1/p eivat eriong aképata ouvaptnon Kat anod v 0AoKANPeUKS turo Cauchy

Lo e, omi
ﬁRzpu)dZ‘?%R B

Ao 1o [apadetypa 1.6 vntapyet r > 1 t€too dote

1
p)| > Slanll#l", via xaBe |2] > 7

Enopéveg, yia kabe R > r éxoupe

N ‘%%:R Zpl(z) dz|

1
< ]
7%3 2P ()

0+

2mi
p(0)

2
< W %%R |dz| (lp(2)] > %|an|Rn yia kabe [z| = R >1)
47
= 9 R=—"— —— 0
lan| R T Jan| BT R—oo

ov eivat droro. KataAngape oe atoro erne1dr) urobéoayie 011 1o oAumvuipio p dev éxet pida. Apa,

10 moAuwmvupo p €xet pida oto C. O
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Ozopnpa 4.21 (@sdpnpa péong Tipfg tou Gauss yia avaAutikég ouvaptnosig). Eotw f
avajlutikn; ouvdptnon otov anida ovvektuko wno G, éotw zg € G kar éotw o kukiog C(zp,7) =

{z € C: |z — 20| = r} Bpioketar uéoa ot G. Tote,

2w A
Flzo) = o /O £ (0 + i) dt.

Amnobeiln. Ano tov 0AoKANpeTKO turo tou Cauchy éxoupe

f(z0) = 1 f(2)

27 C+(z0,7) Z— 20

dz

)

émou CT(zp, ) eivat o KUKAOG Kévipou 2 axtivag r > 0 pe Setikn) @opd daypadrg. Emedn
2= zp+rett, 0 <t < 2, eivarl n) napapetpiky e§06001 10U KUKAOU, £XOUHE

2 it 27
f(z0) = i Mim“ dt = 1/ f (20 +re™) dt.
0

27 J, rett 27

IIopiopa 4.22 (Gsdpnpa péong Tipng tou Gauss yia appovikEég ouvaptiostg). 'Eoto u
apuovukr) ouvdptnon otov arnfa ovvektko wno G, éotw zyp € G kar €0t o kurkdog C(zo,1) =

{z € C: |z — 29| = r} Bpioketar péoa oo G. Tore,

1

2
u(zp) = %/0 u (20 +re’) dt.

Amobeiln. Qg yvootov otov ardd UVEKTIKO toro G untdpyetl avadutikey cuvaptnon f, tétola wote
u = Rf oo G. Tote and 1o mponyoupevo Sedpnua eivat

1

2m )
f(z0) = 27r/0 f (20 +ret) dt.

Enopévag

2

2T
ulz0) = Rilz0) = 217r/0 R{S (20 +re)} dt = 217T/o u (20 + re') dt.
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IMapadewypa 4.23. Yrnodcrovue ou n ovvaptnon f elvar avaduvtiky mdve Kat 0T0 E0WTEPUKO TOU
uovabiaiov kurkiov v = {z € C: |z| = 1}. Av{ givai 10 purkog g eucovag ou 7y ueow mg f, va
amoberydet ot

¢ > 27(f'(0)].

Anodain. H xapridn w = f o 7y pe e€iowon w(t) = f(y(t)) = f(e%), 0 <t < 2m, eivat ) ewdva
Tou povadiaiou KUKAOU HEow g ouvaptnong f. Av £ eivatl 1o pfikog g kapuruing w = f o 7,

10Te
2 2 2
(= / ! (1)) dt = / |/ (eMyiet| dt = / (e dt.
0 0 0

Ene1dn amnod 1o Osopnpa 4.21

gxoupe
)] = | 2ﬂf’(eit)dlf <5 /%!f’(e”)\dt—l ¢
a 2 0 -2 0 a

T 2T

kat apa £ > 2| f/(0)]. O

YrioBétoups Ol 10 eMmMKAUITUAI0 OAOKANP®UA P1ag ouveXoug cuvaptnong f oto medio 2 sivat
avefaptnto tou Spopou odorAnpwong. Andadr av i, 2 eivat Yo orolecdnote THNPATIKA
Aeieg kapmuAeg oto €2 pe v i6a apxy Kat to i61o népag, tote
(2)dz = / f(z)dz.
71 Y2

Av 29, z € (), 0 cupBoAlopdg

/z :f(C) ac

urodnAmvel 0TL 1) 0AOKAAPKOT g f yivetal mave ot pia oroladrnote THNRATIKA Asia KapruAn
tou {2 pe apxr) 1o zp KAt répag 1o z.

YrievBupidoupe éva Baoiko Sewpnpa tng “Alavuopatikng Avaiuong”.

Osopnpa 4.24 (Baowké 9s=mpnpa tng Aravuopatirig Avdduong). Ectw F : QO — R,
F = (P,Q), cuvexég Stavvouanks medio oto avoukto ovvektikd ovvofo 8 C R2. O1 napard-

@ TPOTAOELS lval 100OUVAUES :
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Eivat a§loonpeioto ot éva avaloyo dedpnpa toxvet kat otr pryadikn avaduor). Ta v anodeidr)

TOU Xpeladopaote T0 MAPAKAT® Afjppd.

Anobeln. 'Eoww z € (). Eneidr) 1o erukaprnuiio odorAfjpepa g f eivat ave§aptnto tou pdpou

0AoKAfpwong, 1 ouvaptnon F eivat kadd opiopévn oto 2. To  eival ouvektikd ouvodo kat

ETIOPEVOG UTIAPXEL THNHATIKA Agia KAPTTUAN 7y PE apXn 10 2g MEPAG TO z Kal 1) ortoia Ppioketal
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péoa oto §2. Eivai

H ouvapmon f eivat ouvexng oto z € ) Kat enopévag

Ve > 030 > 0 térowo ote [ — 2| < d = [f(¢) — f(2)| <e.

I[Taipvoupe to § > 0 apretd pikpo £tol wote o avoiktog diokog D(z, ) va mepiéxetat oto (o 2

eivat avoiktd ouvoro). Eoww 0 < |h| < §, ondte o z + h € D(z,9).

Eivai

F(z4h) — F(z) = / Q) d¢ — / £(0)d¢ = f(0)de.
Y+[z,2+h] v (z,2+h]

orou 1o gubuypappo wApa [z,z + hl = {(1 —t)z+t(z+h) =z +th:t € [0,1]} aviket otov
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avoikto dioko D(z,d). Tote

F(z+h) — F(2) e
G LS

1 1

=i ) s [ Gy dc=n
1

S - d
i, GO se)

<o [ 150 - )1
’h‘ [2,2+4h]
g
— d

R Sz dc]
9

'Exoupe dortov arobeiget ot

F h) —F
Ve > 0 36 > 0 této10 dote yia kdbe h pe 0 < |h| < § = (z+ })L (Z)—f(z) <e.
Apa
F h)—F
lim (z+h) (2) = f(2) xat emopévag F'(2) = f(2).
h—0 h

Osopnpa 4.26 (Baoiko 9sdpnpa tng Miyadirng Avadvong). Eote f : () — C ouvexng

ouvaptnon otov ono(avoikto cuvektiko avvoio) 2 C C. O mapakdie mpotdoelg elval Io06UVAUES:
(1) To emxauruiio ofokAnpoua mg f eivar avedptnto tou 6pduou oAoKkANPwONS.

(2) T'a kade Ksiot Kar tunuatika Asia kaumvin v oto § eivat

ygf(z)dzz().

(3) Yndoyet avaivuxn ovvaptnon F : Q — C pue F'(2) = f(z) yia kade z € Q.

Av emiAéov 10 §) gival 10mog anAd CUVERTIKOG, T0Te Ol TAPATAVG TPOTACELS £ivat I00OUVAIES e

NV mpotaon :

(4) H ovvapmon f : Q — C eivar avaiuvtuen oo 2.
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Anoben. (1) & (2) H anodegn eivat eUkoAn(oxedov mpogavig!).
(1) = (3) Eivat to Afnppa 4.25.
(3) = (2) Eredr) ) ouvdapnon F : Q — C eivat avaduuxy pe F/(2) = f(2) yia k40 z € €, anéd

10 Yeped1wdeg Sedpnia 0AOKANPWONG £XOUHE

ﬁf(z) iz = ygF’(z) dz = 0.

(4) = (2) Etvat 1o 9swpnpa Cauchy.
(3) = (4) Ene1dn) n ouvdptnon F' eivat avaAutikr) oto avoiktd ouvodo (2, and tov 0AOKANPp®TIKO
wino Cauchy yia napayoyoug énetat ot n F' eival anelpeg popég nmapayeyiown oto £ kat katd

ouvvéniela n f = F’ eivar avadutikn oto €. O

®a edpappPocoupe 10 ONPAvilKo Aswpnpa 4.26 IPOKEPEVOU va UTIOAOYIO0UE Td OAOKANpOPATa

Fresnel ta onoia givatl yvooto( amo ) Senpia 1oV YEVIKEUPEVOY 0AOKANPOPATOV) 0TL CUYKAIVOUV.

IMapadewypa 4.27. (YnoAoyiopdg tev oAorAnpopdtev Fresnel) Na anodeydei ot

(o) o0
V2
/ cosa:Qd:c:/ sinx2dx:—7r.
0 0 4

Znueioon. Q¢ yvwotov,

o0 o2 1 o0 42
/ e “dr = 5 / eV dt (avukatdotaon t = v/2x)
0 0

- 12 <\f> -

Amndbdeiln. Enedr) yia xkabe x € R eivat

S-S

2 ..
e = cosz? +isina?,

elvat puokd va dewpricoupe v aképata cuvaptnon(avaiutkn oto C)

OloxrAnpavoupe Vv f mave oto opboyavio tpiyovo pe Kopupeég ta onpeia 0, R xkat R + iR,
R > 0.
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¥

AT6 10 TIponyouevo Senpnua éxoupe avefaptnoia tou §poou 0AOKANP®ONG KAl ETTOUEVRS

/ ¢ dz + / e dz = / e dz . (4.8)
[0, R] [R, R+iR)] [0, R+iR]

Eivai

R
/ eiZde—/ eixQda:, z=z, 0<z<R)
[0, R] 0

R R
/ e dz = z/ i(Rtiy)? dy = ietf? / ¢~ 2Ry—iy? dy , (z=R+iy,0<y<R)
[R, R+iR) 0 0

R
/ e”de:(l—i—i)/ 672m2d1’, z=zxz+ix,0<z<R)
[0, R+iR] 0
orote arno v (4.8) €éxoupe
e -'R2R2R‘2 ; R22
/ e’ dx + ie' / e T dy = (1+z)/ e dx. (4.9)
0 0 0
Enedn
. iR? f 2Ry—iy? i 2Ry—iy?
e’ / e YT dy| = / e “YTW dy
0 0
S/ ’efZRyfin dy
0
R
:/ 6_2Ry dy
0
=R
— ;16—2Ry !
2R y=0
_ 1 (1 672R2> — 0
2R Rooo
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R
etvat Rlim iR’ / e 2= gy — 0. Enopéveg, naipvovtag ot (4.9) 1o R — 0o éxoupe
— 00 0

o oo
A V2
/ e dy = (1 + i)/ e gy = (14 )T
0 0 4
Kal 1coduvapa

o o /2 /2
/ COS$2d$+i/ sina:Qda::Tﬂ%—iTﬂ.
0 0

‘Apa,

[o@) o
V2
/ cos:n2d:v:/ sin:v2dx:—7r.
0 0 4

Mapadewypa 4.28. Yrnodstouue oun f : R — C ucavomnoiei n Stagopikn e€icwon
(@) + 2ix f(x) = € pe f(0) =0.

Tote
i (f(@) — f(—a)) = TR

Avor. [ToAAardaoidadoviag ) Siadopiky e§iowon pe eie’ naipvoupe

672:62]0/(1_) + 2i$€iz2f(l‘) — ei:c2+2ias o (eiwzf(x))/ — eiz2+2iw

Kal EMIOPEVRG

T
e f(z) = / et dt 4 .
0

Enedr) f(0) = 0 eivat ¢ = 0 kat dpa
x
eifo(x) _ / pit?+2it gy
0

AvukaB1ot@viag 0mou & 10 —& £€X0UpE

e f(—z) = /_z 2t g
0
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Agalpoviag katd péAn TG napandve e§10Woelg raipvoupie
(@)~ () = [
—X

:e—i/ ei(t+1)2 dt

x+1
=e " / e du (avuikatdaotaon u =t + 1)
—x+1
Y o T 0 -
= e_z/ e"™ du + 6_2/ e du
0 —x+1
o rz+l o o orz—1 -
=e " / e du+e™" / e dv. (avukatdotaon v = —u)
0 0

'‘Opwg Oto IPonyoupevo rapadstypa arnodei§ape ot

/ ¢ dg = (1 —|—z')—27r = ei”/‘lﬁ.
o 4 2
‘Apa,
: ia? o omiin/aNT  itina
i (f(a) — f(—)) = 267V < e/
n

H ouvenaywyn (2) = (4) oto @smpnpa 4.26 woxvet kat yia avoiktda ouvoda 2 C C (61 katavaykn
OUVEKTIKA) Kdl lval yvooto oav “Bedpnpa Morera”. MdAiota 1oxUel KAl otnyv MEPITOO TTIOU 1O
oAoxrAnpepa tng ouveyoug cuvdptnong f eivat 0 mave oto cUvVopo KABE TPIY®VOU TTOU TEPIEXETAL
oto ). To Sewpnua Morera gival “pepiko avtiotpopo tou Sswprjpatog Cauchy”. Aev eival akpiBog

10 avtiotpogo tou Sewprpatog Cauchy eneldry vrobitoupe ot ) f eivat ovveyrg oto €.

Ocswpnpa 4.29 (Morera). 'Eotw f : (2 — C ovveyrg ouvaptnon oto avouctd avvoo ). Av

35 () d¢ =0
OA

nave oto ouvopo OA Kkade toiywvou A mou mepigyetar oto (2, ote n f eivar avaiutucn oto €.

Anobeln. 'Eoww zp € . Enedr) 1o 2 eivat avoiktd ouvodo, uriapyet rieproxr) D(zp, ) tou 2o pe

D(zp,7) C Q. ®a arnodei§oupe ou n f éxet mapayouoa F oto D(zp, 7).
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Av z € D(zp,r), opioupe t ouvapton F pe

Fe) = [ 5O
[Z(),Z]
H F eivat kaAd opiopévn pe F(z9) = 0. 'Eow € > 0. Enedn n f eivat ouvexng oto z,

undpyet 6 > 0 tétoto oote yia kabe ( pe [ — z| <6 = |f({) — f(2)| < €.
(maipvoupe to § < r — |z — 2))

'Eow 0 < |h| < 4, ondte 0 2z + h € D(z,9).

Ao v unobeon eivat

[ s@ac [ o [ s@ac=o
[20,2+h] [z+h,z] [2,20]

KAl KATtd OUVETIEld

[ roa- [ qod= [ o
[z0,2+h] [20,2] [z,2+h]
Iooduvana,
Feh) - Fe) = [ fQdc.
[z,24h]
Enedn
1
= — d
se= ) Fe
eivat
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Tote
PR )= | [ 00 - s
<5 RO
< ﬁ .
- ﬁm —e.

'Exoupe Aoutdv arodeiet ot

z+h)— F(2)

—f(z)|<e.

F
Ve >0 30 > 0 téroro wote yia kabe h pe 0 < |h| <5:>’ (

Anladn

]PH(I) Flz+ h})L — Fz) = f(2) kat emopéveg F'(2) = f(z) yia xa@e z € D(zg,7) .
—

Apa n F' eivat avadutky oto D(zp, ) kat katd ouvénela n F' eivatl drieipeg popég napaymyion
oto D(zp,7). Edwcd n F"(2) = f'(z) undpxet yia kdbe z € D(zp,r) ka1 emopéveg n f sivat
avaAutikr) oto zg. Emedn) 1o zg eival tuyaio onueio tou €2, amobei§ape ot n f eivat avadutiky

oto €. O

Mapathipnon 4.30. 'Eoww f : ) — C ovveyxrg ovvaptnon oto avorkto ovvoo (). To 9swpnua

Morera oxvet kat oIV TePINI®ON TOU glval

f(Q)d¢ =0
OR

ave oto ouvopo OR kade opdoyaviov mtapadinAdyoauuov R mou nepiéyetar oto €.
Ipayuatu, éotw zp € ) kar éotw D(zg,r) meptoxn tou zg ue D(zp,7) € Q. Av z € D(z,7),
opiloupe ™ ovvaptnon F' ue

F(Z) - /[20721}+[21,z] f(C) @

éniabn ofokinpavouue mu f mpwta tave oto opildvto evd. tunua (2o, 21] € D(zo,7) Kai peta

Tave oto kadeto eud. tunua [z1, z] € D(zg,r).
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Av z + h € D(zp,7), oxnuatioupe ta opifovtia evd. twnuala |z, 22|, [z, 23] € D(zp,r) kar 1o

Kadeto evd. wnua [z2,z + h] € D(zp,r). Ao v opouo mg F eivar

F(z+h) ::/ f(¢)dc.

[z0,22]+[22,2+h]

Tote

F(z+h>=/{ ]f<<>d<+/ Q) d¢

[22,2+h]

- [ sac+ | £(¢)dc
[20,21] [21,22]4[22,23]+[23,2]+[2,21]

+ f(€)d¢ + f(¢)d¢ + f(¢)d¢
gt 08 10

~ /{ZO,Zl]f(C)dCJr / fode+ [ fQdc+ / £(¢)de

[21,7] [2,23] [23,2+h]
(f[zl,22}+[22,23]+[23,2]+[Z,2ﬂ F(©)d¢ = 0)

=F d dc.
(=) + /H 1) dc + /{ZWH 1) d¢
Enopévag
P 41) - Fl2) = | 1) d¢
[2,23]+[23,2+h]

Kat doa

F(z+h)— F(z) 1
R CEES NN CEFOLS

Zm ovvéxela spyalopacte Oneg Kkat otnu anddeln ov Jewpnuarog 4.29.

Aoknosilg



70 KE®PAAAIO 4. MITAAIKH OAOKAHPQXH
1. Eoctw 0 <7r < R.

(@) Aci&te 6n

1
}é Mve dz=1.
27 |z|=r (R—Z)Z

(B) Xpnowornowwviag 1o (a) deifte o1

1 ™ R2 2
= / - o =1.
27 J_, R2+ 12 —2rRcosf
2. Xpnoonoimviag 1oug 0AoKAnpetikoug turioug Cauchy urnoloyiote 1o oAokAnpopa

7 L COoS z dz |
210 Jo 2(z — 7)3

orou C' rUKAOG pe 9eukn @opd daypagrg mou dev Sitpxetal and ta onpeia z = 0 kat

z = 7. E€etaote 0Aeg 11g Huvatég meputtooetg.

3. Av 7 givatl amir) KA&10T) Kat THNHAtika Asia KapmuAn nou repiexet ta onpeia —1 kat 1 kat
f etvat aképata ouvaptnon, deifte 6u

f(2)

2 _
4 1

dz = mi (f(1) - f(-1)) .

4. Av P(2) = apz" + -+ + a1z + ap, a, # 0, eilvat moduodvupo Babpou n, deifte 6u

yia kafe ¢ pe [¢| # R.

5. 'Eotw
10 moAvavuuo Legendre Babpov n, n = 0,1,2,.... Na artodsixbei ot

_ 1 (¢ -n"
P”(Z) T oontlgg §é (g _ Z)n+1 dg ,

OIoU 7y ardr], KAL10T) KAl TRNHATIKA Asia KapruAn mou repiéxet to onueio z € C. Na

urodoytotei to P, (—1).



4.3.

10.

11.

OAOKAHPQTIKOI TYIIOI CAUCHY 71

. 'Eot® YR 10 NiKUKAL0 T0U dve nuierurédou pe kévipo 0 aktiva R > 0, R # 1 kat Ssuky)

@opd. Acigte ot

/ 1 —2arctan R av0< R<1
~

1+22dz:
R m—2arctan R avR >1.

. 'Eotww v armdf, kAsiotm) Kat tunpatkd Asia kaprudn oto C pe Ssuky) gopd Saypadng.

YroBetoupe o1 1 ouvaptnon f eival avadlutikr Ave KAl 0T0 £0WTIEPIKO TG ¥ KAl 0Tl Ta

21, 22, . .., 2n €lval onpeia oto €0OTEPIKO NG ¥ diadopa ava dvo. Av
Qlz) =(z—2)(z—22) (2= 2),
8eire ot 10

P(z):=

T 2mi

1 [ f(w) Qw) — Q(z)
§é Qw) w-—z dw

givat 10 povadikéd moAuovupo Babpou n — 1 mou €xetl 1ig 16ieg Tipég pe v f ota onpeia

21,22y« -y 2n, O0AAOY P(zx) = f(2x), k=1,2,...,n.

. YroAoyiote 1o oAokAnpeua

62
yg poTES, dz, neN
|z|=1

KAl ot ouvexela deite out

2
27
/ %% cos(nh — sin ) dd = — .
0 n'
. Asi&te on1
2 it :
/ e T2t = or .
0
Avn € N, va arodeiybei o1
™ sinnf 1 14 z+22 4+ 222 2m  av n meptttog
/ - d9 = - % dZ =
_. siné i Jiz=1 Zn

0 avn dapuog .

'Eowo |z| = r kUKAog pe kévrpo 0, axtiva 7 > 0 kat 9etkr) popd Siaypadng. Xpnotponow-
VIag tov 0AOKANPaTIKO turo Cauchy yia apaydyoug Seilte ot

1 27 6 —_1)"
/ cos(re )dG: (-1)
0

9 r2n.oi2nd (2n)!
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12. Av n ouvaptnon f eivat avadutiky) mave Kat oto e00TePIKO Tou povadiaiou kukdou |z| = 1,

Seite o1
2 27 i t
250) + 10 = 2 [ p(eycos? (§)
m™Jo 2
Kat
2 2T . t
2£(0) — f'(0) = = f(e™) sin? <> dt.
m™Jo 2
13. 'Eoww f = u + iv avaduuky) ouvdptnorn otov avoiktd dioko D(0,r), r > 1. Av f(0) = 0,
6eire 6
21 21
/ u(cost,sint)t dt < 36/ v(cost,sint)* dt
0 0
Kat

2 2
/ v(cost,sint) dt < 36/ u(cost,sint)* dt .
0 0

Ynosei&n. Epappoyr) tou wirou Cauchy yia v f4 xat zg = 0.

14. Xprnoworoloviag To yevikeupévo deopnpa Cauchy kat toug oAorAnpotikoug tunoug Cau-

chy, 6eigte ot
1 COos 2

— ——% _dz=1-sinl—cosl.
o |Z‘:2 2(2—1)2 z S1n COS

15. 'Eoww p € N. Aeigte ou

1 ( 1>P dz 1 (21 (=1)"() avp=2n
— [ i — az =
210 J)z=1 z z 20 J)z=1 P+l 0 avp—om—1
Kat
2
by L 1\? dz 1 (2+ 1P (W) avp=2n
270 J|2j=1 z z o 2mi Jiy= 2P

Egappoyn. Xpnowonowwviag to (a) 1 1o (b), deigte on

o 27 2m (20 qvp = 2n
/ sinptdt:/ cosPtdt = * (n)
0 0 0 avp=2n-—1.

Znueioon. Xpnoylonowviag tov turo tou Stirling 1) 1o Sewpnpa xuptapxnuévng cUyKALONG

tou Lebesgue, £¢xoupe ot

2 2w

lim sin?* tdt = lim cos? tdt =0.
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Xpnowponowwvtag to dedpnpa péong tpng tou Gauss yla my aképaia ouvaptnon w =

sin? z otov KAe10T6 Sioko: ‘Z - %‘ < 2, Beite ou

2
Lo (T w) _m
—+2 do = —.
/0 Sin (G—I—e 5

Xprnowonolwviag v avikatdotaon w = 1/z, deifte ou

1 1
— explexp— | dz=e.
211 |z]=1 z

Av n ouvaptnon f eivat avadlutky) ave Kat oTo E0TEPIKO T0U povadiaiou kUkAou |z| = 1,

Seite o1

§1§ z- f(2)dz = mi- f7(0).
|z|=1

'Eote [ avaAutiky) ouvaptnon nave Kat oto e0TePIKO tou povadiaiou kUkAou |z| = 1 kat

¢oww a € C. Aceidte 6

1 mdz: f(0) avla| <1

2mi

f(0)—f(1/a) avlal>1.

=12 — @

Av n ouvdptnon f elvat avadutikn oe éva avolktd oUVOAO TIOU TIEPIEXEL TOV KAE10TO §ioKo

D(0,R) = {z € C:|z| < R}, 6ei€te 611 yia xdbe 2,

z| < R, etvan

12) 1 /02”[ Rett z F(Re™) dt

T or Ret — 2 + Re it — %
1 127 R2_ |42 '
/ R BE fRettyat
0

T on |Reit — z|?
'Eoww f avalutikr ouvdptnon otov avoikto povaduaio dioko D(0,1). Av 0 < r < 1, va
urtoAoytotel 10 oAoKANpeOPa
L f -2,

22

- Z.
21

|z|=r

d=sup |f(z) = f(w)]

z,weD(0,1)

givatl n Siaperpog tou mediov tpwv tng f, deite o

N QL

[F(0)] <
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22. 'Eote f avaAutikt) ouvaptnorn mave Katl oto e00TePIKO G g arming, KAE10TAG KAl THNPATIKA

Aela kaprudng v : [a, ] — C nou nepiéxet 1o onpeio z = a.

ﬂ@”—Qﬁ%é@fdz
Y

z € v = y([a, B])}, £ eivar 1o pfKkog g KAPIUANG v Kat

(@) Ta xdBe n € N 8eite 611

B) Av M = max{|f(z)| :

d = inf,cy+ |a — 2| elval n andotaon U @ and wy Kaprwn v, deigte 6t

Mm
TL< .
F@l < o

(y) Xpnowonowoviag to () beitte ou |f(a)| < M. Andadr) n |f| naipver i péylom wpn

g oto ouvopo tou G ToU eival 1 KApmUAn ~(MapamépPnoupe oty “apxn ueyiotov”,

Bswpnpa 4.71).
23. 'Eoww f avaluukr ouvdptnon o éva torno G mou meptéxel tov KAewotd 6ioko ﬁ(zo, R) =

{z € C: |z— 2] < R}. Av|f(2)] < M yia xabe |z — zp| = R, 6eifte ou yia rabe
21,290 € {z eC:|z—2 < %} éxoune

F(z1) — flz)] < %121 ol

24. (Mwa avigotnta tou Riemann) 'Ecoto 7 ardr) kAewot) Kat tpnpatkd Asia kaprnudn kat

£0t0 f = u + v avadlutkr] ouvaptnon MAve Kal 010 £0RTEPIKO G g Kaprmuing . Xpnot-

porowwvtag 1o deopnpua Green deite ou

?gu dv = yg(uvx dzx + uvy dy)
¥ ¥
ou\? ou\?
_ ou au dedy = "(2)|?dady > 0.
17“[<8x) +(5) ] sty = [[17/G) dody >
G G
Enopévag 1o oAoxkAfpepa 567 u dv undeviletal povo av n f eival otabepn oto G.

25. 'Eote f avaAutikn ouvdptnon oto kAetotd povadiaio dioko D(0,1) = {¢ € C : [¢| < 1}.

Av 0 < |z| < 1, &eigte ou
: f(Q) f(Q)

2 = d¢ — ———dC.

mif(z) yngl (—z ¢ ﬁ:l (—1/z ‘
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Xpnowonowwviag v napandve ox£or, va dei§ete tov odokAnpwtikd tuno Poisson:

2 22
10 =5 [ ettt

|eit — 2|2
Kat ooduvapa

, 12 1—r?
L A
fre )_27r/0 1—2rcos(9—t)—|—r2f( f)dt, 0<r<l.

26. (OAoRANP®TIKOG TUNOG tou Poisson yia to npieninedo) YroBetoupe Ot 11 ouvaptnon
f = u+ iv eivat avaduukn oo A = {z € C: Iz > 0}, 6nAadr) oo Gve nuierninedo xat

otov mpaypatiko agova. Av ()] < M, yia kdbe ¢ € Axatrz =z + iy, y > 0, tote

- §,0
u(x’y):i/_oo({}fv)?—)i-deg’ y>0. (+)

AnAadr) n appovikn ouvdaptnon v oto ave nuierninedo diveratl amo TG TPES TG OTOV TIPAY-

patuko agova. Ta v andden tou turnou (x) va eifete ta napakdww Prpata.

(@) Eow v = [ R, R] U~vg n KAewow) Kat tpnpatkd Asia kaprudn tou ave nuierunédou
IOV TEPEXEL T0 2 = T + 1y, ¥y > 0, 0TI0U YR TO NIIKUKALO TOU AV NUIEMUTESOU e
kévipo 0, aktiva R > 0 xkat 9sukn @opa daypagng. Tote

f(z)=1§£ 1) d¢ xat 0:2166 1) dc .

2mi JL, ( — 2 i

(B) Agpalpoviag TiIg mapArtave e§0MOELS VA CURITEPAVETE OTL

1 (B 22 1 232
~ 5 LSO g b IO e

)

1 213z R
(Ol ac| < ary 0.

(R — |Z’)2 R—o0

®)
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4.4 H Muyadwkn Aoyap1Opiki Zuvaptnorn

Opwopdg 4.31. 'Ectw n ovvaptnon f eivar avaiduviky oto D C C. @a Aéue ou n ovvdaptnon F

elvat évag avadutikég kKAadog tou Aoyapidpov tng f(z) oto D C C, av
(1) H F givar avaidvuxn oto D

Kat

(2) exp(F(z)) = f(2), bndadn e ?) = f(2) yia xade z € D.

Xpnowonoisitat o ovpbofioudg F(z) = logp f(2) n F(z) = log f(z)(av elvar yvwoto ot n ovvap-

mon eivar oprougvn oto D).
Av 1 ouvaptnon F' etvat évag avadutikog kKAadog tou Aoyapibpou g f(z), téte kat n
G(z)=F(z) 4+ 2kmi, keZ,

9a eivatl évag avadutikog kKAadog tou Aoyapibpou g f(2).
®a Aépe 6n ) ouvapon F eival évag avaAutirég kAadog tou Aoyapidpou tou z oo D C C,

av
(1 H F' eivat avadutiky) oto D

Kat

) exp(F(2)) = 2, ndady ef'?) = 2 yia xabe 2z € D.

Xpnowonoteitat o cupBoAiopdg F'(z) = logp 2.

Av n ouvdpton F' eivat évag avadutikog kKAadog tou Aoyapibpiou tou z, tote Kat 1)
G(z) = F(2)+2kmi, keZ,

9a eival évag avadutikog kAadog tou Aoyapibpou tou z.

Ag onpewbei ot raviote unapyet pia ouvaptnon F rnou va wavoroet ) (2), 9€toupe
F(z)=In|f(z)| +iarg(f(2)). (4.10)

‘Opeg to arg(f(z)) ev eivar pua xkadd opiopévn ouvdptnon. AROpn Opeg Kat av opicoupe

w0 arg(f(z)), n ouvapmon nou opiotnke oy (4.10) propei va pnv eivar avadlvukr(ovte Kav



4.4. H MITAAIKH AOI'API®MIKH YYNAPTHXH 77

ouvexng) oto D. Av 6pwg 1o D gival armdd ouvektikog torog kat av 1) f 6ev pndevidetat oto D,

T0Te propoupe va opicoupe éva avadutiké kAado tou Aoyapibpou wg f(z) oto D.

Osopnpa 4.32 (Avadutirkdog KAGSog tou Aoyapibpou plag ouvaptnong). Ymodérouue Ot n
ovvapton f : D — C evar avaivuxn otov ania ovvektikd wono D C C pe f(z) # 0 yia kade
z € D. Emjléyoupe 10 29 € D kar maijpvovue pia turi wou log f(zo)(oobvvaua, maipvouue éva

cp € C pee® = f(z9)). Opidouue m ovvapmon F : D — C pe

F(z):= 1) d¢ +log f(z0) - (4.11)
2 J(C)
Tote n F eivar évag avaiutucog kiabdog tou Aoyapiduou mg f(z), éniadn n F ivar avaiuvtikn oto
D pe e ®) = f(2) yia kade z € D. Emmigov,
f'(z)
F'(2) = , ylawradez € D.
® =7

Andbeln. Enedn ) ouvapton f//f etvat avaduukr) otov armdd ouvekuké t6mo D, and 1o Osw-
pnua 4.26 1o ermkapmuAlo odoxrAnpepa g f// f eivat avefdptnto tou 8pdpou 0AoKkATP®OoNG Kat

eropéveg aro to Anppa 4.25 n ouvdapon F' eivat avadutikn oo D pe

ylakabe z € D.

‘Eotw

H G sivat avaAduukr) oto D pe
G'(2) = [1(2)e T = F)F(2)eF ) = f(2)e P — p(2)e T =,
ya kafe z € D. Téte and wmyv [pdtaon 3.19 n G eivatl otabepr) oto D Kat enopéveg

G(z) = G(z0) = f(z0)e ) = f(z)e™ o8/ (20) = elfg(?()j@ B ;EZ;

= 1,
ywa kabe z € D. Apa
f(2)e FE) =16 e?) = f(2), yaxabeze D.

AnAadn F(z) = logp f(2). O
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IIépiopa 4.33. 'Ectwon € N kat éoww f : D — C avaivtun ouvdptnon otov anid ouveKtuo
o D C C pe f(z) # 0 yia kade z € D. Tote unapyer ouvdptnon g avaidvuxn oo D kai tétoia
@ote

f(z)=9g(2)", yaxadezec D.

AnAadn vrdpyet avaivtucy n-oot pida mg f oto D.

Anobeidn. 'Eoww n € N. Av F eivat évag avadutikog kAadog tou Aoyapibpou g f(z), 9étoupe

1
g(z) :=exp <F(z)> , yakd®e z e D.
n

Tote

g(z2)" =exp(F(z)) = f(z), yaxrdabez e D.

O
Mapadewypa 4.34. Yrnodstouue ot ot aképaieg ovvaptoeg f, g : C — C ucavomoovv m ayéon
f2(2)+¢*2) =1, yaaradezeC.
Tote umdpyet akgpaia ovvdptnon h tétowa wote

f(z) =cos(h(z)) war g(z) =sin(h(z)).

Avon. Ao v undbeon esivat

[f(z)+ig(2)][f(2) —ig(z)] =1, ywaxabe z € C.

Enedr) n aképaia ouvaptnon f+ig 6ev undevidetat oto C, and 1o Bcompnpad.32 vnidpyel aképala
ouvaptnorn F térowa wote f(z) + ig(z) = exp(F(z)). Av 9¢ooupe h := —iF, n h eivat aképala
ouUVAPTINOoN PE
f(2) +ig(z) = ™).
Tote
1

2) —ig(z) = ———— = ¢ 0
& =9 = F i
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Kat apa

6ih(z) + efih(z) eih(z) _ efih(z)

f(z) = ————— =cos(h(z2)) xar g(z)= = sin(h(z)) .

]
Aatuniovoupe topa 1o @swpnpa 4.32 otnv e181KY Mepirntoon mou n avadlutky cuvaptnon f(z) =

Z, yaa kabe z € D.

Ocwpnpa 4.35 (AvaAutirog kAadog tou log z). Yrmodérouvue ottto D C C elvar ania ovvektikdg
onog kat ot o 0 ¢ D. Emiféyoupe 10 29 € D kar maijpvouvpe pia tur tou log zg(toobvvaua,
naipvouvue éva wy € C ue e*° = zp). Opilouue ) ovvapnon F : D — C ue
4
d
F(z):= / & + log 2o . (4.12)
w G

Tote n F' eivar évag avaivukog kidadog tou log z ue

1
F'(z) ==, yaxdadeze€D.
P

Egappoys). 'Eotw o ardd ouvektikdg torog D = C \ (—o0, 0] xat é¢oww 29 = 1 € D. Erudéyoupe

0 logl =0 < € = 1(ag onuewwdei 6u e?™ = 1, k € 7). Téte

F(Z):Z/lzdfﬂoy:/lzdé

etvat évag avadutikdg kAGdog tou log z. "Eote 7y 1o t6go tou kukAou C (0, |z|) pe apxr) 1o |z| kat

mépag 1o 2.
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Tote,

Fe= /[1,|z} dCC i /7 dg

|z d 0 ; it .
:/ i +/ Z’Z|6't dt [C(t) — ’Z‘@Zt)
1T EE

=Inl|z|+i0 =1In|z| +iArg z,

orou —m < 0§ = Arg z < w. Enopéveg
F(z)=ln|z|+iArgz, z€C\ (—0,0],

8ndabdn F(z) = Log z. Apa mpokettal yla tov rpetevovia(kupto) kKAado tou Aoyapibpou.
ITo yevikd, 9ewpoupe v aktiva Ny, = {re? : r > 0}, 6y € [~7,7) xat Tov armdd cuvektikd

wro D := C\ Np,. Téte kat ndAt epappodoviag 10 @evpnpa 4.35 £xoupe 6t
logz=1In|z|t+iargz, 0y <argz<by+2m,

elvatl évag avadutikog kAadog tou Aoyapibpou wou z € D. @swpoupe tig neputtwoelg (¢) Op = 0

rat (i) Oy # 0.

Mapadewypa 4.36. Ynodstouue ou ot aképaisglavaidvtuceg oto C) ovvaptroeg fi, fa 6ev éxovv

Kavéva Kkowo onueio. TOTe UTAPYOUV aKEPALES OUVAPTNOELS OUVAPTHOELS (1 KAl P2 TETOEG WOTE

fi(2)p1(2) + fa(2)p2(2) =1, yaxadez € C.

Amnobeln. Ano tnv undbeon n aképata ouvaptnon g := f1 — fo dev pndevidetar oto C. Emopéveg

aro 1o Oswpnpa 4.32 unapxet aképaia cuvdptnon F oto C téroa oote
9(z) = '@ o fi(z) — fa(z) = ef'(2) yia kafe z € C.

‘Apa,
f1(2)e1(2) + fo(2)p2(2) = 1 yua xdbe z € C,

—F(2) —F(2)

orou p1(z) :=e Kat pa(z) = —e etvat 6Uo axépaieg ouvaptroeg. O

Mapadewypa 4.37. Av éva wouidytotov and wa a, b € C glvar Stapopo tou undevog, va arnodeiydel
on

2w
/ In|a + be®| df = 27 max {In|a|,In |b|} . (4.13)
0
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Anobein. 1n nepimtwon: |a| > |b|l. Tote n f(z) := a + bz eivar avaduuky kat dev pndevidetat

oe éva amld Ouvektiko toro D rou mepiéxet to povadiaio kukdo C(0, 1)(etvat a + bz = 0 av
kat povo av z = —a/b. 'Opwg |z| = | — a/b] > 1). Ano 0 @eopnpa 4.32 undpxet avaluukog
kAadog Aoyapibuou tng f, éotw o log f(z). Enedr) n napapetpiky e&iooon tou kukdou CT(0, 1)

pe 9eukr) Qopd Siaypagrg eivar z = e?, 0 < 0 < 27, éxoupe

2 2T
/ In|a + be| d§ = %{/ log(a—i-beig)dﬁ}
0 0

1 b .
=R / Mdz (z = e, do = dz/iz)
Cc+(0,1) iz
— 2R L / Mdz
271 c+ (0, 1) z
= 27R(log a) (oAoxAnpetikdg Tunog Cauchy)
=2mln|al.

Znueiwon. Mropoupie va Xp1otoroljoupe Kat 10 dewpnpia HEoNS TIHNS V1A ApHOVIKEG ouvap-

toetg, [opopa 4.22, oto povaduaio kuxkdo C(0,1). Emedn n
u(z) = R (log f(2)) = R (log(a+ b)) = In|a + bz

gtval appoviky) ot éva ardd ouvektiko niedio D mou mepiéyet to povadiaio kuxkdo C(0,1), ard o

[Toplopa 4.22 ¢xoupe

1 2m ) 2m )
u(O):Q/ In |a + be®| df < 27 1n |al :/ In |a + be| db .
T Jo 0

2n nepimwon: |a| < |b]. Tote,

2T 2T
/ 1n|a+bei9|d9:/ 1n‘a+bei9 do
0 0

2
:/ In ‘B—I-Eew
0

=27 In|b| (In nepintawon)

do

=27m1In|b|.
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3n nepintoon: |a| = |b| # 0. Tote, a = |ale’® kar b = |ale’” yia karow a, B € R. Eneidn

27 ) 2 ) )
/ In |a + be®| df = / In ‘|a! (ew‘ + e’(0+5)> ’ do
0 0

2
:27rln|a|+/ ln‘1+e’(9+5_a)
0

do

2n+B—a )
:27T1n\a|+/ In |1+ €| dt t=0+p8—-aqa)

—Q

™
=2rln|a| + / In|l1+e*|dt, (ny=In|l+ e eivar 2r-nieplodixn)

—T

apkel va amodeiyBetl o1 f fﬂ In|l+ eit| dt = 0. ®a Xpnolponor)coupe 10 €51 anotédeopa:

Ta yevikeupéva oAokAnpopata foﬂ/ 2 In(cos x) dz, fow/ 2 In(sin ) dx ouyxAivouv kat pdAiota

w/2 w/2 T
/ In(cosx) dx = / In(sinz)der = ——=1n2.
0 0 2

Tote,

™ e
/1n|1—|—e’t|dt:/ Inv2 4 2costdt

—T —T
& t
—/ In (200s > dt
- 2

w/2
=2rln2 + 2/ In(cos x) dx (avtikataotaon x = %)
—7/2

w/2
=27In2+ 4/ In(cos x) dx
0

- 27Tln2+4(—gln2> —~0.

4.5 AuvapoocilpEg

TV mpaypatiky avaluorn urndpxouv 81agopég Hetady Twv OUVapTroE@V IOV £ival ANELPES PO-
PEg mapaywyiotpeg(6ndadn £xouv napaymyoug kKaOe 1ang) Kat 1@V avaAuTIKOV OUVaApPTIOE-
@v(o1 ornoieg avarttyoooviatl katd Taylor). ‘Exoupe 1n6n anobdeifel 6t pia avadutikt(oAdpopdn)
ouvaptnon eivatl Arelpeg Popeg napayeyiomun. I autr) v rapdaypado 9a arodeioupe ot Ka-

9¢ avaduukn ouvaptnorn avartyooetatl katd Taylor. Tevikd autd dev 1oxUel oty MPAYHATIKY
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avaduon. Ilpaypat, éote n ocuvdptnon f: R — R pe
eV qva #0
fz) =

0 ave =0.

H f eival aneipeg popég mapaywyiown pe f (")(0) = 0 yua xabe n € NU {0} ka1 eropéveg

> £(n)
anl(o)x”:();éf(x), yla kdbe z # 0.
n=0 '

‘Apa oe omtotadriote EPLOXY] TOU PNndevog 1 oelpd Maclaurin(oeipd Taylor pe kévipo 1o g = 0)
g f Bev wooutat pe v f(x).
Oplopog 4.38 (Enpetakn—-Opoidpopdn olykAion akodoubiag ouvaptiocwv). 'Eoto (fy)

arofoudia uryabukov ouvaptioev oploucvav oto avvoio D C C.

1. Aéue oun (f,) ouykAiver kata onpeio() onpetaxa) oy f oo D kai yoagouvue f,, — f,
av yia kade z € D n f,(2) ovyriiver o f(z). Andaén yia kade z € D kai yra kade € > 0

unapxet N = N (e, z) € N oote yia kade n > N va eivat | fr(z) — f(2)| < e.

2. Aéue oun (f,) ouykAiver opordpopea omv f oto D kat ypagouue “f, — [ opoiduoppa
oto D, av yia kade € > 0 unapyxet N = N(e) € N oote yia kaden > N rkaiyia kade z € D

va evat |fn(z) — f(2)] < e.

A¢ilet va onueiwdei ot otn onuetaxn ovykAdion yia z € D kaite > 0, 1o N € N efaptarat ano ta z,

e > 0, evo o opoduopgn ovykidion 1o N € N Acuroupyel kadofucd yia 0Aa ta z € D.

e Eival mpogpavég 6t np opodpoppn ouykAion f, — f oto D cuvendyetal ) onuelakn

ouykAMon f, — f oto D.

o Av
1fn = flloo == sup{|fn(z) — f(2)[ : z € D},

€UKoAa Sarnotovetatl ot f, — f opowdpopea oto D av kat povo av || fr, — fllee — 0.

Mapadeiypata 4.39. 1. 'Eow n axofouvdia ovvaptrioewv f,(z) = z" ot povabwaio bioko

D(0,1). H 2" ovykiive: kata onueio oto 0. Emeibn

sup{[z" —0]: |z2| <1} =10 xadewgton — 0
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Kat

sup{|z" —0]: || <1-6}=(1-0)" —— 0, d€(0,1),

n—oo
n 2" 6ev ouykAiver opoouoppa oto 0 oto povadiaio dioro. 'Ouwg 2™ — 0 ouoouoppa otov

kAeio16 Sioko D(0,1 — 6).

2. 'Eot f(2) = (1 +n?2%)~! o10 povasiaio sioxo D(0,1). I'a otadepd z,

z| < 1, éxoupe

1/n? 0 avz#0

fa(2) = T/n? 22 = f(2) =

1 avz=0.

Emeibn

[fn = flloo = sup{[fn(2) = f(2)] : [2] <1}

1 1
21 () (3)
n n
R TR
|14 n2-(1/n)2 27
1 2
[ fn = flloo = sup m5|2”<1 -+ 0 xadwg¢ton — oo

Kat emoueveg N frn 6gv ouykiiver opoduopga oto 0 oto puovadiaio ioro.

1o tedeutaio mapdadeypa ot f, eivat ouvexeig ouvaptiosig oo D(0,1), dpwg n f Sev eivat

ouvexng oto 0. [Tapatnpoupe ot

g Jn(2) =0 evo -l ling fu(2) =1

To endpevo amotédeopa arodeikvuel 0Tl 10 Tapanave dev oupBaivel oty MePIMI®Or IMOU 1

akolouBia ouvexwv ocuvaptroswy f, ouykAivel opoopoppa oty f.

IIpétaon 4.40 (Opoidpopedn olvyrAon Kat ouvéxewa). 'Eotw (f,) axofoudia pyadikov ou-
vapmoewv gto D C C kai éotw f, — f opoduoppa oto D. Av ot f,, n € N, eivar ouveyeig oto
z0 € D, tote n f elvar ovvexrig ato 2y kar paiora woxvet

lim lim f,(2) = lim lim f,(2) = f(z0).

n—00 2—20 Z—r2p N—00
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Anobein. 'Eoww € > 0. Tote unapxet N € N oote |fy(z) — f(2)] < £/3 yia kabe z € D. Eneidn
n fn eival ouvexng oto zp 9a uriapyet 6 > 0 wote yua kabe z € D pe |z — 29| < I va eivat

|fn(z) — fn(20)| < €/3. Enopévag yia kabe z € D pe |z — zo| < § 9a eivar

£ (2) = f20)] = |(f(2) = fn(2)) + (fn(2) = v (20) + (N (20) = f(20))]
< |f(2) = fn ()| + [fn(2) = v (z0)l + v (20) = £(20)]

<sHi4i=c
3 3 3

Kat apa n f eival ouvexng oto 2.
Enedr) n f xat ot f,, n € N, eivat ouvexeig oto 29 € D kat ) opoidpopepn ovykAon f, — f oto
D cuvenayetat ) onueiaky) ouykAon f, — f oto D, €xoupe

lim (lim f(2)) = lim_ fu(z0) = f(z0)

n—o0 z—20

Kdat

lim (lim f,(2)) = lim f(z) = f(z0).

Z—r20 N—00 zZ—20

O

Op1opog 4.41 (Znperar-Opoiépopdn cUyKALOn Oc1pdg ouvaptioewv). Eoto (f,) axoiouv-
Yia pryabukav cvvaptioeov optopévev oto ovvodo D C C. Av Sy = 25:1 fn=f4++fn
eivar 1o N-0010 uepikd adpoloua g oeag Zf;’:l fn, 9a Aéue o n oepa 22021 fn ouyxAiver
Kata onpeio(f) onpelakd) (avt. opowdpopda) v f oto D, av n axofovdia (Sy) ouyrAivet

Rata onpeio(avt. opodpopea) oty f oo D.

To eropevo anotédeopia eival avaAoyo ToU KPLtnpiou OUYKPL01G OTIG OEPEG IIPAYVHATIKOV aplOpov

Kat pag divel ikavég ouvOnKeg yia tv opotopopdr oUYKALOL Pd Oe1pAg PyAdIK®OV CUVAPTCERDV.

IIpdtaon 4.42 (M- xpitipro tou Weierstrass). 'Eoto (f,,) axofoudia puryadikov ouvaptioemv
optopévav oto ovvofo D C C. Yrodérouue ou unapyer axofovdia (M,,) un apvniukov apduov
tetowa wote |fr(2)| < M, yia kade z € D rkai yia kade n € N. Av n ogppa Y - | M,, ovyriivel,

o0

10Te 1] OglPa En:l fn ouyrAiver opoduocppa ato D.
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Anobealn. Qg yvootov pia akodoubia (z,) piyadikeov api®pov ouykAivel av kat povo av n (zy,,)
elvatr akodouBia Cauchy, 6nAadrn av yua kabe € > 0 uvnapxer N € N téroo oote ya kabe
m,n € N

m,n>N= |z, — 2, <e.

‘Eoww € > 0. @ewpovpe ta n-ootd pepikd abpoiopata Sy (z) == > 1 fr(2) kav oy, :=> 51 My,
wv oepov ooy fr(z) kar Y _p2 My avtiotoxa. Emnedr) ano v unobeon 1 oepa Y oo My,
ouykAivet, urtapxet NV € N tétoo wote
m
yiakabe m >n > N = |oy, —op| = Z M <e.
k=n+1
Tote yia kabe z € D kat yia kabe m > n > N eivat
m m
[Sm(2) = Su(2)| = | D ful2)l < Y Mp<e.

k=n+1 k=n+1
Enopéveg n akodoubia (Sy,(2)) eivar Cauchy kat katd ouvéneia ouykAivet, éoteo omyv f(z).
Andadn) Y oo fr(z) = f(z). Emedn n oepd o | My, ouykAivel, anoé Tg mpaypatikés oelpég

elvat yvooto ou lim, o Zzoznﬂ M, = 0 xat dpa yia kabe z € D

> fk(2)

k=n-+1

7(2) = Sul2)| = S i u—

n—00
k=n-+1

Andabdr) S, (z) — f(z) opowdpopea oo D xat woduvapa n oepd y -, fn ouykAiver oy f

opotopopda oto D. O

Mapadewypa 4.43 (Fewpetpiky) osipd). Eivai

1 = 1 R
— n _ _1\n.n
1_Z—Zz Kat 1+z—2( D", |z < 1.
n=0 n=0
Ot ogipgg ouykAivouv anofluta Katl ouoduopPa oc Kade KAeoto Hioko E(O, ryue0 <r<l1.

Anodeaén. Av z € D(0,1), téte 2 € D(0,7) 8nAady |z] < r < 1 yua xarowo r < 1. Enopéveg
1 OUYKAL0T] TOV OE1PWV OTO 2 MPOKUITIEL av Arodeifoupie 0Tl 01 0g1pég OUYKAIVOUV arodAuta Kat
opo16p0pda oe KGbe KAelotd dioko D(0,7) per < 1.

Yrobétoupe Aowtév 6u z € D(0,7). Enedn) [2"] < r™ kat oG yveotov 1 oe1pd Y oo o " cuykAiver,

ard o M- kpurpto tou Weierstrass ot oe1pég » o o 2" kat y - ((—1)"2" cuykAivouv andAuta
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Kat opolopopda oe KOs rAe10td Hioko E(O, r) per < 1. 'Opwg dev éxoupe Bpet to dBpoiopa tov

oelpwv. 'a v evpeorn 1ou abpoiopatog tapatnPoUpe 0Tt

-2 =1-2)1+2+224+ +2") &

KAl EMOPEVRG

n 1 1
1 B Kl |Z|n+ <T”+
1—=z 11—z —1-—r
k=0
Emedry) 0 < 7 < 1, elvat
n+1
lim
n—oo 1l —7r
Kat apa
1 o0
n
= A
2
n=0

Av 9¢ooupe Orou 2z 10 —2, TOTE

1 o
= —1)"z".
1+2 Z( )
n=0
Mropoupe eriong va Sei§oupe ot 1 oe1pd Sev ouykAivel opodpopga yia |z| < 1. Av S,,—1(2) =
S0y 2", tote
e

o0 n

1 [e's}
1
sup |Sp—1(z) — = sup 2F — sz = sup sz = sup :
|2]<1 L=2] < Py zl<1 | i zl<1 |1 —2
[aipvovtag z = 1 — 1/n, éxoupe
1 (1—=1/n)" 1\"
sup |Snp-1(z) — > =n(l——] .
‘Z|<p1 n-1(2) l—z2| ~1—-(1-1/n) n
'Opwg
1\" 1 1\"
lim (1—> = —, omodte lim n(l—) = +00.
n—+0o00 n e n—00 n
Enopéveg
1
li Sn— -—— =
o A e
Kal Katd ouvernela
1
lim sup |Sn—1(2) — 0.
i sup [S1(2) |

‘Apa, 11 OUYKA101] NG OE1PAg

1 o0
1 = g 2" Bev etvat opoldpopen yia |z < 1.
-z
n=0
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Anobein. Apkei va anodeitoupe myv (1). Eoww £ > 0. Tote uriapxet N € N tétoio wote yia kabe

n > N etvat | fn(2) — f(2)| < € yia k4be z € v* = y([a, b]). Enopéveg

/(fn(Z)—f(Z))dZ S/Ifn(Z)—f(Z)lleI

orou /() eivat to prjkog g Kapmung . Apa

n—oo

lim [ (fn(z2) — f(2)) dz = 0 kat wobUvapa lim / fn(2)dz = / f(z)dz.
gl o0y gl
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onou C = C(zp, 1) eivar 0 kKUKAOG e KEVTPO 10 2y Kal axtiva r.
H ozipa (4.14) Aéystar oerpa Taylor ¢ f yUpw ano 1o 2. H ogipad ouykiiver andiuvta oto 6ioko

D(zp, d) kat ouoduoppa oe ovumrayr vroovvoia.

Anobeidn. 'Eoww z € D(zp,0). YnoBétoupe ot [z — 29| = p < 1 < 0.

Eneidn) yia xabe ¢ € C

sivat

1 _ 1 1 _ 1 Z <Z — Z()>
(=2 Cma) =G () (1-22) R\
(Yewpetpikn oepd)

Kal ETIOPEVROG
(z — 20)
/() 27rzy§ [Zf — 20) "+1] ac
Av M =max{|f({)]: ( € C}, wote

(2 — 20)"

Lrpy\n ,
W SM*(*) y YlClKCleSgEC.

‘f(c)
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Enedn) (p/r) < 1, n yeopetpikn oepd Y oo (p/r)" ouykAwet kat and to M-kpurjpto tou Weier-

strass n oepa

(z— =z
E f(¢ )" ouyKAivel opoopopga otov kukdo C'.
_ ZO n+1

‘Apa, amo v Hporaor] 4.44 rat Tov 0AOKANP®TIKO turo Cauchy yla mapaywyoug £€Xoupe

N[ f(©) n_ o S (20) n
f(z)_;:o[mﬁé(c_z())nﬂdq (z — 20) —ZTO(z—zo) :

Znueioon. Ty andden vnobéoape ou |z — zp| = p < r < 4. Zmv mepinmwon nou sivat
|z — 20| = p > r, r < 0, 9ewpovpe tov kUKAO C; = C1(zp,71), 0mou r < p < 1] < § KAl
n anodeidn eival akpiBmg n i61a av avt tou kurkdou C dewpricoupe tov kUkAo C]. AMo 10

yevikeupévo deopnpa Cauchy

SR Y G {(S IR B G (S B
2mi Jo, (¢ — z0)™ ! 2mi Jo (€ — 20)"
KAl eMOPEVRG 01 ouviedeoteg g Suvapooelpdg divovia amno tov tuno (4.15). O

Mapadewypa 4.46. Na Bpedet 10 avantuyua Taylor g

zZ—1
(z+2)2

Ue KEVTPO 10 29 = t. Tlowa givar n axtiva ovykAiong ¢ SUVAUOTEAG;

f(z) =

Avorn. Eivai

e - o
V= j N2 N2
Hapayeyidovtag ) yeopetpikn oepa 1/(1+w) =Y 7 ((—1)"w", |w| < 1, naipvoupe
1 > 1 0
= -1 - 1, n—1
TP~ LT e g = D el <1
n=1 n=1
Enopéveg av
i

01e
£(2) z—1 Z 1)y, z—i\"!
(2+14)2 241
Z D =), |5 il < V5

(24d)ntt

H axrtiva oUykAong g Suvapooetpdg eivat R = /5. =
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Mapadewypa 4.47. Eiva

o0 n
Log(l+2) = Y (1" 'S, |2 <1,
n=1

omov w = Logz = In|z| + i Argz, —m < Argz < m, elvar 0 mpwievov avaiutikds kAabog

Aoyapidpouv oto arnia ovvektuco nedio C \ (—oo, 0].

Avon. IMapatnpovpe ot yia kabe z oto povadiaio dioko D(0,1) to 1 + z € D(1,1). Eivar

1 oo
(Log(1+2)) = 52 = Z(—l)”z", |z| < 1.
n=0

OMoxrAnpmvovtag rave oto eubuypappo turpa [0, 2] tou povadiaiou diokou D(0, 1) éxoune

/[ | (Z(—n"g") d¢ = /[ }(Log(l +¢)) d¢ =Log(1+ 2) —Logl =Log(1+2), |z]<1.
0,z 0,z

n=0

<Y

Ernedr) 1o gub. munpa [0, z] eivat ouprnayég urtoouvolro tou povadiaiou diokou D(0, 1), n yewpe-

pkn oepd Y2 1(—1)"¢" ouyrAiver opotspopea oto [0, z| kat ano v Ipotaon 4.44 €xoupe

o0 [os] Zn+1 00 p
1 — —1\" n — —1)" — _1\n—17 1.
Log(1 + 2) nZg( " e nZ%( ] nZl( D el <

|
ZToV MapaKAT® Imivaka avadEPoUlE Ta avartuypata o Suvapooeipeg (oe1peg Maclaurin) pepikov

Baowk®v cuvaptroewmv.
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IIivarag pe avantuypatd YVOOT®OV OUVAPTHOE®V Ot SUVapooelpig

n=0
e Z2n+1
sin z =y (-1)'— zeC
7;) (2n+1)!
e x2n
CoS 2 =) (=" zeC
nE—:O (2n)!
1 o0
= Z x" (Yeopetpiry osipa) lz| <1 (4.16)
1—-2 o
1 o
= -1 (YE®pPETPLKRY oc1pd) zl <1
T2 nZ::O( ) YEQUETPIKN OE1p ]
o0 Zn
L — _1\n—17_
og(l+z) Z( 1) - lz| <1
n=1
o0 Zn
—Log(l—2) =) — 2] < 1
n=1

Acoknocstig

1. Asi€e 6u n axodouBia f,,(2) = (1 + nz)~! ouyxAiver opodpopga yia |z| > 2 xat Sev

ouykAivel opoidpopga ya |z| < 2.

2. (H ouvaptnon ¢ tou Riemann) Asite 611 n ouvaptnon ¢ tou Riemann rou opiletatl amno

) oelpa tou Dirichlet
1
((z) == >
n=1

ouykAivel aroduta yia Rz > 1 kat opotdpoppa yua 8z > 1+ 6, § > 0.

3. Aci&te 611 01 oelPEg

=1 =1
(i) ;Hzn kat (i) nz—:lm"

ouykAtvouv andAuta yia |z| > 1 kat opoidpopga yia |z| > R > 1.

4. 'Eote 1 ouvapnorn)

cosz —1 1
1) = z—2 +z+3'

Na Bpebei n aktiva cuykAlong g osipdg Taylor g f pe kévipo to i.




4.5.

10.

11.

. Na Bpebei to avarrtuypa Taylor g f(z) = =

. Na Bpebei 1o avarrtuypa wg f(z) =

AYNAMOZEIPEX 93

2 cos? 3z yupe ard 1o onueio z = 0. Iowa

eival n aktiva ouykAlong tng Suvapooelpdag;

. Na Bpebet 1o avarmrtuypa Taylor tng

z

f(Z):m

pe kévrpo 1o 29 = 0. ITowa eivatl n aktiva ocUykAong g Suvaplooelpdg;

. Na Bpebet 1o avarmrtuypa Taylor tng

S6)=

He Kévipo 10 29 = 1. Ilowa eivatl n axktiva cUyKA1ONG TG Suvapooelpdag;

22462 1 2

. 'Eotww n ouvapmon f(z) = TG = 7 — Giog Na Bpebei to avartuypa g f oe

2—2)(2+2)2 2—z (z+2)2°

oelpd Taylor pe kévipo 1o 2o = 0, kaBrg emiong Kat 1 aktiva ouykAlong g Suvapooelpdg.

1 . . _
27453 Ot BUvanooepd pe KEVIPo 1o Zp = —2. Tlowa

etvat n axktiva oUyKAl0NG TG SUVaAPooEPag;

'Eot® n ouvdptnon

2 \? 1 \? 1 1
f(z>:(z+1) :<1_1+Z> :1_21+z+(1+z)2'

Na Bpebei 1o avartuypa g f oe oeypd Taylor yupe amno to i, 5ndadn pe kévipo 10 zg = 1,

KaBwg emiong Kkat n aktiva cUykAlong g duvapooelpdg.

'Ecte

oo 0 r(n)
f(z)zzcnzn:Zf n‘(o)zn
n=>0 n=0 :

10 avarttuypa Taylor g aképatlag ouvaptnong f. YrioBetoupe ot
1f(z)| < M-a¥ | yiaxaee z € C,

orou a > 1. Xpnowornowviag to dewdpnua Cauchy-Taylor, Seifte 6t yla orowodrnote

r>0

r

a
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Na ocuprniepavete ot

M(elnﬂ)n avn >1

|Cn’ <
M avn=20.
12. @swpoune Vv avadutiky cuvdptnon f(z) = 1/z oto Sdtpnro dioko D'(0,2) = {z € C :
0 < |z| < 2}. Aeifte 6u Bev unapyet akoroubia (py,) MOAUGVUPGV TIOU va ouyKkAivel oty f
opotspopda ota ouprayr) vrioovvoda tou D'(0, 2).

Yrobeiln. @swpeiote 1o povadiaio xkuxdo T nou etvat éva cupnayég unoouvoldo tou D (0, 2).

13. 'Eow 1 aképata ouvapmon f(z) = Y 7 ap2", z € C, trowa wote f(z) € R yia xabe

x € R. Aeife ou f(Z) = f(2), yua xabe z € C.

14. 'Eow 1 aképawa ouvaptnon f(z) = Y 7 anz", z € C, o oote f(R) C R kat f(iR) C
iR. Aeitte ou f(—2) = f(2), yia x&6e 2z € C.

15. 'Eow f(z) =Y 7y anz" avalutky ouvdpmon oto povadiaio dioxo D(0, 1) kat ¢ote

[f'(2)] <

|z] < 1.

(a) Aei€te 61

ydz, neN\{0,1}.
(B) Acite 61t

n—1

1 n—1
|an|<<1+> <e.

4.6 Awviocotnteg Cauchy xat to 9swpnpa Liouville

Av pia avadutiky) ouvaptnon eivat gpaypévn oe pia riepoxr) D(zp, R) tou zp € C, 1o napakdte
arotédeopa pag divel éva @paypd ya 11§ apaymyousg g oUvApthong Oto zZyp OUVAPTOEL TOU

PPAYHATOG NG OUVAPTNONG.

Osopnpa 4.48 (Aviootnteg Cauchy-1n Swatvnwon). Ymodétouue ou n ovvdptnon f

D(zp, R) — C eivar avajuvuur otov avouctd 6ioko D(zg, R) pe kévpo 10 29 € C. Av |f(2)] < M
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yia kade z € D(zp, R), wote

n!M

(n) <
£ (0 <

yia kaden € N.

Anoddeiln. 'Eowe 0 < r < R. Ao tov oAorAnpetko tuno Cauchy yla napaywyoug £xoupie

n ! f(z)
£ (z) = 2% 51%_%“ e zz)nﬂ dz.

Ao myv undbeon |f(2)] < M yia xabe z € C(zp, ) Kal eEMOPEVRS

n! f(z)
T LY G C
’ ( )‘ 2mi |z—zo|=r (Z - ZO)n+1
27 |z—zo|=r ‘Z - ZO‘H—H
n! M
s T 42|
T J|z—zg|=r T
n!M
= — |dz|
2mrntl |z—20|=r
_ nlM n!M
T ol T T
AnAadn
'M
]f(”)(zo)lgn yaakabe 0 <r < R.

rn
Emne1dn 1o apotepd pédog g napanave avicottag dev egaptdrat arod 1o r, maipvoupe 10 0plo
Kabwg 10 1 — R~ xat tehikd £xoupe

IM
17 (2)] < nﬂﬁ’ ya kdbe n € N.

O

Yrobétoupe ou 1 ouvapton f etval avaAutiky nave Kat oto £0wtePko tou Kukdou C(zp, R)
He kévipo 10 zg € C kat 6u |f(2)| < M yua xdbe z € C(29, R). Av Xpnopornoujooupe tov
oloxAnpeuko tuno Cauchy yia napaywyoug otov kuxkho C(zg, R) kat epyactovpe 0neg Kat oty

arnodedn tou Jewprjpatog 4.48, tdte Kat 1dlt PoKUITtouv ot aviootteg Cauchy

nIM

(n) <

yla kabe n € N.
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O@zmpnpa 4.49 (Avicétnteg Cauchy-2n Sratinwon). 'Eoww [ avaiuvtkr cuvdptnon ndve Kat
o010 eowteptko tou kukiou C(zg, R) ue kévpo 1o zg € C karéotw |f(z)| < M yiarade z € C(zo, R).

Torte

IM
|7 ()] < nﬂﬁ, yia kaden € N.

Mapadewypa 4.50. '‘Eotw f : C — C axépaia ovvdptnon t€toia oote

If(2)| < |22+ |2?, yaxadezeC. (4.17)

Tote
f(2) = agz? + az2®
pe lag| <1 xatlag| < 1.

Avon. H ocuvaptnon f : C — C eivar aképara(avaduvtukn oo C) kat enopévog

00 ©  r(n) / (n)
f(z):%anznzgf n!(O)Zn:f(0>+f1(!())Z+"-+f n!(O)zn—i—---, ya xabe z € C.

Eoto C(0, R) = {z € C: [z| = R} xxAog pe xévrpo 0 xataxtiva R > 0. Av M = max|, g |f(2)],
aro v (4.17) éxoupe

M < R*+ R
Kat ano ug avicotnteg Cauchy ya kdbe n > 3 eivat

(n) 2 3
[f™O)] _ M _R+R
n! -~ R Rm R—00

|lan| =

Eropévag a, = 0, yia xd0e n > 3. Apa n f eivat moduodvupo Babpou to modu 3, dndadn
f(z) =ap+a1z+ asz? + asz3. Ano v (4.17) éxoupe f(0) = 0 ondte ag = 0 kat katd ouvénela
f(2) = a1z + a22% + a3z3. Emiong sivat

2 3
RAR e g

M
=|f <<
al=1£0) < 5 < = —

orote a; = 0. Apa

f(2) = a2® + az2>.
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Kat tdAt ano g avicotnteg Cauchy éxoupe

(2) 2 3
|f (0)]<%<R +R

- i 1
=T s Es T e TR e
Kat
f@0)] M _R+R} 1
e T i~ il - wwn
| |

Ocopnpa 4.51 (Feviksuon tou dswpnpatog Liouville). Yrnodectovue ot n f : C — C eivar
axépaia ouvapton kat ot urdapyxouv otadepéc A > 0, B > 0 kat k > 0, étot wote va woxver
avioomna

17(2)] < A+ Blz|*, yaxade|z| > Ry > 0. (4.18)

Tote n f eivar toAvaovupo Baduot 1o moAv k.

Amnobein. H ouvapmon f : C — C sivat aképara(avarutkn oto C) kat emopévog

n 1! n!

00 0 £(n) ' (n)
f(Z):Zanzn:Zf '(O)Zn:f(0)+f(0)z+—|—f (O)Zn_’_7 YlCleGSZEC.
n=0 n=0 ’

’

Eoto C(0, R) = {z € C: [z| = R} xrAog pe révipo 0 xataxtiva R > Ry. Av M = max,|—p |f(2)

ano myv (4.18) éxoupe
M < A+ BR".

Tote and ug avicotneg Cauchy yia kabe n > k sivat

SO M _A+BRF A B

an| = < —<—=—4+— —0.
[an| n! - R* T R R + Rk Rooo
Enopéveg a, = 0, yia kdbe n > k. ‘Apa n f eival moAucovupo Babpou 1o moAu k. O

Av k = 0 oto mponyoupevo deopnua, dndadn av |f(z)] < M yua kdbe |z| > Ry (1 ya kabe

z € (), orou M = A+ B, téte 1 f eivatl otaBepr]. Auto eival 10 KAaoiko Sewpnua Liouville.
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@czmpnpa 4.52 (Liouville). 'Ectw f : C — C aképaia ovvaptnon.

Av n f givar gpayuévn oro C, éniadn av vrdpyert M > 0 téroio wote |f(z)| < M yia kade z € C,
0te 1 f elvar otadgpmn oo C.

ITo yevwka, av |f(z)| < M ywa peydda z, 6niadn yia kade |z| > R > 0, dte n f eivar otadepn

oto C.

E@appodoviag tov oAorAnpetiké turo Cauchy, oto [Mapadetypa 4.20 dowoape pa anodegn tou
Jepediwdoug Sewprpatog g ddyeBpag. ®a dwooupe otr ouvéxela pa dlagopetikr anodeidn

XPNoponoldviag 1o KAaoiko dewpnpua Liouville.

Ocopnpa 4.53 (OspcAiddeg Oswpnpa tng AAyebpag). Kade uyaduco moAvovuuo Baduov
n > 1 gyet pita oo C. Emoucvwg, kdde utyadiko mofuvavuuo Baduov n > 1 exer axpibag n pileg

oo C

Anodaln. Eotw p(z) = anz™ + an_12""1 + -+ + a1z + ag, a, # 0, moAudvupo Babpov n > 1.
Yrobétoupe 6t p(z) # 0 yia kd0e z € C. Emedn 10 p eival aképaia ouvaptnon mou Sev
pndevitetat kat n 1/p eivat eriong aképaia ouvaptnon. And to [Mapadeypa 1.6 vriapyet R > 1
TETO10 OOTE

",

1
Ip(2)| > 5““1”2 yua xabe |z| > R.

Enopévag,
2 2
= lanlz|™ T lan|R™’

1
' ya kabe |z| > R.
p(z)
‘Apa, n aképaia ouvaptnon 1/p etval paypévn yia peydda z, dndadn yia xabe |z| > R > 1 kat

arno 10 KAaoiko dewpnpa Liouville énetat 6t n 1/p eivat otabepny, éotw 1/p(z) = a. Tote dpog
Kat 1o oAumvupo p(z) = 1/a eivat otabepo, atoro. KataAniape oe dtoro erneidr) urobeoape ot

10 moAuwvupo p dev £xetl pida. Apa, 1o p €xel pida oo C. O
Mapadewypa 4.54. '‘Eoww f : C — C axépaia ovvaptnon xat éotw M > 0.

D) AvRf(z) < M yia kade z € C, wre n f eivar otadepn.
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(i) AvRf(z) > M yuakade z € C, dte n f eivar oradepn.
(iii) AvSSf(z) < M ya kade z € C, wte n f eivar otadepn).
(iv) AvSf(z) > M ya kade z € C, wte n [ eivar otadepn).
Avon.

(@ H ouvapmon g(z) := e/ ?) eivar axépaia e

19(2)] = |ef?)| = [RIEFIBF ()| = RIZ) < M Rf(z) < M yia xabe z € C)

Enopéveg and to 9ewpnua Liouville n ouvaptnon g sivat otabepry oto C. Katd cuvéneia kat
n |g| = e 9a eivan otaBepn) ondte kat ) Rf eival otabepr]. 'Opwg tote and v Ipdtaon
3.20 ka1 i ouvaptnor f Sa eivar otabepr oto C.

(i) ®ewpovpe m cuvapmon g(z) := e~/ (?) ka1 epyagopacte dnwg kat oty mepirtwon (7).

(i) H ouvapwmon h(z) := e ) givar aképaa pe

Ih(z)] = |e7@)| = [STE=RIE)| = 3/(2) < M (Sf(z) < M yia xdbe z € C)

Enopéveg and to 9swpnpa Liouville n ouvdptnon h eivat otabepry oto C. Katd ouvéneia kat
n |h| = eST 9a etvat otaBepr) ondte kat n S f eivar otabepry. 'Opwg tote and v Ipotaon

3.20 ka1 i ouvaptnor f 9a eival otabepr oto C.
(iv) ®ewpoupe m ouvapmon h(z) := e/ (?) kat epyaiopacte ériwg kat oy nepinwon (iii).
]

Hapadewypa 4.55. Av n axépaia ovvdapton f : C — C 6ev eivar otadepr), 1ote 10 ovvoo f(C)

stvar tukvo oto C.

Avon. Yrobgtoupe 6t to medio tpov g f Sev eival mukvo oto C. Tote undapxet wy € C xat

&iokog D(wq, 1), tétorog dote D(wg,r) N f(C) = (). Andady
|f(z) —wo| >r, yuaxabe ze€C.

Be@pPOoUE T OUVAPTNOT)
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H g eivat aképaia ouvaptnon pe |g(z)| < 1/r yia xa6e z € C. Téte and to Sewpnpa Liouville n
g 9a eivat otaBepr) kat kata ovvénewa i f da eivar otabepr), droro. Apa 1o ouvoro f(C) eivar
ukvo oo C. m

Aoknoelg
1. Av n ouvapton f sivat avaAutkr) oto onueio a € C, prmopei va sivat
1f™(a)| > nin™, yiaxaBen € N;
Attiodoyrote v anavinor) oag.
2. 'Eow f: C — C aképaia ouvdptnon pe
1f(2)] < Clz]*™, yiakabe |z| > 1, émou C > 0.
Aeigte 61 1 f eival moAucvupo Babpou to oAU 6.
3. 'Eow f,g: C — C aképaieg cuvaptroeig T€101eg ®OTE yia KArmowo A € R eivat
R(f(2) < AR(g9(2)), vwaxabez e C.
Aeigte 6t unidpyxel otabepd ¢ tétola wote

f(z) =XAg(z) +¢c, yuaxabezeC.

4. 'Eow f,g: C — C aképaieg ouvaptr|oeig T€To1eg wote yia Karowo p € R eivat
I(f(2) < pS(g(2)), yaxdbe z € C.
Aeigre 6t unidpxet otabepd ¢ tétola pote
f(z) =pg(z) +c, yvaxabezeC.
5. Eote f = u + iv pa aképaia ouvdpton. Av u?(z,y) > v?(x,y), ya kabe (z,y) € R?,

deite o n f eival otabepr) oto C.

Yrobeiln. @swpeiote ) ouvaptnon F(z) := eI,
6. Aei§te 6n1 dev untapyxet aképatla ouvdptnon g : C — C tétowa wote

lg(2)] > |z, ywaxdbe z € C.
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7. YnoBetoupe ot i aképaia cuvaptnon f : C — C eivar tétowa wote

10.

11.

12.

13.

fz4+1)=f(2) xat f(z+1) = f(z), yaaxabe z € C.

Asigte 611 1 f eival otaBepr).

. 'Eow f : C — C aképaia ouvaptnon kat é¢otw A € C pe A ¢ R. Av

flz+1) = f(2) kat f(z+A)=f(2), yaxabe z € C,

Aei€te 6u 1 f eivarl otaBepr oto C.

. Eow f: C — C aképaia ouvaptnorn tétola oote

lim M

=0, ywuaxdrioon € N.
|z| =00 2™

Agigte 611 1 f eival moAuwvupo Babpou to oAu n — 1.

Na Bpebouv 0Aeg ot aképateg ouvaptiioeg f : C — C mou éxouv 10 0 amdr) pida kat eivat

TETO1EG WOTE
/
lim L (2)

|z] 200 2

=0.
Eow f: C — C aképaia ouvdptnorn t€toia Oote yia peydia z
[f'(2)] < 2]

Aeigte out

f(z) =a+b2?, oémoua,beCpelb <

N | =

Av 1 ouvaptnon f etvat avadutkn oto C \ {0} xat tétoa oote
[F < 22+ 122,
Seilte ou ) f eival otabepn.

Aei€te o Sev unapyet aképata ouvaptorn f : C — C téroa oote

f(l) =1 xat ‘f(z)\ < !2\1/2, ya kabe z € C.
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14.

15.

16.

17.

18.

KE®AAAIO 4. MITAAIKH OAOKAHPQXH
Na Bpebouv dAeg ot avadutukég ouvaptijoetg f oto C\ {0} téroieg wote
1 ,
f() =1 rat [f(2)] < ek yaa kabe z € C\ {0}.
z

Ynobeifn. @swpeiote ) ouvapion g : C — C

™

Eow f: C — C aképaia ocuvaptnor tétola oote
If(2)] < 2|2+ |2|*, yvaxabe z € C.

Aeigte ot

f(z)=a1z+ a2’ + az2® + ay2?

pe lai| <2, |ag] <3, |as] < % V4 xat |ag| < 1.

Eow f: C — C aképaia ouvdaptnorn tétoia oote
If(2)] < 2|z +|2|*, ywakabe z € C.

Aeigte ol

f)=az+ a2 + as2® + ag2t

as| <3,

pe |ai| <2, a3\§%341{q1\a4|§1.

‘Eow [ : C — C axépaia ouvapmon tétowa oote |f(z)] < Ae® yia xdbe z = x + iy € C,

orou a, A > 0. Aeigte 6u
f(z) = ce®, yia kanowa otabepd c € C.

Ioxuet 1o 610 amotédeopa av | f(z)] < Ae®l, yia xabe 2 € C;

‘Eow f aképaia ouvaptnon xat éotw 2 = C\ (—o00,0]. Av |f(2)| < |Logz|, yia xabe
z € (Q, érou w = Log z eival o npetevov(kuplog) kKAAdog Aoyapibpou, deidte 6n n f eival

tautotikd pundév oto C.
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19.

20.

21.

22.

23.

24.

25.

26.
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Yriapxouv un otabepég arépaleg ouvaptr|oelg f mou va 1Kavorolouy Ty aviootnta
|f(2)] < A+ Bln|z|, vwaxabe |z|>1,
orou A kat B 9sukég otabepig;
Na Bpebouv 6Aeg o1 aképaleg ouvaptoelg [ tétoleg wote
F(2) < A+ BV,

orou A kat B 9sukég otabepég.
Na BpeBouv 0Aeg o1 aképateg ouvaptroelg f TET0Eg Wote

[f() < AL+ ]z +il),
orou A > 0.
Na BpeBouv 0Aeg o1 aképateg ouvaptroelg f TET01Eg wote

[f() < M1+ |z =),
orou M > 0.
Eoww f: C — C aképaila ouvapmon. Av

f(z)

li ——— =0
\z|l~r>noo 1+ ’2‘5/2

)

8eite ol n f eivat éva moAucovupo Babpou 1o moAv 2.

‘Eow f : C — C aképaia ouvapmon. Av |f(z)]| > 1 yua xabe z € C, deifte 61 ) ouvdaptnon

f eivat otaBepry oto C.
Na BpeBouv 6Aeg 01 aképaleg ouvaptrioelg f TET0EG MOoTE

If'(2)| < |f(z)], yaxdabezeC.

Eow f(z) = > 0"y anz"™ avalutikn ouvaporn oto povadiaio dioko D(0,1) pe

1+ |z]
1—|z|’

[f(2)] <

yia kabe |z] < 1.

Aeigte ot

1 n
lan| < (2n+1) (1+n> , yakdBen e N.
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27. 'Eow f(z) =Y 7 anz" avaluuky ouvapmon oto povadiaio &ioko D(0, 1) pe ap # 0 xat
¢otm 20 pida g f. Twa kabe 7 he 2o < 7 < 1 Béroupe M (r) := max,|—, |f(2)|. Aei§te ou

20| > r|ao|
— M(r) + |aol
28. Eow f(2) =) .~ anz" avalutiky cuvaptnorn oto povadiaio dioko D(0,1) pe

, Yy kaBe |z| < 1.

f'(2)] <

1—|z]

Aeigte ou |a,| < e, yia kabe n € N.

Ynodeiln. Eivat

o
1 /
f'(z) = Znanz”_l, Orou Na, = ﬁ‘l /) dz, 0<r<l1.
n=1 Z|=Tr

2mi

29. 'Eow f : C — C aképaia ouvdptnon t€tola oote

/ \f(rei0)| do < r20/3 .

—T

yia ka0e r > 0. Aeigre ou f(z) = 0, yia xabe z € C.

4.7 Pileg avadutikig ouvaptnong -Osipnpa tavtotiopov- E¢pap-
poyEg

Oplopog 4.56. 'Eoww [ : G — C avadvuxr cuvdaptnon oto avoikto ovvoio G kat éotw zg € G
ue f(z0) = 0. To zp eivar pida ta¥ng k > 1 tng f, av unapyet avadvuxn ovvapmon g : G — C
1€T01a WOTE

f(z) = (z—20)"g(2) neg(z0) #0. (4.19)

IIpotaon 4.57. 'Eocww f : G — C avadvuxn ovvaptnon oto avoukto ovvoio G kat éotw zg € G.

To zg eivai pila talng k > 1 g f, av kar uévo av

0=f(20) = f'(z0) = = f* D(z0) war f*)(20) £0. (4.20)
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Anobeln. 'Eote ot 10 zg eivar pida tang £ > 1 g f, 6ndadn oxvel n (4.19). Tote eukoAa
drarmotwvetatl ot woxvet 1) (4.20).
Avtiotpoga, urtofétoupe ot 10xUet 1) (4.20). Ene1dn) n f eival avaAutikn oto 2, UTIAPXEL TIEPIOXH

D(zp, R) C G tétoua wote
- n = f(n)(ZO) n .
f(z) —nz:oan(z — 2p) —T;)n!(z—zo) , Yaxabe z € D(z, R).

Enopévag Aoye tng (4.20) éxoupe

f(z) = Z an(z —20)" = (2 — 2)F Z agin(z—20)", ar #0, yia kd0e z € D(z0, R). (4.21)
n=~k n=0

Opidoupe ) ouvaptnon g : G — C pe

/(z) avz € G\ {2z},

(z—20)F

9(z) =
af zZ =20 .

H g eivat avaduukn oto z € G\ {20} kat enewdn g(z) = > _,2 apn(z — 20)". yia kGBe z €

D(zp, R), n g eival avadluukr) kat oto zg. Apa
f(z) = (2= 20)"g(2) e g(z0) = ar #0,
OToU ¢ avaAutiky ouvdaptnor o G. O

HMapadewypa 4.58. 'Eow n ovvdapmon f: D(0,1) — C ue

7
f(Z) o l—zcosz av z 7é 0
0 z=0.
H f eivar avaivuxr oto povadiaio biorko ue
7
/(=) = R ra—
1—(1— AN )

7
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omnou

1
1 22 24
AT T e~

avaiuvukn ovvapton oto D(0,1) pe g(0) = 1/2 # 0. To 0 eivar pila talng b g f.

9(z) =

To zp € G eival pida anelpng ta¥ng tng f, av
F™(2) =0 yaxaBen e NU{0}.

ZupBoAilopog: ZupBoAidoupe pe Zf 1) Z(f) 10 0Uvodo oV PGV NG AVAAUTIKIG CUVAPTNONG

f G — C oto avokto ouvodro G. AnAadr)
Zr={2€G: f(2) =0}.

To Z s etvat kAe1ot6 ouvodo oto G. TIpdypart, £€0te (25) akohoubia onpeiov tou Z¢ pe limy_o 21 =

z € G. Eneidn n f eivar ouvexng oto G, anod 10 Yewpnpa peradopdg EXoupe
0= lim f(z) = f(2)
k—00

Kat enopévag z € Zy. Apa to Zjy eival kAe1oto ovvolo oto G.

Osopnpa 4.59 (@swpnpa tavtotiopov). 'Eow f : G — C avaivukxny cuvdotnon otov t0mo

G C C. O mtapakdte mpotacelg eivat 100SUVAUES :
(1) f=0, éniadn f(z) =0 yua kade z € G.

(2) Yrdpyet pita mg f dnsipng 1aéng. Anfadn vndpyet a € G térow oote f™(a) = 0 yia kade
n € NU {0}.

(3) Yrapyet pida mg f oto G mou Sev eivar pgpovepévo onueio tou Zy, dniadn tou ouvoAou tov
owov mg f.

(4) To Zy, dniadr to ovvoo pilov mg f, Exel onueio ovoowpevong(o.o) oto G.
(5) Ynapyet ouumayég unoovvoio K tou G téroio wote 1o K N Zy Sev ivar memepaopévo ovvoo.

(6) To ovvoflo Zj sivar unepapdunoo, dniadn 1o ovvoio tev pilwv mg f oto G dev eivar ovte

TLETLEPAOUEVO OUTE APIOUNOLUO.
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Anodeién. (1) = (6): Av f =0, 1éte Z¢ = G Kat eNopEveg 10 0UVoAo Z; eival urepapOpnoto.
[Tpdypat, 1o avokto ouvodo G mepiéxel avolktd 6ioKo Kat eropévag da repiéxel Eva daotua
IOV ®G YV®OTOV Oev eival oUTe TEMEPATHEVO OUTE AP1OHNO110 GUVOAO.

(6) = (5): Qg yvwotov, IIpdtaon 2.3, undpxel apidunon owkoyévela (K;,) oupnayov uroou-
vodov tou G pe K, C Ky ket G =2, K,,. Tote

Zy=GnZp=|J(KnNZy).

n=1

Eneidr) 1o Z; etval unepapiOunopo, uvrtapxet n € N tétoo dote 1o K, N Z¢ dev etvat oute nere-
PAOCEVO OUTE ap1BPro110 0UVOAO(®G YVOOTOV 1] aplOpuron EVeoT) TIEMEPATHIEV®V I aplOPnoiev
ouvodav tival aplOpnoio ouvolo). ‘Apa, urapxel cuprayég uroouvolo K tou G Té1o10 Oote o
K N Z; &ev etvatl menepacpévo ouvolo.

(5) = (4): YroBétoupe ot to K N Z eival éva amnelpoovvodo oto ouprayég ouvodo K. Tote 1o
K N Zy éxer 0.0 oto K. Auto ouvendyetat ot 1o Zy éxet 0.0 oto K C G, 6ndadr) 1o ouvodo tov
piwv g f éxer 0.0 oto G.

(4) = (3): Qg yveotév 1o Z5 eivar kAeoto ouvodo oto G. Av a eivatl 0.0 tou Zf oto G, 16t
unapxet akodouBia (z,) onueiov wou Zy pe lim, o 2, = a. Enedn 1o Z eivat kAe1oté ovvodo
10 a € Zy, dnhadn 1o a gival pida g f. Mdliota 10 a Sev eival pepovepévn pida g f kabog n
axoloubia (z,) piov g f teivel oto a.

(3) = (2): @a beitoupe 6 kabe pida g f menepaopévng 1agng etvat pepoveopévo onueto oto

Zs. Eow zg € Z5 pita nenepaopévng tagng wng f. Tote unapxet m € N tétolo wote
f(z) =(2—=20)"g(z), onou g avadluukr cuvdpmon pe g(zp) # 0.

Ernedr) n g eivat ouvexnig pe g(zo) # 0, untapyet ieproxr) D(zp, ) tou 2o pe g(20) # 0 yia xkabe
z € D(zp,7). Tote f(z) # 0 yia xdbe z € D(zp,7) \ {20} xat xatd ovvénewa n pida 29 g f
eival pepoveopévo onpeto oto Zy. 'Opeg ano wmy unobeon undpxet pida a g f mou dev eivat
Hepovenévo onueio oto Z¢ kat dpa 1o a etvat piga dnelpng tagng g f oto G.
(2) = (1): Eow

E = {z €G: f"M(2) =0, yia xéBe n € NU{O}} .

A6 mv urébeon w E # 0. Enedy n £ eivar ouvexng ouvdptnon, o E sivai kAot oo G.

®a anodei§oupe 6t 10 E eival avokts oto G.
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[Ipaypat, éoww a € E. Enedn n f eivat avadutkr) ouvdptnon oto a, vnidpyet niepoxy D(a, r)

TOU a TET01d MOTE

f(z) = Z f(")'(a) (z—a)" =0, ywaxabe z € D(a,r).
n=0

n.

Ernopéveg D(a,r) C E xkat katd ouvénela o E eivat avoikto oto G. 'Opwg 1o G eival ouvekuko
oUvoAo Kat 1o uroouvodo E # () tou G etval avoiktd kat xkAeiotd oto G. Apa F = G xat autd

ouvenayetat ou f(z) = 0 yua xabe z € G. O

To napaxkdt® anotédeopa ival pia 10o0duvaprn d1atineorn 10U dePrIatog TaUToTIoRoU.

IIépiopa 4.60. '‘Ectw f : G — C avaduvukr cuvaptnon otov ono G C C. Ot mapardie mpotdoelg

glvai 1006UVaueg:
(1) f#0, énAadn n f bev eivar tavtotuca 0 oto G.
(2) 'Ofeg o1 pileg g f(av umapyouv) eivar Ttemepacusvng tacng.

(3) 'Ofeg ot pileg g f oto G eivar pepovouéva onusia 1ov Zy, dniadn tov ouvoAov 1oV p{Ov Mg
f-

(4) To Zy, dniadr 1o ovvoo pilov mg f, bev éxel onueia ovoompevong(o.o) oto G.

(5) Ia kade ovumayss vnoovvofo K tou G 1o K N Zy eivar nengpaouvo ovvofo. Anfadn kade

ovumnaysg uroovvofo K tou G mepigyel memepaougvo 1o mandog pileg g f.

(6) To ovvoo Zy eivar 1o ToAU apdurowo.

Av 10 0UVOAO Z ¢ TV POV NG aVaAuTKng ouvdptnong f dev éxetl 0.0 otov tomo G, propet va €xet
0.0 oto ouvopo JG tou G. Av yla napdadetypa 1o G eivatl gpaypévo kat 1o Z eivat areipoouvolo,
tote 10 Z5 9a £xel éva touddxiotov 0.0 oto G(BAéne doknon 5).

To S9ewpnpa tautotiopoy pag divel pa dAAn onpavukn dtagopd petady tng mpPaypatikig Kat
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g pryadikng avaduong. TMa va 1o §oupe autd, Sewpoupe ) cuvdptnor f oplopévr oo R pe

e qu >0
f(z) =

0 ave <0.

EuxkoAa Siarmotovetal 6t ) f sival aneipeg @opég napaywyiomn oo R kat o f (n) (0) =0, yia
kGBe n € N. Enopévag to 0 etvat pida anepng tagng g f. Emiong to ouvolo Z; tov plev g
f éxel onueia ouoonpeuong oto R kat eivat uniepapiOprjoo.

H napaxdte onpavikn spappoyn tou deopnpatog 4.59 Aéyetal kat dempnua povadkomniag.

B@copnpa 4.61 (@sdpnpa povadikotnrag). Eoww f,g : G — C avaiviikég ovvaptroeig otov
ono G C C.

(1) Eva: f(2) = g(z) yta kade z € G, av kat uovo av 1 cvvojo
Zg={2€G: 1) = 9(2)}
éxel onueio ovooapevong(o.o) oto G.

(2) 'Eoww (z,) axofoudia onueiov tou G ue dpoug diapopoug ava 6vo kat lim, o 2z, = a € G.

Av f(zn) = g(2zn) ya kaden € N, wrte f(z) = g(z) yia kade z € G.

(3) Ynodérouue ottto X C G éxero.0 oo G. Av f(z) = g(z) yia kade z € X, e f(z) = g(2)
yta kade z € G.

(4) Av f(2) = g(z) yra kade onueio evdg evd. turuatog mou aviket oto G, e f(z) = g(z) ya
rade z € G.

(5) Av f(z) = g(z) yra kade z € D(a,r) C G, wrte f(z) = g(2) yia kade z € G.

Anobealn. (1) Epappoyr) tou Sewprpatog tautotiopou yia ) ouvaptmon h(z) := f(z) — g(2).
(2) H anodedn mpoxurtet ano myv (1).

(3) Eneidny X C Z5_,, n anddeidn mpoxuret amno v (1).
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(4) YroBétoupe ou [, 5] C G. Emnedr) 1o « givat 0.0 wou [o, ] kat a € G, n anodeidn nmpokurttet

anod my (3).

(6) Av f(z) = g(z) yia xabe z € D(a,r) C G, twote 9a eivar f(z) = g(z) yia kabe onpeio evdg
€ub. Tpfpatog mou repiExetat otov avolktd dioko D(a,r). Enopéveg and my (4) énetat 6u

f(2) = g(z) yua xabe z € G.

Mapatipnon 4.62. o Ocwpnua 4.61 (2) eivar onuavtko 1o opto mg akofovdiag va avrkel otov
wno G. H ovvapmon f(z) = /(%) givar avajvurr oo D(0,1) kai bev sivar otadspri. Av
zn = 1—1/2nmi, 1dte

f(zn) — el/(lfzn) — e2nmi _ 1
Iapampovue ot lim, o0 2, = 1 ¢ D(0,1).

To decpnpa povadikotntag eivat £va oAU Xpriotpo epyadeio. Av yia mapadetypa ot f kat g eivat
aKEPAleg OUVAPTAOELS, Yia va Seifoupe ot f = g apkel va dei§oupe ou f = g o kamoo daotua

TOU MPAYPATIKOU agova.

HMapatipnon 4.63. Me 10 Jewpnua povaducdtniag Uropovue eUvkoAa va anoSecVUOUUE TOLY@VO-

uetpkeg tavtomreg. Ia mapadeyua, £0te
f(z) =sin®z +cos’z, yaxadez e C.

H f eivai aképaia ovvapmon ue f(x) = 1 < sin® x + cos? ¢ = 1, yia kade = € R. Enouévog, and

2

10 Occpnua 4.61 (4) énstar 6usin® z + cos? z = 1, yia kade z € C.

Ba dwooupe Twpa pa alyeBpikn epappoyr) tou Sewprpatog povadikotnrag. YrevOupidetal ot
¢vag daktudiog (R, +, -) ovopdletatl aképaia mepox] (integral domain), av eivatl petabetikdg, £xet
povadiaio otorxeio Stapopetiko Tou Pndevikou kat dev £xel pndevodiaipéteg (6nAadr) yia oAa ta

otoxela x,y tou daktudiov, avz -y =0 wWte ette x = 0 y = 0).
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Iépiopa 4.64. Av G C C sivar vag onowoobrnote wnog, o saxtuiog H(G) odeov tov avaiutr
Kov(0AdUopPwU) ouvaptnoewv oto G eivar pua axépaia mepoxn. Anfdadn av ot f, g : G — C givar

avaduvtikeg ouvaptroelg atov no G ue
f(2)g(z) =0, yakradez e G,

wieeite f =01ng=0o0w0G.

Anobdealn. 'Eoww g(29) # 0 yia kanotw zg € G. Enedn) i g efvatl ouvexng oto zp, UIAPXEL IEPLOXT)
D(zp,7) C G tttowa oote g(z) # 0 yia kabe z € D(zp, 7). Tote f(z) = 0 yia xdbe z € D(zp,7)

Kat ano 1o Osxhpnua 4.61 (5) f = 0 oo G. O

Mapadewypa 4.65. Av 7 f elvar avadutucn ovvdaptnon otov kAeloto povadiaio 5ioko E(O, 1), tote
1 1
/ <n> 7 n+1

1 1 1/n
—) = = , 10e n € N.
f(n) nrl 1+ 1/n yla kabe n

vrtapyetn € N 11010 wote

Avon. Yrobetoupe o1t

Av g(z) = 143, wote f(1/n) = g(1/n) yia xabe n € N pe lim,, 0 1/n = 0 € D(0,1). Enoné-
vag o ouvoro {z € D(0,1) : f(2) = g(z)} éxer onueio ouocowpeuong(o.o) oo D(0,1) kat ard o
Sedpnua povadikomrag f(2) = 7 yia ke z € D(0,1). 'Opeg n f dev eivar avadutikn oto

onpeio —1 € D(0, 1), dtoro. Apa urtapxet n € N tétoto Hote

1 1
f<n>7én+1'

Mapadewypa 4.66. 'Eotw [ avaiuvtikr ouvaptnon otov avoustd povabiaio ioro D(0, 1) kat téroia
wote

If(1/n)] <27", yuan=2,3,4,....

Na Boedein f.
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Avon. Enedn n f eivat ouvexrig oto 0, amno v undbeon £xoupe
|f(0)] = lim |[f(1/n)| < lim 27" =0, ®&ndady f(0)=0.
n—oo n—oo

— Av 10 0 givat pida armelpng tagng mg f, amo o Sedpnua tavtotiopou i f eivat tautotkd pndév
oto D(0,1).

— YroBétoupe twpa ot ny f dev eival tautotkd pundév. Av to 0 eivat pida tagng m g f, tote
f(z) =2"g(2),

drou n ouvaptnon g etvat avaduvuxy oto 0 pe g(0) # 0. Enedn) |g(1/n)| = n™|f(1/n)| < n™27",
gxoupe
_p < T mo-n _
9(0)] = lim_|g(1/n)| < lim n™2 0

AnAadr) g(0) = 0, dromo. Apa 1 f eival tautotikd pndév oto D(0,1). =

IMapadewypa 4.67. Na sfetaotel av woxUel 10 TAPAKATE

Av n ovvdapmon f evar avaivukn oto Guatpnio bioko {0 < |z| <2} kar f(1/n) = 0, n =
+1,4£2,43,..., 0te nn f elvar tavtotka undev.

Anavinon: Aev woyvet. 'Eotww yia napadeypa n ovvapmon f(z) = sin(r/z). H f eivar avaivtun
oto &watpnro Sioko {0 < |z| < 2}, bev elvar tavtotka undév kar f(1/n) = sin(mn) = 0, n =
+1,492,43,. ...

Znueiovetar ou av n f nrav avadvukn otov avorkto bioko D(0,2) = {z € C : |z| < 2}, onote

0 € D(0,2), anod o Jewpnua taviotiopov n f 9a nrav taviotikda undév.

Mapadewypa 4.68. 'Eotw f avaivukr ovvaptnon otov wono G = {z : |z| > a}. Avn f najpvet
npayuatikég tuég oto Sraotnua (a, o0) tou R, e n f 9a naipver mpayuatikés g kat oto idotnua

(—OO, —(I)

Avorn. Eneidr
G'={z:zeG}={z:zZ| >a} ={z: |z2| > a} =G,

ané to Iapdadetypa 3.18 n ouvapon f*(z) := f(Z) etvat avaduukr) oto G. Enedy f(x) = f*(z)
yla kabe x € (a,00), anod to dewpnua povadikotrag da sivat kat f(z) = f*(z) = f(Z) yia kabe

z € G. EBwaylakabe x € (—o0, —a) eivar f(z) = f(x). Apa, f(z) € Ryuakabe z € (—o0, —a).
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Napadewypa 4.69. Av f : C — C eivar aképaia ovvdpmon téroia @ote limy,|_,q, f(2) = oo,

énAadn lim,|_, | f(2)| = 0o, 18 N f elvar éva moAvevuLO.

Anéberdn. Enedn lim|, | [f(2)| = oo, unapxer M > 0 tétot0 dote | f(2)] > 1 yia kabe |z| > M.
Eneidr) o E(O, M) eivat ouprnay£g ouvodo, aro to [Topiopa 4.60 1 f €xel nernepacpévo to mAfog
pites oo D(0, M). 'Eote a1, as,...,ay ot pideg g f otov xAetotd Sioxo D(0, M). Opidoune
v aképata ouvapton g : C — C pe

f(z)

(z—a1)(z—ag) - (z—an)

9(z) =

Enedyy |f(2)] > 1 yia xdbe |z| > M, eivat g(z) # 0 yua xabe z € C xat katd ouvénewa

oapen ( )( ) ( )
1 ma)z—ag)-(z—an
M= T 7(2)

etvat aképata. Emiong h(z) # 0 yia kabe z € C. Eneidn yua z # 0

hz) _ (L-ai/z)(1 —ag/z)---(1 - an/z)

2N f(z)
kat and mv vnebeon limy, |, | f(2)| = oo, eivat

h(z)

lim
N

|z]—o0

=0.

'Eoww ¢ = 1. Tote unidpxet R > 0 tétolo oote

h(z)

‘ (Z Z|N
2N ’

<1< h(z)] <| yla ké4be |z| > R.

Enopéveg and ) yevikeuon tou Sewprjpatog Liouville 1o A givat éva moAudgvupo Badpou to modu

N. Enedn h(z) # 0 yua kabe z € C, 9a eivar h(z) = ¢ kat dpa

f2) = 1z o)z —az) -+ (2 — aw).

Znueiwon: Ta pua dragopetikr| anddeln naparepnouvpe oto Iapdderypa 6.13. O
Acoknosig

1. 'Eote f avadutky) ouvdptnon oe pia niepoxyy U tou 0, pe f(0) = f/(0) = 0 xar f(0) # 0.
Aeifre 611 UTIAPXEL AVaAUTIKY ouvdptnon ¢ oe pia rieptoyr V tou 0, tétota dote f(2) = ¢(2)?

yiaakabe z € V.
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. Eow f: G — C avaduukr cuvaptnon oto avolktd ouvodo G kat €0te zg € G pida tadng

n > 1 wg f. AsiSte 6u undpyel avadluuky ouvaptnon ¢ oe pa repoxr) D(zp, d) tou zp,
terowa wote f(z) = ¢(2)" yua kabe z € D(z,0) C G. Andadn n f €xer avaduukr) n-ooty

pila oe pia meploxn tou 2.

. 'Eowe f avaluukr) cuvdptnon oto avoiktd cuvodo U kat €é0te zg onueio tou U 1€1010 wote

n f 8ev eival tautotikd pndév oe pia MePLoXT] TOU zg. Asilte 6T undpyxEel £vag Pr apvrTiKOG

aképaiog k, pa mieproxn V' C U tou zp xkat pia avadutikr ouvdptnon b oto V, tétola wote

f(2) = (z— 2)*e"®) | yiaxabe z € V.

. 'Eote f aképata ouvaptnon pe pigeg aq, ag, . . ., oy, 610U v etvat pida ta§ng m;, 1 < j < n.

Aei&te Ot UTIAPXEL AKEPALA OUVAPTHOL) ¢ TETOA WOTE

f)=(CF—-a)™(z—a)™ (2 — an)m"eg(z) , yaxdde z € C.

. ®e@poupe ) ouvaptnon f optopévn oto D(0,1) \ {0} pe

f(z) = sin (i) sin <1iz> , 0< |zl <1.

Na BpeBouv o1 pileg kat ta onpeia cucompeuong g f.

. Av n aképata ouvaptnon f €xel menepacpévo to mAnoog pideg, Heite Ot undpyet MoOAvwvVUIO

P Kat aképata ouvapton g tola oote f(z) = p(z)g(z) yua xabe z € C.

'Eote f avaduukn ouvdaptnorn oto onpeio zg € C. Aei€te 6u eite f(z) = 0 oe pia neproxr tou

2o 1) urtapxel r > 0 téroo wote f(z) # 0 yia kabe z oto Hidtpnro dioko A : 0 < |z — zg| < 7.

. 'Eoww f avaduukn ouvdptnorn oto povadiaio dioko D(0,1) pe

f(z) = sin <1iz> .

Av z, =1 —1/n, Wt f(z,) = 0 yia ka6e n € N. Thati dev epappodetat 1o Oeopnua 4.61;

. Av 1 f eivat avaduuky ouvdptnon oto povadiaio dioko D(0, 1), beifte on

1 1
f(n) #n—|—2’ yla kdriowo n = 2,3, .. ..
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Yriapxet avaAdutikr) ouvaptnon f otov avoikto povadiaio dioko D(0, 1) kat tétola dote

1 1 1
f<2n>:f<2n_1):nv n:273’~'-;

Ia nowa a € C undpyet avadutiky) ouvaptnorn f oto povadiaio dioxo D(0, 1), tétowa vote

1 1
f <> - ,  Yla KABe @uoko apbuo n > 2;
n n+a

Egetdote av undapxouv avalutikég ouvaptiioetg f otov avoiktd povadiaio dioko D(0, 1) nou

Vva 1KAvOoItoloUVv OrtoladnIote aro TG mapakAat® ouvOrKeg.

o () =gl mezae

(i4) f<;> :(—1)"%  n=23
1 1

@) 1(57) —am meN

() 1fPO)  >@)?, neN.

E&etaote av unapxet aképata ouvaptnor f : C — C tétowa wote
Rf(z) =sinz, yuaxrdbez=2x+iy e C.
Attiodoyrote Vv anavinor) oag.

‘Eoww f, g avalutikég ouvaptiioelg otov avolktd povadiaio dioko D(0,1) pe f(z) # 0 xat

g9(2) # 0, yia xae |z| < 1. YoBétoupe 6t

/(1 /(1
PG 96
FG) 9(3)
Aei&te ot unapyet otabepa ¢ térowa vote f(z) = cg(z) yia xkabe |z| < 1.

Yrobeiln. H ouvapwon h(z) = % etvat avaduukr) oo D(0,1).

Eow f aképaia ouvaptnon t€tola wote

'f(1>‘§1, yia k@b n € N.
(n+2) n

Aeitre ou f = 0.



116 KE®PAANAIO 4. MITAAIKH OAOKAHPQXH

16. Yridpxet avadutiky ouvdaptnon f otov avoiktd povadiaio dioko D(0, 1), tétoa dote

yua xafe n € N\ {0,1};
17. Ynapxel aképaia ouvaptnon f, €toa wote f(p) = cos/p yia kabe p € N;

18. (i) Na Bpebouv 6Aeg ot ouvaptroelg f mou eival avaAutikég oto D(0, 1) kat tétoieg oote

1 5, (1)°
fl=]=nf{—-] , vian=23,4,....
n n

(ii) Na Bpebouv dAeg o1 ouvaptrioelg g ou eivat avadutukég oo D(0, 1) xkat tétoieg wote

1 1\°
g():n4g<> , yan=2234,....
n n

19. 'Eow (ax) akodoubia pyadikov apiBpeov étola Gote 1) 0e1pd y oo o |ax| ouyrdiver. Av
[o.¢]
Zakn_k =0, yaxaeneN,
k=0

deite 6w ap = 0, yia kabe k € NU {0}.

20. Eow f: C — C axépaia ouvdapmon, f # 0, pe f(z) € R yia ka0e x € R xat f(0) = 0. Av
n f anekovidel 1o @aviactiko dfova oe pia eubeia ypappun oto C, 6eilte 6t autr) n) eubeia
ypapps Sa eivat gite o mpaypaukog afovag ) 0 aviactikog agovag.

Yrobeiln. H ouvapwon f*(z) := f(Z) eivat aképaa oo C.

21. 'Eoww f : C — C axképaia cuvdptnon n onoia maipvel mpaypatikeég TipEg tooo oty gubeia
Sz = 0, 8nAadn) orov paypatkd dgova, 6co kat otny eubeia Fz = 7. Asite 6n n f éxet
niepiodo 27, dSnAadr)

f(z+2mi) = f(z), yaaxdabe z € C.

Yrobeiln. H ouvapmon f*(z) := f(Z) eivat aképaia oto C.

22. 'Eoww f avadutkr) ouvdptnon oto avoikté ouvodo 2 C C mou mepiéyet 1o 0. Av f/(0) # 0,

Bei€te 0T Undpyel avaAuTIKY) OUVAPTNOT ¢ OPLOPEVH O Pia Tieploxy) tou 0 tétola oote
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23. 'Eoww f, g : C — C aképaieg ouvaptrosig pe
[F() < (T +2Dlg(2)], vaxabe z € C.
Aeigte 6t uniapyouv a,b € C pe |a| < 1 kat [b] < 1 tétowa wote

f(z) =(az+b)g(z), ywaxabezecC.

24. 'Eow f,g : C — C axképaieg ouvaptroelg. YrioBetoupe 6t yia karowo k£ € N kat yia 6Aa

f(2)] <12Fg(2)|. Anradny unapyet R > 0 tétoto dote

ta peydda |z

FE < 12(2)], yaxaee 2] > R.

Aeigte ou f(2) = h(2)g(z), yua x40e z € C, érou h eivat priry ouvaptnon(dndadn n h eivai
ninAiko §U0 OAUGVUN®V).
Ynodeiln. ‘Eotw g # 0. Av 21, . .., 2, etvat ot pideg g ¢ oto D(0, R), n cuvaptnon

[l (2 — 20)

G(e) = ()

eivat aképata.

25. YnoBétoupe 6t n cuvapton f eivat avadutkr) otov toro G C C mou mepiéxel 1ov KAE10TO

povaduaio dioxo D(0,1) = {z € C: |z| < 1}.

(a) Av

95 (_’_fl(';)le—O, yiaa kabe n € N,
|2|=1 (1 =

deigte ot f = 0 oo G.

(B) Av

55 %6&20, yia kédBe n € N
zl=1 (R + 1)z = 1)

pe f/(0) = 0, 8eitte 6u n f eival otabepn) oto G.

26. 'Eotw f avadlutukn ouvaptnon otov avolktd povadiaio dioko D(0,1). Asifre 6u unapyet
axoloubia (z,) oto D(0,1) teroa oote limy, o0 |2n| = 1 kar n (f(2,)) eival gpaypévn.
Yrobeiln. Efetdote ug neputooeig (i) n f €xel anepo to mAnbog piteg oto D(0,1) xat (i7)

n [ €xel menepaopévo to mAn0og pideg oo D(0,1).
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4.8 Apxn Meyiotou- Apxn EAayiotou- Afjppa Schwarz

Ozopnpa 4.70 (Apxyy Meyiotou-1n popd1). Av n cvvdptnon f evar avaivtucy otov oo

G C C rarn | f| éxer tomuco ueyioto oro zp € G, Wte n [ eivar otadepri oo G.

Anobeiln. Av 1 | f| éxetl torko péyioto oto zp € G, te undpyet nepoxy D(zp,d) € G térowa
oote |f(2)] < |f(20)] yia xdBe z € D(zp,0). Ta ke r > 0 pe r < § and 0 dewpnua péong

Tipng tou Gauss yla avaAutikeég ouvaptroetg, @swpnpa 4.21, eivat

1 2

f(z0) = o/, f(z0 +re)dt.

Enedn) o kukAog C(z0,7) C D(z0,6), and tmv undBeon éxoupe | f(zo + re)| < |f(20)| yia xade

t € [0, 27] xat enopéveg

1 2 )
el = | [ o retyaf
7r
1 2 )
<= | |f(z0+ret)|dt
2 0
1 2
<o | |f(z0)ldt =|f(20)]-
2 0
Apa
1 27 "
£Gall = 5= [ 1fGo+ el ds
T Jo
Kat wooduvapa
1 o it it
o Jy (If(z0)l = 1f(20 +7e™)]) dt =0, wne|f(z0)| — |f(20 +re)[ > 0.
Tupnepatvoupe Aowdv ot | f(z0)| — |f(z0 + 7€) = 0 & |f(z0 + 7e®)| = |f(20)| yia abe

t € [0,27]. Eneidr) auto woxvet yia kabe r > 0, 0 < r < 4§, éxoupe anobeifel ou |f(2)| = | f(20)]
yla kdOe z € D(zp,0). Tote ano mv [potaon 3.20 1 f eivat otabepr) oto D(zp, d) Kat ermopévag

aro 1o Gswpnpa povadikotnrag, @edpnpa 4.61 (5), n f Sa eivat otabepr oo G. O

Avto G C C eivat évag gpayuévoc omog, 16te 10 G eival KAe10Td Kat gpaypévo Kal Katd GUVETEL
oupnayég ouvodo. Av n f eival ouvexrig oto G, TOTe 1 GUVEXHS KAl J1e TIPAYHATIKES TIHEG CUVAP-

mon | f| naipvet ) péylo upr wg oto G. Av 1 ouvdptnon f eivat avadutik kat pn otabepn)
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oto GG, 10 mponyoupevo Jedpnpa ouvenayetat o 1 | f| ev prnopel va mapet ) péyot tpn mg
oe xaroto onpeio tou G. Ernopévag 1 | f| 9a naipvetr ) péytotn upn wg oto ouvopo IG tou G.

"Exoupe doutov arnobeifel 10 mapakdte Sewpnpa.

Ozmpnpa 4.71 (Apxyy Meyiotou-2n popoen)). Yrmodétouue ot 1o G elvar éva avoikio, OUVEKTUO
Kat gpaypuevo uroovvoo tou C, éndadr o G eivat évag gpayuévog 1onog. Av n ouvaptnon f elvai
ovveyric oto G, avavurr oro G kat un otadepn, 10te N | f| maijpver y péyrom wur mg oto ovvopo

0G tou G kai povo ekel.

YroBétoupe ot 1 f eival avaAdutiky oto niedio G C C kat ou 6ev undevidetat, dnAadn n f dev
éxet pideg oto G. Av epappdooupe to @ewpnpa 4.70 yia ) ouvdpton g = 1/ f, t6te mpoxurttet

10 TAPAKAT® ATTOTEAECA.

Ocsopnpa 4.72 (Apx1n EAayiotou-1n popdr)). Yrodcrouue ot n ovvdptnon f eivar avadutucn
otov womo G C C kat bev éxer pileg oto G. Av n | f| éxet tomkd efayioto oo zp € G, We n | eivar

otadepn oto G.

Av 1 ouvdptnon [ eivat ouvexrg otov gpaypévo ro G, avalutikn kat pin otabepr) oto G kat dev
undevitetat oto G, tote 10 IPonyoupevo edpnpa ouverayetat ot 1) | f| 9a maipver v eddyiom

T g oto ouvopo G tou G.

Ocsopnpa 4.73 (Apxn EAayiotou-2n popon)). 'Eciw G va avoukio, CUVEKTIKO Kal GOAyUEVO
umoavvofo tou C, éniadn 1o G eivar evag epayusvog tonog. Ymodetouue ot n avvaptnon f dev
unéevietar oto G. Avn f elvar ouveyrng oto G, avajuvtiki oto G Kat un otadepn), wre n | f| naipver

mu efayiotn uun g oto ovvopo G tou G Kkar poévo exel.

Xprnowornooviag v apxt eAayioctou priopouiie va Soooupe pia aAAn arodedn tou depeAdiwdoug

Sewprjpatog tng ddyeBpag, MApAMEPIIOUHE OtV AoKnon 14.
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Ocopnpa 4.74 (Apxn Meyiotou-EAayiotou yla appoviREG OUVAPTIOELG). YTodETouue OTL N
ovvdpmon u : G — R eivar appovucr kair un otadepn otov 10mo G. Tote N u GV ExEL TOTULO UEYLOTO

ouUte tomiko efayioto oto G.

Amobeiln. YnoBetoupe 011 1] ouvaptnon © £XEL TOTIKO MEYIOTO OT0 zg = Xg + 1Yo € G, 6ndadn
ou unapyet riepoxyy D(zp,0) € G tou 2 térowa oote u(z,y) < u(xg, yo) yia kabe z = x + iy €
D(zp,0). Enedr) to D(zp, d) etvat évag ardd cuveKTKOG TOI0G, UMIAPXEL avaAutiky ouvaptnor f
ot0 D(zp,0) pe u = Rf. Av g = e/, n g eivat avaduukr kat un otabepr) oto D(zp, §). Ermméov,

ya kabe z = x + iy € D(2,0) etvar
9(2)] = | EHSIE)] = gul@y) < gul@ov0) — |g(2)|
Kal eOPEVeg 1 |g| £xet toruko péyioto oto zg to oroio eivat droro aro o Oedpnpa 4.70. Apa

n u dev £xel torukod péyioto oto G.

Av avUKataoTtriooUlE T U [E T —U, TOTE TIPOKUITIEL O 1] U 8ev £X£1 TOrKO gAdayioto oo G. [

Hapatnipnon 4.75. ['svucd n apxn peyiotov, Ocwpnua 4.71, Sev 10xUeL yla Un o ayuevous tOmoug.
'Eotw n aképaia ovvaptnon f(z) = e~1% optopevn oto mpato tetapinudpo A = {z € C :
Rz, 3z > 0}. Elvar

- —i(z+iy)? i(y2—x? X €
1F(2)] = |f(x+iy)| = [e7@HW7| = |0 =27 |20y = 229

Zto ovvopo tou A eivary = 0 rpx = 0 kar emopévag | f(z)] = 1.

¥
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'‘Ouwg mave ot evdeia y = x, ue x,y > 0, mou Bpioketal 0To MPWTIO TETAPTNUOPIO EXOUUE

1£(2)] = e @) = 27" 5 o0
T—00

Enousvo 1 ueyiotou v 10yUel yla v aképala ouvaotno z) = e_iz2 oto ayuevo
UEVGOC 1 Ap XN UEY XUEL yia £ aotnon un epayue

omno A.

Mapatipnon 4.76. Zia kiciota kar gpayucva diactriuata ov R o1 ouvexeic ouvaptioeg ue
TOAYUATIKES 1] UyadiKeg TUES Tpooeyyi{ovial ouoduopga amno moAvavuua. Auto sivat 10 KAa-
0k0 mpooeyylotko Jewpnua tov Weierstrass, mapaneunmouvpe oto [15] 1 oto [38]. Andadn av n

ovvapmon f : [a,b] = C eivar ovveyrig, yia kade ¢ > 0 undpyet toAvOVULO
n
p(t) = Zaktk (neN, a, €C)
k=0

TET010 WOTE
lf(t) —p(t)] <e, yaradet € [a,b].

Ewsca av 9ewprioouus m ovvdotmon f(t) = e oto [0,27], and 10 mpooeyyiotiko Jecpnua tou

Weierstrass vmdpyet ToJu®@UUHO P TETOWO GOTE

a0l <, e € 0.26]

AuTO 10 anotéfsoua Sev 10xUel av Kamolog Jewpriost ToAuadvUua Tou e

Kat oyt wou t. Ilpayuarti,
éotw n ouvexng ovvdpmon f(z) = 1 oto povadiaio xukAo T = {z € C : |z| = 1} mov eivar éva
ovumnayeg(icielotd kar gpayusvo) urnoovvoo tou C. INa € = 1 unod<rouue ot undp el TOAVDOVUUO

p(z) = ZZ:o akzk, ay € C, téro10 wote

1

s p(2)

<1, yiarxadez e T.

Av q(z) := zp(2), 10 moAvwVULO q glvar wa avadvtn un otadepn ovvaptnon oto C tétowa wote
1 —q(z)] <1, yakadezeT.
Enopévag ano v apxn ueyiotov 9a mpEmnet va givat

I1—q(2)| <1, yarade|z|<1.
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'‘Ouwg yia z = 0 majpvouue
1=[1—q(0)] <1

Tou givai artono. ‘Apa, urnapxete > 0 €010 wote yia kKade TOAVDVUUO p piag uyadknc Hetabanng
slvat

>¢e, yakadez €T

Kat ioodvvaua

le™® —p(e)| > e, yaradet € [0,27].
Anobeifaue 6t n ovvapton f(z) = % Sev mpooeyyiletal opoopuoppa oto povadiaio kukido T amd
noAvavupa. ‘Ouwg n ovvapmon f(z) = % npooeyyiletar opowopopga oo T ano TPy VvopeTpiLra

noAuwvupa, 6nidadn yla kade € > 0 umdapyel 1otyVoueTptkd toAuovuuo P tétoio wote
le™® — P(e")| < e, yawadet € [0,2n].

AUt gilval dpeon OUVETELA TOU TTapaKdl® amoteAEoUarog mov givat Eva Topoua 1oU Yewpniuatog

Stone-Weierstrass(Biene [34], [38]).

IIpotaon 4.77. 'Eoww [ : T — C ouvexrg ovvdotnon kat éotw € > 0. Tote unapyet N € N kat

(cn) 7]:[:_ ~ C C éro1 wote 10 101y0VO0UETOIKO TOAVGVULO

al N
P(z) = Z G2 (Kaz wobtvaua 1o P(e) = Z Cneint>

n=—N

Kavomotel ™ oxéon

|f(2) = P(z)| < e, ylaradez € T (raiioobvvaua |f () — P(e")| < e, yaradet € [0, 2m)) .

Eilvai aioonueioto ot ot avadutucée ovvaptioeig o éva ania ovvektud tono G C C mpooeyyilovtar
opowduoppa and moAvovuua ota cuurnayn urnoovvoida tou G, autod elvar eibikn TePinIwon ToU
Jewpnuarog ou Runge, mapanéunmovue oto [31, 13.9 Theorem]. AnAdadn yia kade avadvukn
ovvapwnon f otov ania ovvektiko ono G, yia kade ouunayée unoovvoio K C G kat yia kade

€ > 0, umdpxet éva ToAUGVUUO P TETOW0 WOTE

1f(z) —p(z)| <e, yaradez € K.
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To 9ewpnua ou Runge bev umopel va epappootel yia m ovvdpmon f(z) = % ov 9Yewpnroaue
napandve. O povabiaiog kuriog T eivar eva ouurayeg vroovvoAo tou C kar n ouvdptnon f eivar

avaidvuxn oto C \ {0}, duwg n f ev eivar avaivurn oto onueio 0.

Iapadewypa 4.78. 'Eotw n ovvdaptnon f(z) = % rat éotw A : 5 < |z| < 1. Na Bpedouv 1a
onueia tou A ota onoia n |f| rajpver i ugyiom kar mu eldyiom ww) g Kadwg emiong Kat 1o

max,ea | f(2)], mingea | f(2)]-

Avon. Enedn 1 f eivat avaduuxkry) oo C\ {0} kat dev pndevitetat oto e00tepiko tou A, arod myv
apxn peytotou/edayiotou n | f| maipvetl ) péylom kat v eAdyiot tpr mg oto ouvopo tou A
rou eivat ot opéKkevipol KUKAoL: |z| = 3 xat |z = 1.

H napapetpikn e§iowon tou kUkAou |z| = R, 6nou R = % kat R = 1, eivat z(f) = Re¥ =

R(cos@ +isinf), 0 < 6 < 27. T'a k4Oe z 010 OUVOPO TOoU A £X0UNE

eR(cos 0+isin6)

R(cos @ + isinf)

‘eRcose‘ |€iRsin0‘ eRcose

7= - -

Enopéveg n | f| maipvet ) péyrom tpn g yia cosf = 1 < 6 = 0 xat v eddyiom) wyr mg ya
cosf=—-1<0=nm.

— T 6 =0 rkat R = 1/2, éxoupe

ol/2
1/2)| = —= =2Ve = .
10/ = $g = 2ve~ 3.3
—Ta § =0 xat R =1, éxoupe
e
)= =enaT

Enopéveag max.ca |f(2)] = |f(1/2)| = 2¢/e = 3,3.

— T § =7 xat R = 1/2, éxoupe

=2
—Twf =nxrat R=1, é&oupse
—1
e 1
-1)|=—=-=0,4
-0l = =2 0,

Enopéves minzea |f(2)] = |f(-1)| =1 ~0,4. =
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Mapadewypa 4.79. Ynodstouue o n ovvdptnon f E(a, r) — C elvar avajvukn otov kKieoto
iorxo D(a,r) xairoun |f| eivar otadepn orov kukAo C(a, ) mou eivar o aUvopo tou biokou, é0tw
|f(2)| = ¢ yia kade z € C(a,r). Tote eite n f &xet pila orov avowkto ioko D(a,r) 1 n f eivar

otadeprj otov avokto bioko D(a, ).

Anobeiln. YnoBétoupe o n f Sev éxel pida otov avowktd dioko D(a,r). Tote and wmv apxy
Heyiotou kat v apxn edayiotou n |f| S9a maipver ) péylom kat v eAdxiom wpr wg oto
ouvopo tou D(a,r), 8nAadr otov kukdo C(a,r). Enedn) | f(z)| = ¢ otov xuxdo C(a,r), 9a eivar

|f(2)| = cyiaxdbe z € D(a,r). Tote ano v [pdtaon 3.20 ) f 9a eivat otabepry oo D(a,r). O

Mapadewypa 4.80. 'Eow [ avadvukr ovvdptnon oto povabiaio bioko D(0, 1) kat ouvexrg otov
KAe10t6 povasdiaio povasdiaio Sioxo D(0,1). Av
2 avlz|=1,32>0

[F(2)] <

3 avlz|=1,32<0,
ote | £(0)] < V6.

AvYorn. @swpoupe tn ouvapnon g(z) = f(2)f(—z2). Av A ={z € C: |z|] < 1,3z > 0} xat
K={zeC: |z|] <1,3z <0}, napampoupe ot yia kabe z € A0 —z € K raiyua k4be z € K
10 —z € A. Eropéveg 1 g eivat avadutikn oto D(0, 1) xat ouvexnig oto D(0, 1).

AV

RV

Eivai

2x3=6 av|z|=1,32>0
l9(2)| = fIf(=2)] <

3x2=6 av|z|=1,82<0,
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&ndadn |g(z)| < 6 yia kdbe |z| = 1. Enopéveg ano v apxn peyiotou sivat |[g(z)| < 6 yia kabe
z € D(0,1). Ewdwka |g(0)] = |£(0)]|f(=0)| < 6 xat xatd cuvérnewa | f(0)|? < 6. Apa |f(0)| < V6.

Hapadewpa 4.81. 'Eoww f avaidvuxn ovvdptnon otov kiegwoto povabdiaio §ioko E(O, 1). Av
f(2) = 1 yia kdde z oro quukvko v e e€iowon z(0) = €, 0 < 0 < w, 1t f(2) = 1 yia kade
2z € D(0, 1).

AvYon. B@swpoupe ) ouvapmon F(z2) := (f(z) — 1)(f(—z) — 1) n onoia sivat avadutky oto
D(0,1). Av z € 4+, t61e F(2) = 0. Emiong av z € 7~, 6rou 7~ &ival 10 KAT® NPIKUKAO pe
e€iowon z(A) = €, 1 < 0 < 27, Wote 10 —2 € T omdte kat maM F(z) = 0. Eropévag, yia KaOe
z oto povadiaio xkukro C(0, 1) eivar F(z) = 0 kat and mv apyr) peyiotou 9a etvar F(z) = 0 yua

ka0t z € D(0, 1). Iooduvana,
(f(z) = D(f(=2) —1) =0, yuaaxdbe D(0, 1).

Téte, ané 1o [Iéplopa 4.64 9a eivat eite f(z2) —1 =01 f(—2) — 1 = 0 oo D(0, 1). Enedn
n f(z) —1 = 0 oto D(0, 1) eivat 10o8Gvapn pe mv f(—z) — 1 = 0 oto D(0, 1), tedixd éxoune
f(z) =100 D(0,1). m

Mapadewypa 4.82. 'Ecww f avaiuvtkn ovvaptnon oe éva tono G mou mepiéxet 1ov kAot dioko

D(0,3) ={z € C: |z] <3}. Av f(£1) = f(%i) =0, w0te
70)] < o5 max|£(:)] .22)
—max |f(2)]. .
— 80 |z|=3
Na Boedouvv dileg ot avaiutucég ovvaptnoeis f yia tg onoisg oy vet 1 wootnta ot (4.22).
Avon. Ta +1, +i sivat pideg g f xat emopévag
f2)= (=D +1)(z = i)z +i)g(2) = (z" — 1)g(2),

OT0U ¢ avaAutiky cuvaptnor oto G. Ao v apxr peyiotou éxoupe

l9(0)] < max]g(2)
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KAl ETIOPEVRG

[£(0)] = 19(0)]

< max|g(2)]
|z|=3

£ (2)]
2% = 1]

£ (2)]
= ﬁi}?f |24 — 1

1 1
= ﬁﬁi@ﬂz)\ = %ﬁi§|f(z)|-

= max
|z|=3

H 1o6tnta otnv (4.22) ouventayetat ot [g(0)| = max,|—3 |9(2)| kat and mv apxn peyiotou émetat
ot 1 g eivat otaBepr) oto D(0,3), ¢oww g(z) = ¢. Enopéveg and to Sedpnua povadikotnrag
9a eivat g(z) = ¢ yua kaBe z € G xat kata ovvénewa f(z) = c(z* — 1), ya xéBe 2z € G. Apa,
OAeG 01 AvaAuTIKEG ouvaptroelg f yua g oroieg 10xUel 1) wotnta oty (4.22) sivat tng popdrg

f(z)=c(z* —1),6moucc C. =

Mapadewypa 4.83. 'Eote 10 moAvevupo P(z) = 2" + ap_ 12" 1 + - - + ag. Tote eite P(z) = 2"

7 umdpxel onueio w oto povadaio kuko C(0, 1) térowo wote |P(w)| > 1.

Avon. Yrobetoupe 6t Sev unapyet onpeio w oto povadiaio kukAo C(0, 1) tétowo vote |P(w)| > 1.
Tote €xoupe |P(2)] < 1 yia xkabe |z| = 1. ®a deioupe ou P(z) = 2.
®sPOUE T0 TIOAUMVUNO
Q(z) :=2"P (i) =1l4+an_1z2+---+apz".

Enedn) |P(z)| < 1 yua xdBe |z| = 1, eivar |[P(e™?)| < 1 yia ke 6 € [—7, 7] kat emopéveg

lrg‘a:)f\Q(Z)! = EgIP(l/Z)I = plpax [Ple™)] < 1.
‘Opeg Q(0) = 1 ondte and v apyr) peyiotou 1o @ da npénet va eivat otabepd oto povadiaio
dioko. Enopévag Q(z) = 1 oto povadiaio dioko. Ao to Sewpnpa povadikomntag Q(z) = 1 yua

kaGOe z € C kat katd ovvénewa a,—1 = -+ = ag = 0. Apa P(z) = z".

|
To napaxkdwe® Anppa tou H. A. Schwarz, nmapdéu eivatl éva mopiopa g apxfg peyiotou yia
AvaAUTIKEG OUVAPTIOELG, €1val €va aro td Mo CNHAVIIKA epyaAsia yia ) PeAL) 1oV Piyadikov

ATTEIKOVIOEGV.
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Ocpnpa 4.84 (Afppa tou Schwarz). 'Eotwo f avaiutucr ovvaptnon otov avoukto &ioko D(0, R)
ue|f(z)] < M < o0 yia kade |z| < R kar f(0) = 0. Tote

@ |f(z)| < %M, yia kade |z| < R,

M

M
[/(2)l = |2l pardrow0 < |2] <R 7 |f(0)] = &

w0te urdpyet A € C ue || = % této10 wote f(z) = Az = %eiez, 0 € R, yuakade z € D(0, R).

Anobeiln. Enedr) n f etvat avaduukr ouvaptnon otov avoikto dioko D(0, R) pe f(0) = 0, yua
KkGOe z € D(0, R) etvar

" (n)
f = o+ Ly SO0
" (n)
o <f,(0) i f2(!0)z+"'+ : n!(O)Zn_1 +> = 29(2),
OTT0U 1] OUVAPTNOoN .
g(z) == f'(0) + f2(!0)z+...+fn!(o)zn—1 4.

etvat avaduuky) oo D(0, R). Etvat

1(z) av0<|z| <R

z

9(2) =
f(0) avz=0.

Av 0 <1 < R, t6te yua ka40e |z| < r ano mv apxn) peyiotou £xoune

9] < max{lg(w)] : ol = r} = - max{|f(w)] : [w] = r} <

Enedr) auté oxvet yia kabe r € (0, R), naipvovtag 7 — R~ éxoupe ot

M
lg(2)] < & Ve K46t |z| < R

KAl auto arnodsikvuet 1o (2) xkat to (7).



128 KE®PAANAIO 4. MITAAIKH OAOKAHPQXH

Av 1 100tta wyvet oto (i) yua karnow z € D(0,R) pe z # 0, 1) av n 10outa woxvet oo (i7),
0te 1 |g| maipvel ) péyiotn tpr g oe éva e0rtePtKO onpeio tou avoktou diokou D(0, R) kat
£MOPEVRG amnd v apxy peyiotou 1 g 9a eivat otabepr), dndadn g(z) = A € C pe |A| = % Apa
f(z)=Xz= %ewz, 0 € R, yiaxadbe z € D(0, R). O

Hapatipnon 4.85. IToAAéc popss xpetaldpaate 1o Anuua tov Schwarz otnv e1bukr Tepintwon 1ou
uovabiaiov dioxou D(0,1). Av M = 1, 1o Anuua touv Schwarz oto povabiaio bioko siatunwveta
¢ efne:

'Eotw [ avaivukn ovvapmon oto puovabwaio ioko D(0,1) ue [f(z)] < 1 yia kade |z| < 1 kar
f(0) = 0. Tote

@ [f(z)] <z

, yla kade |z| < 1,
@ |f(0)] <1.

Av
[f(2)| =z

,yiaxanow 0 < |z| <1 7 |f(0)=1,
01e undpyet A € C ue |\ = 1 té1010 dote f(2) = Az = €2, 6 € R, yra kade z € D(0,1).

Zav npwtn epappoyr) tou Afjppatog Schwarz Sa yapakinpiooupe 0Aeg eKeiveg TIS AVAAUTIKEG

ouvaptijoetg f : D(0,1) — D(0,1) mou eivat 1 — 1 xat eri kat o1 onoieg anekovi¢ouv to 0 oto 0.

IIpdétaon 4.86. Ynodérouue ou n ovvaptnon f : D(0,1) — D(0,1) eivar avadvukn kai tétoia

Wote
@ nf:D(0,1) — D(0,1) givar 1 — 1 kat emi,
@ n f~:D(0,1) = D(0,1) eivar avafvuj,
(i) f(0) = 0.

Tote f(z) = Az yua kamow X € C ue [N = 1, yua kade z € D(0,1).

Anobeign. Enedr) n f etvar avaduuxkr), f(0) = 0 xat [f(2)| < 1 yua xabe z € D(0,1), ano o

Afjppa tou Schwarz énetat ou | f(2)] < |z| yia k&6e z € D(0,1).
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Tapopota, eredn n f 1 etvat avadvtiky, £71(0) = 0 kat [f71(2)| < 1 yia xéBe 2z € D(0,1), ano

10 Afjppa tou Schwarz értetat 6t | f71(2)| < |2| yia xéBe z € D(0, 1). Emopévag

kat katd ovvénewa | f(z)| = |z] yia kdBe z € D(0,1). Tdte anod to Afjppa tou Schwarz ripoxurtet

ou f(z) = Az yia karnow A € C pe |\ = 1, yua x&be z € D(0,1). O

I[TIpw xapaxkinpicoupe dAeg exeiveg Tig avadutikég ouvaptioes f : D(0,1) — D(0,1) mou eivat

1 — 1 xat erti kat ot oroieg arekovidouv 10 «, || < 1, oto 0, xperagopaote 1o €&ng:

Ipétaon 4.87. lNa kade a € D(0,1), n

val?) =T,

givar 1 — 1 kar aneucoviler 10 povadiaio bioko D(0,1) otov eauto tou. AnAabn n ovvdpinon

0o : D(0,1) = D(0,1) eivar 1 — 1 kau emi.

Anobeiln. 'Eoww z € D(0,1). Avw = ¢4(2), tote

1—|wP=1—ww
(z—a)(z—a)

(1 —-a@z)(1—-az)

(L —|af)(@ - |2)
(1 —az)(1-az)

(L —|af)(@ = |2*)

= >0
1 —az|?

=1-

Kat ermopévag |w| < 1. Andadn n ¢, anewovidel o D(0,1) oo D(0,1). Enedn n

p—a(2) = 1+az

gtvat ) avtotpogn g Y., oupnepaivoupe 6t n ¢, @ D(0,1) — D(0,1) eivar 1 — 1 xateni. O
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Ocopnpa 4.88. Ynodewouue ou n ovvdapmon f = D(0,1) — D(0,1) eivar avaivuucry, 1 — 1, emi

karn =1 eivar avadurn. Av f(a) =0, |a| < 1, w0te yra kamowo X € C ue |\| = 1 eivar
z—a 02—«

f(Z)ZASOa(Z)Zkl_azZe . U€R.

Anobeln. @ewpoupe ) ouvaporn ¢(z) := f(p—a(z)), 0mou p_,(2) = 1Z++aaz' Eneidr) ot ou-

vapmoeg f,o_q : D(0,1) — D(0,1) eivar avaduvuxég, 1 — 1, eni xat ot f_l,cp:i = o elvat
avadutkég, n ouvdptmon g = f o p_q : D(0,1) — D(0,1) Sa eivat avaduukn, 1 — 1, eni xat n
gt =9t of ' =40 f 9a eivar avaduukr. Enedn g(0) = f(p_o(0)) = f(a) = 0, ané
v Ipotaon 4.86 g(z) = Az yia karow A € C pe |A| = 1, yia kdbe z € D(0, 1). Enopéveg

Z—

9(pal2)) = Apa(2) & f(2) = Apalz) = A

, 108 2 € D(0,1).
[, Vaxdbez (0,1)

O

Mapatnipnon 4.89. X [pdtaon 4.86 kat oto Ocwpnua 4.88 Sev ypedletar va umodéooupe Ot
n ovvapmon f~1 : D(0,1) — D(0,1) sivar avaduvticr. Autd mpokUTIEL and 10 yeyovdg Ot N
ovvapmon f : D(0,1) — D(0,1) evar avaijvuur kat 1 — 1. Anobetkvietar ot av n avadvukn
ovvdpmon f ewvarl — 1, e f'(z) # 0 yra kade z € D(0, 1)(yra v anddein xpnowonosital to
ewypnua Rouché, napanéunovue oto [4] 1 oto [30)). Emopévas avw = f(z) ue f'(z) # 0, wte n
f 1 evar Tapay®yioyn oto w Ue
1y 1
(f7) (w) = e

IMapadewypa 4.90. Ynodérouue ot n ovvaptnon f eivar avaiuvukn oto povadiaio bioko D(0, 1) ue
|f(2)| <1 yakade |z| < 1 xar f(1/2) = 0. Tote 10 BéAnoro ave gpayua tou | f(2/3)| eivar 1/4.

Adon. H avaduukn ouvaptnon ¢is(z) = i:ig arnekoviget o D(0,1) oto D(0,1) xat to 1/2
1/2

o0 0. Hp_1/(2) = iT/Q elvat n avtiotpogn g 1/ Kat anekovidet to 0 oto 1/2. 'Oneg kat
oty anédedn tou Yewprpatog 4.88, opifoupe tn ouvdptnon g(z) := f(¢_1/2(2)). H ouvaptnon
g anewoviger 1o D(0,1) oto D(0,1) xat eivat g(0) = f(p_1/2(0)) = f(1/2) = 0. Tote, ano 1o

Afjppa tou Schwarz

9(2)] < 2] = [f(p-1/2(2))] < 2], yaxabe z € D(0,1).
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Enedn) ¢1/9(2/3) = 1/4 & ¢_12(1/4) = 2/3, éxoupe 6Tt

2 1
’f(:a)\%

E181K4, yia v avadutikn) ouvaptnon ¢y /5 : D(0,1) — D(0,1) pe ¢y /2(1/2) = O eivat py 5(2/3) =

1/4. Eropéveg to 1/4 eivat to BéAtioto ave gpaypa wou |f(2/3)]. =
Mapadewypa 4.91. Av n ovvapmon f : D(0,1) — D(0,1) eivar avadvuny ue f(0) = 0 ka
f(a) = a, yua kamow o € D(0,1), a # 0, wote f(2) = z.

Avon. Enedn n ouvapmon f eivar avadluukn oto povadiaio dioko D(0,1) pe |f(2)] < 1 yua

KaOe |z| < 1, f(0) = 0 kat | f(a)| = || yua xarowo 0 < || < 1, and 1o Anjppa tou Schwarz

F(2) = Az,

Al =1, yua x@6e z € D(0,1). Opwg f(a) = a kat eropévag A = 1. Apa, f(z) = z.

To mponyoUupevo mapddelypa YeEVIKEUETAl OV MEPIMIOON TMOU 1 avadutikn ouvdptnon f

D(0,1) — D(0,1) £éxet 8o otabepa onpeia.

Mapadewypa 4.92. Av n ovvapton f: D(0,1) — D(0,1) givar avaivuxn kai €xet §Uo otadepd
onueia, éniadn f(z1) = z1 kat f(z2) = 22 yta kanowa z1, z2 € D(0,1) ue z1 # 29, 1t f(2) = 2.

Adon. BsppoUpe T oUVAPTNOY g = ¢, © f 0 p_, 1 omnoia arewovidel to povadiaio dioko

D(0,1) otov eautod tou kat givat t€tola Oote

9(0) = @2, (f(-21(0))) = ¢=1 (f(21)) = @z (21) = 0.

Av 23 1= @ (22) = 7225, 0te 0 < 23| < L war @, (23) = @2, (2, (22)) = 22. Enopévag,

9(23) = ¢z, (f(22)) = @z (22) = 23.

T6te and 1o nponyoupevo napddetypa eivat g(z) = z, yia kabe z € D(0, 1) xat katd ouvénela
flo—z(2) = go;ll(z) =¢_,(2), yaxrabeze€ D(0,1).

Apa [ (-2 (92(2))) = ¢z, (92(2)) & f(2) = 2, yilavé@e z € D(0,1). m

Aoxkrnoelg

1. 'Eow f(z) = e, érou 1 < |z| < 2. Na BpebBouv ta onpeia ota oroia n | f| maipver v

» max | f(z)].

edayiotn Kat ) péyiotn npn mg Kabog eriong kat to min | f(z)
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. Na BpeBei n eAdyiotn kat 1 péyiotn tpn wou |22 + 32 — 1| oto dioko: |z| < 1.

. 'Eote T' 10 KA£10TO KAl Ppaypévo Xepio 1e oUvopo 1o Tpiyevo Pe KopudEg ta onpeia 0, —1

kat 1 +14. Av f(z) = e*, beffte 6u

2€T 2€ 3

max |f(z)] = f(—1) = e xat m’%]f(z)| = ‘f (1 +2i>‘ _ o3

. Na BpebBouv ta onpeia tou tetpayovou S = [0, 27| x [0, 27] ota oroia 1o | sin z| naipvet m)

HEylotn Tpr) tou Kabog eriong Kat 10 max,eg | sin z|.

Znueioon. Etvat
)1/2

sin z| = |sin(z + iy)| = (sin® z + sinh?
Yy )

. 'Eote R 10 opboymvio pe kopugég ta onpeia 0, m, ¢ kat ™ + 7. Be®poupe ) oUVAPTNON

sinz 0
flzy=¢ 7~ wE7

1 avz=0.

Na Bpebouv ta onpeia tou R ota onoia 1 | f| maipvet v edaxiom kat ) péylotn npr) mg

rabag eriong kat o min.cg | f(2)|, max,er | f(2)]-

. YroBétoupe ot n ouvaptnon f ival avaAlutikr) 010 TEPAy®vVo

S={z+iy: 0<|z|]<1,0< |y <1}

Kat ouvexng oto S. Av n | f| @paocoetat ano ta My, ..., My nave oug mAeupés 71, . . ., V4

tou S avtiotoixa, &eifte out
£(0)] < (MMM M)

Yrobeiln. @swpeiote ) ouvapnon g(z) := f(z)f(iz) f(—2)f(—iz).

. 'Eote n mpaypatkr ouvdptnon g(x,y) = (1 + 322y — y3)? + (3z9? — 23)2. Epapndloviag

VvV apxt] peyiotou/edayxiotou yia KatdAAnin aképaia ouvaptnon otov KAE1oto povadiaio
dloko D(0, 1) = {z € C: |z| < 1}, 8ei€te 611

31
max g(z,y) =g (i\g 2) =9(0,-1) =4

r24y2<1
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>=g<—“§,—§>=g<0,1>=0-

Yrodaln. Asie oun f(z) = f(z +iy) = (1 + 322y — y3) +i(32y? — 23) eivar axépala

Kat

| =

min g(x,y) =g <\£§>_

z24y2<1

ouvapmon pe | f(z +iy)|* = g(,y).

8. 'Eotw f aképaia ouvdptnor t€tola Oote

£(0)] = max[f(z)].

|z|=1

Tt ouprniepaivete yia mv f; AtTI0AOYTOTE TV ATIAVTHOT) 0ag.

9. Ava,b € C xatn € N¥, 6eite 61

max |az" 4+ b| = |a| + |b] .
|z|<1

10. Yridpyet avadutikr ouvapmon f oto povadiaio dioko D(0, 1), rowa dote |f(2)] = e?l yia

kabe z € D(0,1);

11. YrioBétoupe ou 1 f eivat avadutukn oto daktvdo A : 1 < |z] < 2 kat ouvexrg oto cUVoPo
tou A. Av |f(2)] < 1yuakdBe |z| = 1 xat |f(2)] < 4 yia kdbe |z| = 2, 8ei€te ou | f(2)| < |2]?
ya kdbe z € A,

12. Eow [ : G C C — C avaluuxr ouvaptnon otov 610 G pe f/(z) # 0 yua xabe z € G.
‘Eow zp € G xat unobétoupe ou f(z9) # 0. Av D(z9,d) C G eivar pia meploxr) tou zp,

deite 6u unapyouv 21, 29 € D(zp,d) tétowa wote
|f(z0)] > [f(20)] wav [f(22)| < [f(20)|.

13. 'Eotw f avadutikr) ouvaptnorn) oc £va 1610 G 1ou mepiéxet tov KAe1oto ioko E(O, 2)={z¢€

C: |z| <2}. Av f(£v2) = f(£v/2i) = 0, eifte 61t

7(0)] < 5 max] ()] )

|2|=

Na BpeBouv 6Aeg o1 avaAutikég ouvaptroslg f yla Tig oroieg 10XUel i) 100t Ta otV (*).
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16.
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KE®PAANAIO 4. MITAAIKH OAOKAHPQXH

(Bepeiddes Oewpnua e ‘Adye6pag) Epappoloviag v apxr elayiotou, deifte ot kdbe

P1yadiko rmoAuovupo
P(z) =ap2" +ap 12" '+ tarz+ag, a, #0,

Babpou n > 1 éxe pida oto C.
Ynodeln. Xpnowonowwviag v MoAUGVUNIKY avicotnta oto [Hapadetypa 1.6, deifte o

vnapxet 7 > 0 €010 wote

|P(2)| > |P(0)] = |ag|, vaxabe |z|=r.

Aei&te 611 yia kaBe piyadikd moAumvuo g Hopdng

1

Piz)=z2"+ap12""" +--+a1z+ ao,

etvat max,— [P(z)] > 1

Yrobeiln. @swpeiote 10 oAuovupo Q(z) := 2" P (1/z) rat beigte ont

max [P(2)] = max|Q(2)] = 1.

'‘Eoto

n
p(z) = Zakzk =aptarz+-Fan 12" +a,2", an #0,
k=0

rioAuevupo Babpou n. Av |p(z)| < M, yua xabe |z| < 1, 6ei€te o
Ip(z)] < M|z|", vwaxdbe|z| >1.
Ynodeiln. Epappoyr) tng apxng peyiotou ya to

i =cn(3). K=t

‘Eote [ avadutiky) cuvaptnorn oto povadiaio dioko D(0, 1) kat ouvexng oto ouvopo |z| = 1.
Av f(0) = 0 xat |f(2)] < |€®| yua |z| = 1, 6ei&te out | f(In2)| < In4.

Yrobeiln. Afjppa tou Schwarz yia ) ouvapton ¢g(z) := f(z)e ?.

Yrobétoupe 6t 1 ouvdptnon f eivat avaduukn oto povadiaio dioko D(0,1) pe f(0) = 0

kat |f(z)] < 1 yia xabe |z| < 1. Aeite ou n oepd Y- f(2™) ouykhiver opodpoppa



4.8. APXH METIXTOY- APXH EAAXI>XTOY- AHMMA SCHWARZ 135

19.

20.

21.

22.

23.

otoug KAetotoug diokoug |z| < r < 1.

Ynobeifn. Acifte 6u

SIE Y=
n=0 n=0

'Eoww f avaAdutky ouvaptnorn oto povadiaio dioko D(0, 1),

f(2)] <1 kat f(a) =0, 6rou
la] < 1. Asigte 611

1
1—of*”

()] <

2t
14+az*

Yrobeiln. Afjppa tou Schwarz yia ) ouvaptnon g(2) := f(e—a(z)), 0mou p_,(z) =

‘Eowe f avadutky) ouvaptnon oto ave nuieninedo A = {w € C: Sw > 0} pe |f(w)| < 1,
yia kabe w € A. Av f(c) =0, érou ¢ € A, beigte ou

£ < —.

23¢

cz—c

Yrobeiln. Afjppa tou Schwarz yiua ) ouvdapon g(z) == f ( o ) OTIOU O PETaoXNPaTl-

onog w = = aneoviet 1o povadiaio dioxo D(0,1) oto ave nuerninedo A xat 1o 0 oto

C.

Av 1 ouvdpton | eivat avaduuky oto povadiaio dioko D(0,1) xat |f(z)| < 1 yia ka6e
|z| < 1, 8ei&te 6

'f<>—f<0>‘ <[1-F0)f(2)].

v . . i
Yrobeiln. Afjppa tou Schwarz yia ) ouvaptnon g(z) := )"

Eow f(2) =Y 2, anz" avadutkr) cuvaptnon oto povadiaio dioko D(0, 1) xat | f(z)] < M
yia kéBe |z| < 1. Aei€te 61t Mai| < M? — |agl?.
Yrobeiln. Afjppa tou Schwarz yia ) ouvapwmon F(z) := M %{ﬁz) Aeigte ou |F(z)] <

1 yua xébe |z] < 1.
Yrobétoupe ou n ouvaptnon f : D(0,1) — D(0, 1) eivat avadutikr) kat Kat 6t yia KAMoo
2o € D(0,1) eivar

f(z0) =20 war f'(z) =1,

Aeige ou f(z) = 2z, yia kabe |z| < 1.

Ynodeiln. Afjppa tou Schwarz yia t) ouvdaptnon g := @4, © f 0 @_4,.
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Kedaldawo 5

re1pég Laurent- Avopada onpeia-

OAOKANP®TILKA unoAouna

5.1 XZeipég Laurent

To avarrtuypa piag pryadikng ouvaptnong oe oelpd Taylor Sev eivat apKeto o€ TIOAAEG ePapPOVES.
Mua xprijowan yevikeuon 800nke aro tov Laurent o omoiog 9emdpnoe “Guvajpioosipeg” ot onoieg
£xouv apvrukég kat detikég Suvapetg. ‘Eote yia napddetypa n ouvapnon f(z) = et/ 22, z # 0.
Enedn

& n
w .
R ya kabe w € C,

n=0

avukadiotovrag 1 w pe o —1/ 2% naipvoune

Aut) 1) og1pd £xet © apvnukég Suvapelg” Kat ouykAivel yia 6Aa ta z yia ta onoia ) f(z) = e~ 1/7
opiletar, dnAadn Vz # 0.

Fevikd, av n pyadikn ouvvapmon f ev eivar avaduuky oto 29 € C, ouvrfeg eivar Suvatov
va Bpoupe éva avarrtuypa wmg f to ornoio 9a €xel 9sukég Kal apvnukég duvapelg tou (z —
20). To avarttuypa autd Aéyetal avancuypa(ny osipd) Laurent kat SnpooteUtnke yla mpot

0pd amo tov Laurent to 1843 . Autd to avdrmuypa sivatl 18laitepa onuavukd ot eAgt
®op

!Pierre Alphonse Laurent[1813-1854] ydAlog pabnpatikdg yveotdg yia tig oepég Laurent.

137



138 KE®PAAAIO 5. XEIPEY LAURENT- ANQMAAA XHMEIA- OAOKAHPQTIKA YITIOAOIIIA

1OV avopalov onpelov v ouvaptrosev Kat odnyet oe éva dddo depediddeg amotédeopa g

Pyadikrg avaiduong rmou eivat 1o Sedpnia 0AOKANPOTIKGV UTtodoineov. Apxiloupe pe 1o Seopnpa

Laurent.

Opiopog 5.2. To onueio zp elval éva PEPOVOPREVO aveOpRaldo onpeio uag uyadikrg ouvaptnong

f. avn f elvar avaduukn oto Bratpnto dioko

D'(20,0) :={2€C: 0<|z— 2] <4}
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oxt opwg oto bioko D(zg,d). H f umopei va unv opiletar oto onueio zy.

Mapadewpa 5.3. 'Eotw n ovvdaptnon

1 1

1) = 211 (z—1)(z+1)

Na Bpedei n ogpalto avantuyua) Laurent g f oe 0Aoug toug duvaroug Saktuiioug ue KEVpo 1o

Zozi.

Avon. Ta +i eival pepovepéva avopala onpeia g f kat emopévag éxoupe dUo daktudioug pe
kevipo 04, 10 A1 ={2€C:0< |z —i| <2} katto Ay = {z € C: |z —i| > 2}. @a Bpovpe 10

avarttuypa g f o oglpd Laurent pe §Uo 81apopetikoug tporoug.
log tpomog. Ba XPNOOIO)COULE T1] YEDUETPIKL) OEPA
o

(=D)"w"™, |w|<1.

n=0

1 J—
l+w

In nepimtwon: A : 0 < |z — 1| < 2. Tore,

1
I&) = = hmir =9
1
2i(z — 1) [1+ %]
:m(;_i);(—l)” <Z2_Z.Z> (5] <1 |2l < [2i] =2
o) . 1 .
:nz:;)(_l) (22)n+1 (Z_Z) !
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2n mepintwon: Ay @ |z — i > 2. Tote,

1
(z— )20 + (2 — 1))
1

(= =2 1+ 2]

- Z(—D”(%)n(z_liw

(

21
z—1

<le|z—il>12i=2)

n=0

] —2
=S E AT DI CIRCO R EEDE

n=2 n=-—00

20¢ 1pomog. Ba xpnotponoinooupe 10 Yevdpnpa Laurent.

In nepimtwon: A : 0 < |z —i] < 2. ®ewpoupe tov KUKAO |z —i| =71, 0 < r; < 2, oto daxtuAo

A1, BAére 10 MApPAKAT® oXHUaA.

(i) Eotwn > —1 < n+2 > 1. Anod 1o Sswpnua Laurent éxoupe f(z) = > 02 an(z — )" xat

n=—oo



5.1. ZEIPEY LAURENT 141

01 OUVTeAEOTEG Hivovial armod Tov TUIo

1
m=b Y
2m1 |z—i|=r1 (Z - Z)nJrl

1 % 1 d
= — 4
27 |z—i|=r1 (Z + Z)(Z - i)n+2

B 1 (n+1)! ﬁ
(n+1)! { 2mi y%:m (z —Z)”‘*Q dz}

1 1 (n+1)
T (n+ 1) <z+i>

(oAoxAnpetukog turog Cauchy)

z2=1
1 1
:7_171-'!‘1”_{_1'7 :_1n+1 . .
(n+ 1)!( ) ) (z+0) 2], _, (=1) (2i)n+2
(1) Eowo n < —2 & —(n 4+ 2) > 0. Tote ano 1o Jeopnua Cauchy eivat
1 1 _ \—(n+2)
an = 57— 7 f(Z)71+1 dz = 5— (z—%) : dz=0.
2mi Jo =y (2 — 1) 2mi J =, (2 +14)
Enopévag,
> 1
_ +1 , .
flz)= > (-1 O (z—0)", 0<|z—i]<2.
n=-—1
2n nepimtwon: Ag : |z — i| > 2. @swpoupe OV KUKAO |z — i| = ro, 73 > 2, o0V £§0TEPIKO

SaxtuAo Ag kabwg eriong Kat toug KUKAOUG |z — i| = 71, |z + | = r3 nou Bpiokovial eowtepika

TOU KUKAOU |z — i| = 72. BAére 10 napaxkdte oxrpa.

2

>
‘

=¥

(?) Eotwn > —1 & n+2 > 1. £ avt v NePlmtaon ol ouviedeotég oto avarmuypa Laurent
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6ivovtatl arod tov tuIo

1 f(z)
=5 ———d
n = 5 = eilery (2 — §)nt z
1 f(z) 1 f(2) o
2 |z—il=r mdz+ 2mi |z+i|=r Wdz (yevikeupévo deoprpa Cauchy)
—il=r i=rs
1 1 ﬁ
— (=) T =" o 46 v 10 meoios
( ) (22)n+2 211 zgil=ry 21 ( nv 1n nep n)
1 1
= (=0 jriog Cauch:
(1) (22‘)714—2 + (2 _Z‘)n+2 e (turog Cauchy)
1 1
= (=pm - 0.
(1) ORI
(41) Eoww n < —2 < —(n + 2) > 0. Tote,
1
an = — L dZ
2ms |z—i[=r2 (z —a)ntt
1 _ N\~ (n+2)
= — % dZ
2700 J | a—i|=ry zZ+1
= (2 — i)_(nH) L (turog Cauchy)

‘Apa,

Mapadewpa 5.4. 'Eotw n ovvdaptnon

v
2(z—1)(z—2)

1

£(2) = —.

_l’_

11 1 1
2 2z 11—z 2

Na Bpedei 1 ogipd(to avamtvyua) Laurent g f ue kévioo 10 zg = 0 oe dAoug toug Suvatouvg

baxtuAioug.

Avon. Ta onpeia 0, 1 kat 2 elvatl pepovepéva avopada onpeia tmg f Kat emopévag £XOURE TPEIG
baxtudioug pe kévipo 0 0, 10 A ={z € C: 0 < |2| <1}, 10 A ={z € C: 1 < |2]| < 2} kat tov

e&otepko daxtudo Az = {z € C : |z| > 2}. Oa XpNOPOMOW|COUNE 1) YEQHETPIKY OEIPA

1 oo
72210", |lw] < 1.
1—-w o
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1n nepimtwon: A1 : 0 < |z| < 1. Tote,

1 1 1 1 1
fO=5 i 113
1 > 1 2\
=5 o+t " (§> (2] <1l ezl <2
n=0 n=0
[e.e]
— *Z_l +Z(1 2—n—2)zn
n=0
2n mepimtwon: Ay 1 1 < |z| < 2. Eivat
1 1 1 1 1 1
A R T e R
z
L1 1R [1\" 12\ L
:2'z_zz<z> _ZZ(§> (i <1felz>1xa |3 <1e |2 <2)
n=0 n=0
1 1 0o 00 -2 1 00
_ —n—1 -n—2_n __ n -1 —n—2_n
=5 ;" z —ZQ z——Zz—iz —22 z".
n=1 n=0 n=-—00 n=0
3n nepimtwon: As :|z| > 2. & aut) mv npimeon éxoupe
1 1 1 1 1 1
A T A
z 4
L1 1T /1\" 1 s /2\"
) E0)
2 =z 2= \z 2z z

(emedn) |z| > 2, eivat B‘ < % < 1. Emiong, }%} <l&e|z|>2)
—y b
- T+l
n=2 z"
-3

= i(z“*l —1z" = ) @ 1)
n=2

n=—oo

o

1
ZnJrl

2”—1
2

n=

Hapadewypa 5.5. Na Boedei 1o avantvyua Laurent g

1 1
J(z) = 1—z+ (22 +4)2

ue kévrpo 10 29 = 0 oto peyaivtepo duvard daxtuio mou mepiEyet 1o onueio 1 — 1.

Avorn. Ta pepoveoupéva avopalda onpeia mg f sivar: —1 kat +2¢. Enopéveag to avartuypa

Laurent g f propet va yivet otoug daxturioug Ay = {z € C: 0 < |z| < 1} (avarruypa Taylor),
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Ay ={2e€C:1< |zl <2}ratA3 ={2z€ C:2<|z] < oo}. Enedr o 1 —i € Ay,
Sa avarttvgoupe v f oto daktdo Ay = {z € C : 1 < |z] < 2}. @a xpnoworoijooupe tn
VEDUETPIKI) OE1PA

1 (o]
ﬂzzwn Kdat m_z wn, |'U)|<].
n=0

n=0

Mapaywyidovtag ) Sevtepn duvapooeipd, maipvoupe

1 . _
Kat 1coduvapa
1 oo o0
TP = S (=0 et = (1) (n+ Dw”, fw] < 1.
n= n=0
Enopévaeg,
1 1
& =1 T
1 1 1 1

:_ig(D 422 "(n+1) <z42>n

(1] <1 [z] > 1 kat % <le|z|<2)
0o o) —1
1 n+1 +1,
:_Zzn+1+24n+22n:_ Z +Z4n+2 "
n=0 n=0 n=-—00

To napandve avarrtuypa woyvet oto daktudio Ay = {z € C: 1 < |z| < 2} mou eivat o peyadute-

pog duvatdg SaKTUAL0G TTIOU TIEPIEXEL TO onpeio 1 —¢. m

Mapadewypa 5.6. Na Bpedouvv ot peig mpatol un undevikol 0potL Tou avartuyuarog kard Laurent

me f(z) = cot z ue kevo 10 zp = 0 oo batpnro dioko: 0 < |z| < .

Avorn. Enceibr)
sinz=0&z=nm, nez,

COos z
sinz*

wa z, = nm, n € Z, eivat aroi nddot g ouvapmong f(z) = cotz = To 0 eivatl artAdg
niodog g f(z) = cot z xat enopévag to avarttuypa Laurent tng ouvapong f(z) = cot z oto

Biatpnro bioko 0 < |z| < 7 eivat

a_1 . a—1
cotz = ——i—a0+alz+agz2—l—a323—|—- - <> C0Sz =sInz (— +ag+ a1z + a222 + a323 + - ) .
z z
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Qg yveotov
o0 2n 2 4
NN LA
cos = _RZO( R TR
ya kabe z € C. Enopéveg
] 22 24 B
5 + E - Z— =+ =+

Kat 1coduvapa

22 A

1——+——-~:a_1+aoz+(

21 4l

a—
a1 — ——

n=0

a—1 2 3
) (7+a0+a1z+agz + azz +>

)t (e g)

. KAl sinz = Z(—l)”i —

5!
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aq a_1 4
a3—§+—)z 4+

Apa,a—1=1,a0=0,a1—a_1/3'=—-1/2' < ay =-1/3, a3 =0,a3—a1/3'+a_1/5! = 1/4! &

az = —1/45. Tedwkd éxoupe

t S
cotz=—-—-z——z"4---
z 45 ’

0<|z|<m.

Hapatnipnon 5.7. Zmu npaln, onwg eaivetar kar ato Iapadeiyua 5.3, n epappoyn tov ofokan-

potucov twrnov (5.1) bev eivat kat o eukoj0TeEPOg TPOTO¢ yia Tov UTOAOYIOUO T@V OUVIEAETTOV Ay, OTO

avantvyua Laurent pag ovvaptnong f. Kat ota tpia mponyouvusva napadetypara Iewprjoaps pnieg

ovvaptmjoelg. I'a ta avartvyuata Laurent 1ov pniov ouvaptioeov xpnouonomoape kataiinia

N YEDUETPIKN Ocipd, avtog eatvetal va ivat kat o eukolotepog tponog. Emneidr to avantvyua Lau-

rent pag ovvdptong f eivar povabdikd otav undapyel, kade avamtvyua mou toovtar ue mv f(z) oe

rkamoto daxtufio A, 9a eivar 1o avantvyua Laurent e f. 'Ouwg onwg 9a SoUue Kat otig emOUEVES

Tapaypa@oug, otav n ouvaptnon oev sivat pntr TOAAES GOPES yia Tov UTOAOYIOUO TV OUVTEAEOTOU

an, 9a mpémnel va ypnowonotsitat o ojlokAnpwtucog tunog (5.1).

Acoknostig

1. Na avarttuxBei oe osipa Laurent n)

f(2)

_ 1
1= 22

o€ 0Aoug toug duvatoug SakTuAioug e KEVTPO 10 2g = 1.

)
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. Na avarttuybei oe ogpd Laurent n

23

(2z+1)(3z — 2)

f(z) =

o€ 0Aoug toug duvatoug Saktudioug e KEvrpo 1o zg = 0.

. 'Eoww n ouvdptnon

1

TG = a3 36

Na Bpebei to avartuypa Laurent g f pe kévrpo 1o zg = 0 oto peyadutepo Suvatd SaktvAio

IOV TIEPIEXEL TO onueio 2 + .

. 'Eoww n ouvdptnon

20 1 1

J(z) = (A—4)(z*+16) 22 —4 A +16

Asi&te 611 10 avarttuypa Laurent tng f pe kévipo 1o zg = 0 oto peyadutepo duvatd axtuAio

A mou mepiéxet o onpeio 3i/2 eivat

e 4~ (n+1) avn < —1
f(z) = Z anz™" pe a, =
n=—o00 (=1/16)"™ avn>0.
ITolog eivat o daxtvdiog A;
Av
22— z—i 1 1

flz) = (G- 1-3i)(2—2:+1+2) =2-1-3i  22—2:+1+20

dei€te o1l 1o avarttuypa Laurent g f pe kévrpo 10 zg = 1 oto peyadutepo duvatd Saktudio

A={z€C:v2<|z—1] <3} mou nepiéxet 10 onueio —1/2 eival

- 1 n . n -\ 2N 1
f(z):—nz%(sz.)nﬂ(z—l) +n§%(—1) (1+1)? EESIECDE
Znueioon. H f ypagpetal kat ot poper)
1 1
(z) = z—1—3i+(z—l—i(l—i—i))(z—l—i—i(l—i—i))

1 1
T 18 1t (e-1-(—)

1 1 1 1 1

T o083 T20—4) s-l-(1=i) 20-4) z-1+(1=0)
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6. 'Eotw
i
z(z+4)(22 + 1)

flz) =

Na Bpebouv 6Aot o1 Suvatoi SakTuAlol e KEVIPO T0 zg = —i OTOUG oroioug 1 f avamtuo-
oetat ot oelpd Laurent xkat va Bpebei 1o avarrtuypa Laurent tng f oto peyadutepo Suvatod

BaxTUAl0 TIOU TiEPLEXEL TO onpeio 1 — 23.

7. Na Bpebouv ot tpelg mpotot dpot tou avarrtuypatog Laurent g f(z) = Sierfz HE KEVIPO TO

2o = 0 oto dwatpnro dioko: 0 < |z| < 7.
8. Eotw

g(2) = exp (H;/Z> = =H+1/2)/2

Av g(z) = Y07 cpz™ etvat to avartuypa Laurent g g oto Siatpnro dioko: 0 < |z| <

00, urtodoyiote 10 ¢y Kat Heite ot

27 . 0 1
it =2my
/0 ‘ ”7;) 4n(nl)?

5.2 Tafivopnon TV HEROVOREVOV AVORAA®V CNHELRDV

®a e&etacoupie Twpa Vv 181K nepinmiwon tou Sewprpatog Laurent, Oswpnua 5.1, étav B =0

kat Ry = R > 0. £ auty v niepimeon n f eivat avadluukr) oto didtprnto dioko
D'(z0,R): 0< |z — 20| < R

(to 2o eival pepovepévo avopado onpeio g f) kat oto D'(zg, R) £xet éva povadiké avaruypa

Laurent
—+o0
F)= D an(z—2)" (5.2)
pe
_ b f(2)
n=g ﬁ‘z_z()':qn (= 2 dz, n€eZ, (5.3)

orou |z — zp| = r etvat évag KUKAOG pe KEVTIPO 10 2 Kat aktiva r, 0 < r < R.
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Mropoupe va ypayoupe v (5.2) kat ot popdr)

-1

+oo
f(z) = Z an(z —20)" + Zan(z —20)".

n=—00 n=0
O &eutepog 0pog oto Het1d pédog eival avadutikry ouvdptnor owo dioko D(zp, R). To mpoto

abpoilopa
-1

Z an(z — 20)"

n=—oo

elval yvootd kat oav Keplo péPog Tou avarrtuypatog Laurent.
H ta§véunon tou pepoveopévou avopalou onpeiou zg tng f efaptdtal amnd ) oupnepipopd 1oV

OUVIEAEOT®V ay, Va1 < 0 oto avartuypa (5.2). Aépe ot 1o 2z eivat

e £va enmouolwdeg 1 analAsiywipo 1 e§oudstepmorpo avopado onpeio mg f av a, = 0 yua

rabe n < 0,
e £vag moAog tadng k(k > 1) g f ava_i # 0 kat a, = 0 yia kabe n < —k,

e £va ouo1tddeg avopalro onueio tng f av a, # 0 yia arelpo 1o mAR00g apvnTIKEG TIHEG TOU

n.
‘Evag rodog tadng 1, 2, 3, . . . Aéyetal anddg, SumAdg, TpumAdg, . . . 1TOAOG.

Opopég 5.8. 'Eotw [ avaiduvukn ovvdptnon oto buatpnio &ioko D'(zg, R) : 0 < |z — 29| < R
(to 2y elvar puepovousvo avouaio onucio mg f). To oAOKANPGTIKG undAowuno g f oto 2,

ovuBofiletar ue Res(f, z0) 1 ZRZQZ% f(2), etvar o ouvtefeotng a_ oto avantuyua Laurent (5.2) mg f
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oto &uatpnro bioko D'(zy, R). Ano mu (5.3) 10 ofokinpetid vnoiouro mg [ oto zg bivetar anod

oV TUTTO

Res(f,20) = a_1 = 1 f(z)dz, (5.4)

271 \z—zo|:7“

onou |z — zg| = r elvar évag kKUKAog pue Kévpo 1o 2y kat aktivar, 0 < r < R.

IIpétaon 5.9. Eoww U C C avowto ovvofo, zyp € U kat n cuvdpmon f evar avaiuvtkr oto

U\ {20}. Ta napaxaie eivar wobvvaua:
(1) To zy elvar emovoiwbeg avouaio onueio g f.
(2) To dpw lim,_, ., f(z) unapye.

(3) Yrapyovv M > 0 kar 0 > 0 térowa oote |f(2)] < M yia 0 < |z — 29| < 6. Andadn n f elvar

@PayUELn og pia 61atpnIn TEPLOXN TOU 2.

(4) To dpw lim,_,,,(z — 20) f(z) = 0.

Anobdeidn. Etvar mpogavég ou (1) = (2) = (3) = (4).

(4) = (1): 'Ecw
+oo
f(z) = Z an(z—20)", 0<|z—2 <R,

n=—oo
10 avarttuypa Laurent tng f, orou

anp = 1% L dz, meZ
|z—z0|=r

270 (z — zo)"tt

Kal |z — zp| = 7 eivatl évag KUKAOG pe KéEVIPo 10 zp Kat aktiva 7, 0 < 7 < R, tou oroiou 1o
E0WTEPIKO (pe e§aipeon 1o 2g) Ppioketat oto U.

‘Eow ¢ > 0. Enedn lim,_,,,(z — 20) f(2) = 0, unidpxer § > 0 této0 oote yia kabe z € U pe
0 < |z — 20| < & va wyvet |(z — 20)f(z)| < €. Mnopoupe va nidpoupe r > 0 pe r < min{l,46}

®Ote yia ta onpeia ou KUKAOU |z — zg| = 7 va 1oxUel

9 9

[F(2)] <

|z — 20| -
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Tote yian = 1,2, ... éxoupe
|1 f(z)
la—n| = |5= T o \—ntl dz
278 J|o—z|=r (2 — 20)
1
<o f(2)|z = 20"t dz
27 |z—z0|=r
1 € n—1
<—-=-r |dz|
2t r |z—z0|=r
= —er" 0nr ="l <e.
2
Enedr) autd oxvel yia xkabe € > 0, énetat ot a—, = O yian = 1,2,.... Apa, 10 29 givat
emouolwdeg avopado onueio g f. O

'Eote 1 ouvdptnon f eivat avaAutky) oto diatpnto dioko D' (zp, R) : 0 < |z — 20| < R (10 2 eivat

pepoveuévo aveopalo onueio g f) kat éote

f(z) = Z anz"

10 avarrtuypa Laurent g f oto D'(2g, R). Av 10 29 etvat emovoiddeg avauaio onueio mg f, t1ote

[e.e]

f(z):Zanz”, 0<l|z—2| <R.

n=0
Opidoupe t ouvaptnon g oto &ioko D(zp, R) pe
f(z) avz# 2

9(z) =
ao avz=2zp.

Tote n g €ivat avaAutikn oto 2o Pe
o0
g(z) = Z anz", yaaxabe z € D(z, R) .
n=0

Ermopéveg, av to 1o 2y eival emouvoiwdeg avoualo onpeio g f, propovue va opicoupe v f
KATtd TET010 TPOTIo 010 29 MOote N f va yivel avaAutiky oto zg. AnAadr) “aipetat” n avepadia g

ouvaptnong f oto onueio 2g.

Hapadeiypata 5.10. (1) 'Eow n ovvdptnon

cosz —1

flz) =222 s x0.

z
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Eivai
2 4 6
G S ) S T
flz)= P “ata et

Kat emopéveg 10 z = 0 elvar emovotwbeg avouaio onucio g f.

(2) 'Eotew n ovvdptnon

sin® 2

g(z) = +cosz, z#0.

25

sin z

= 1 kai kata ovvensia

Eivailim,_,q

li =1 =2.
lim g9(2) + cos0

Emneibn 1o lim,_,0 g(2) umdpyet, and mv mponyovuevn mpdtaon enctat ot 1o z = 0 elvai emouv-
owwbeg avouajo onueio mg g. Ag onuetdel ot 6ev ypeiaotnke to avartvyua Laurent g g

YUp® and 10 onueio z = 0 yia va ovurepavouue ot 1o 1o 0 sivar emovoiwdeg avoualo onueio

meg-

Anode&n. Epappddoune mv [pédtaon 5.9 yia m ouvaptnon g(z) == (z — 20)* f(2). O
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(@) To zy eivar méAog taéng k g f av kat povo av

lim (z — 20)*f(2) = A #0.

Z—r20
(B) To 2y eivar moAog tagng k g f av kat uévo av

fla) = 22

(2 —20)F’

onou g avaivukn ovvdaptnon oto bioko D(zg, R) ue g(z0) # 0.

Amobeln. (@) Av 1o zg eivat todog tagng k g f, tote

+oo
f2)=) " an(z—20)", 0<|z—2|<R,

orou a_j # 0. Enopévag
+o00o
(z—20)f(z) =a_p+ - +a_1(z—2)" T + Zan(z —20)"™, 0<|z—2| <R
n=0

Kal KATd OUVELEsd

lim (z — 20)¥f(2) = a_p #0.

Z—20
Avtiotpoga, éote lim, ., (2 — 20)F f(2) = X # 0. Av g(2) := (z — 20)* f(2), 0 < |z — 20| < R,

101 ano v [Ipodtaon 5.9 10 2zg eival emouvo®deg avoparo onpeio g g. Enopéveg
“+o0o
9(z) :Zan(z—zo)”, |z — 20| < R xat ag = A #0.
n=0

Tote 0pwg eivat

—+o00
ao ak—1 n
=+ .- n - , O0<lz— <R,
f(2) (= 2)F S —— +n§:0:a +4(2 = 20) |z — 2o

orou ag = A # 0. ‘Apa, 10 2( eival morog tagng k g f.

(B) H amodeidn eivat mapoépola kat tmyv aprjvoupie oav AoKnor).
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HMapathipnon 5.13. Av 10 2 civar anidg woéfog g f, wte

—+o00
f(z)= Z an(z —20)", 0<|z—2|<R,
n=-—1
onov a_1 # 0. Emopuévag
+00
(z—20)f(2) =a-1+ Zan(z —20)"™ 0<|z—2| <R
n=0

Katl Katd oUVETELa

lim (z — 20) f(z) = a—1 = Res(f, 20) -

Z—r20
Ipéraon 5.14. Avnovvdpmon | eivar avaiuvtucr oto swatpnro &ioko D' (zg, R) : 0 < |z—2| < R,
101 10 2 givat moAdog g f av kat uévo av

lim |f(2)] = +o0.

zZ—r20

Anoderln. 'Eote 10 2 eivat todog tadng k g f. Av g(2) := (2 — 20)* f(2), 0 < |z — 20| < R, 161

and v Ipdtaon 5.12(a) eivat lim, ., g(z) = A # 0 kat enopéveg

. : 9(2) .
lim z) = lim |—————| = |\l llm ———— = +00.
lim 7)) = Hm o7 e = D i ey =
Avtiotpoga, ot lim,_,,, |f(2)| = +oo. Tote lim,_,, ﬁ = 0 xal enopéveg 1o 2y eivat emnou-

o1wdeg avopaldo onueio g ouvapmong 1/f. Enedn lim,_,., | f(2)| = 400, yia xarow § > 0,
d < R, n f 6ev pndevidetar oto diatpnro dioko D' (zp,0) : 0 < |z — 29| < 0 kat dpa n 1/ f eivar
avadutiky) oto D'(2p, ). Opidoune ) cuvdptnon h oto dioxo D(zg,d) pe

(12) av z # 2g

h(z) =

f

0 avz =z .

H h eivar avadluuxkyy oo dioko D(zg,d) pe h(zp) = 0. Av 10 2 eivat pida td§ng k& > 1 g h, téte
h(z) = (z = 20)*h1(2) ,

orou hy avaAutiky) ouvaptnon oto dioko D(zg,d) pe hi(zg) # 0. Tote opwg

1 1
B (o — o VE F() — =
ZLHZI()(Z ZO) f(Z) ZLn;o hl(Z) hl(z())

xrat arno v [pdtaon 5.12(a) to 2y eivat moAog tagng k mg f. O
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Mépiopa 5.15. Avn ovvdptnon f eivar avaiutucr oto siatponro bioko D' (29, R) : 0 < |z—20| < R,
101 10 20 elval ovowwbeg avauaio onueio mg f av kar pévo av o dpw lim,_, ,, f(z) 6ev vmapyet

Kat 6ev wovtar pe +oo(éniadn lim, ., | f(2)| # +0o0).

Anodeiln. To zg eival eival ouowwdeg avoparo onueio g f av dev eival emovowwdeg avopaio

onpeio oute modog g f. H anddeidn eivatl dpeon ouvénela v npotacewv 5.9 xat 5.14. O

IIpdtaon 5.16. '‘Ectw f, g avaivtucég ovvaptroewg oto avoucto cuvofo U C C. Ymoderouue out

10 29 € U eivar pida taéng m mg f wai pida tafngn mg g.
(1) Avm > n, 101 10 2 €lvat enovowdeg avouaio onueio mg ovvdapmong f/g.

(2) Avm < n, 101 10 2) €lvat moog talng n — m g ovvaptnong f/g.

Amnobeifn. Ano v unobeon sivat
f(z) =(z—20)"f1(2) xar g(z) = (z — 20)"91(2) ,

orou ot ouvaptroelg f1, g1 eivar avaduukég oo U pe fi(z0) # 0 kat gi(z0) # 0. Téte o
ouvaptioelg f1 kat g; d8ev pndevidovtat oe pia nepoxyy D(zp,0) € U twou zp. H ouvapmon
h(z) := f1(2)/g1(2) eivat avaduuxy kat dev pndevidetat oto dioko D(zp,d). Ernopévag, yia kabe
2z oto datpnro dioko D'(2p,0) : 0 < |z — 29| < § éxoupe

fz) _ (z=20)"f1(2)
9(2) (2= 20)"g1(20)

=(z—20)" "h(z).

(1) Av m > n, tdte 10 6pto lim,_,, % UTIApXEL Kal emopéveg ano v [potaon 5.9 1o zg eival
ernouolwdeg avopado onpeio tng ouvaptnong f/g.

(2) Avm < n, t0te

ﬁg = G _hz(j))"m pe h(z0) #0, 0<]|z— 2| <0

Kat enopévag aro myv Ipotaon 5.12(B) 1o zp etvat modog tagng n — m g ouvapwmong f/g. O
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Mapadeiypata 5.17. (1) 'Eoww n ovvaptnon

Z\Z — 2
Fo) =B ey

sin“ mz
Emneibn 1o 0 givar pida taéng 2 tov mapavouaoty kar anin pila tov apdunt mg f, 10z = 0
eivat aniog méfog mg f.
Emneidn 1o 1 givai pia taéne 2 touv apdunt) kat tov tapavouacty g f, 10 z = 1 givar emovoideg
avouaio onueio mg f.
Emzi61) 0ot ot aképaior apduol z, z # 0,1, eivar pifeg taéng 2 tou mapavouaot kai 6ev eivai

pilec Tou apdunt mg f, avtol ot arxépaiol apduol eivar mojot taéng 2 g f.

(2) 'Eote n ovvdaptnon

1—cos(z+1)
Z2)=—F—"75—, 27#-—1.
9(2) EESIEAE #
Emneiény 1o —1 eivar pida taéng 2 wov apdunt kair 1ov mapavouaoct mg g, 10 z = —1 evat

emovowdbeg avouaio onueio mg g. INa z # —1 evar

z 2 Z 4 zZ 6

9(=) = (z+1)? ST aw e T

Av opioouue ™ g ©¢ £{Ng:

1—cos(z+1)
ez avz# -1
glz) =4 Y

1 - _
5 avz =—1,

n ovvaptnon g yivetar akspatalavaiduvtucr oto C).
Znueiowon. Ia tov urofoyoud tou opiou lim,_, 1 g(z) uropovue va yonowonowcovue Kat 1oV

Kavova L’Hépital. Ilpayuar,

. 1l—cos(z+1) . sin(z+1) . cos(z+1) 1
lim ——————— = lim ———* = lim ——= = —.
z——1 (z+1)2 z——1 2(z+1) z——1 2 2

(3) 'Eote n ouvaptnon

Ocwpovus v akofovdia
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Eneiénj e'/*n = nr kaw cos(e'/#n) = cos(nm) = (—1)", éxouue 6t limy, o0 2, = 0 €06 10 dp10
limy, 00 A(2p) = limy 00 (—1)" bev undpyer. Emopgvag 1o dpto lim,_,o h(z) bev undapyer ka
bev wovtar pe +oo(bniadn lim, g |h(z)| # 4+00). ‘Apa, 0 z = 0 eivar ovowwbes avouaio

onueio mg h.

Mapadewypa 5.18. Avzp € C kat R > 0, umodérouue 6t o1 ouvaptroeig f, g elvar avaiutucég oto
Suatpnro bioko D'(29, R) : 0 < |z — 29| < R. Av 10 2 eivar ovoidbeg avouaio onueio g f kat

noog g g, 10te 10 zy gival ouotwdeg avauaio onueio twv ovvaptoeav fg, f/g kat f + g.

Avor. Oa 6eifoupe 6Tl 10 2z eival ouoiwdeg avopado onueio g fg. Eotw 10 2o eival modog

1aéng k € N g g. Tote,

_ )
g(Z) - (

e orou h avadutuky ouvaptnorn oto &ioko |z — 29| < R pe h(zp) # 0.
Z— 20
Ernopéveg yia kanowo 0 < R eivat h(z) # 0 oto bioko |z — 2| < 0.

(7) YroBétoupe 6t 10 2 eival emouoiddeg avoparo onpeio mg fg. Tdte priopovpe va opicoupe

v fg oto zp £tol wote 1 f¢g va eivat avadutiky) oto 6ioko |z — zp| < R. Enedr

f(z) = - § (z—20)*, 0<|z— 2| <3,

etvat lim,_, ., f(z) = 0 kat enopévag 1o 2( eivatl enouoiOdeg avopado onpeio g f(drorwo).

(74) YroBétoupe 61 1o 2 eivatl rodog tagng m € N wg fg. Tote

f(2)g9(z) = (ZH(j))m , oriou H avadutiky) ouvaptnor oto &ioko |z — zp| < R pe H(zp) # 0.
— <0
Enopévag
H h
i FEHED _ HGIG)

orou w = H(z)/h(z) avaduukr) ouvaptnon oto dioko |z — zg| < § pe H(z9)/h(z9) # 0.

— Av m > k, 10 2y eivat modog ta&ng m — k tng f(atoro).

— Avm < k, téte 10 6pto lim,_,, f(z) undpxet Kat enopévag to 2o eivatl enouoiHdeg avopalo
onpueio g f(aroro).

Apa 10 2 eival ouoiwdeg avopalro onueio g fg.

[Tapopola arnodekvuetal Ot 10 2 eivat ouoiwdeg avopalo onpeio v ouvaptoeav f/g xat f+g

(doknon 1). m
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Mapadewypa 5.19. Av f eivar avadvukr ovvaptnon oto C \ {0}, 0 eivar anidg nofog e [ ka

f(T) C R, onou T eivat o povaédraiog kukiog, tte
a
f(2) :az—i-;—i—b,
yia kamow a € C\ {0} xat kanow b € R.

Avon. Emneidn 1o 0 eival anmdog modog g f, 1o avartuypa Laurent g f oto didtprto Sioko:

0 < |z] < +o0 etvan
+o00

f(z) =Y an(z—2)", a1 #0,
n=-—1
OTIOU Ol OUVIEAEOTES @y, Hlvovial aro Tov TUTo
1 f(z)

= — dz, > —1. 5.5
" 271 |2|=1 Zntl ¥ "= (5.9

H napapetpikn e§iowon tou povadiaiou kukAou |z| = 1 pe ety gopd daypagrg eivat z(0) =
e, 6 € [0,27]. Enedr) ano v uniébeon f(e) € R, yia kabe 6 € [0, 27], and tov tiro (5.5) yia

n = 0 &xoupe o

L 2w f(ew) 1 2

- 16 0
= - df = — dd e R.
9= o 0 EU 2 Jq J(eT)db €
Emniong yia kd6e n € N ano tov turno (5.5) €xoupe
1 GO i0
In =5 el t1)o ie” df
1 2 60
= LTI g
2T 0 eind
L2 f(e?) . (0
=5 ; (e—me de (eme1dn f(e) € R)
L ([ f(e) S
- 27r< g e~ind 0 ) = a=.

—Twan=1¢xoupea; =a_1 < a; = a_1. Enedrja_; #0, w0 a; € C\ {0}.

— 'Eotw n > 2. Téte a, = a—, Kat enedn a—, = 0 yua —n < —2, énetat ou
ap =0, n==42,43,+4,....
‘Apa,
al
f(Z) :alz—l—?—kao,

orou ag € Rxata; € C\ {0}. =m

Aoknosig
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. Av z5 € C xat R > 0, unoBstoupe 6t o1 ouvaptrjoeig f, g eival avalutikég oto 81atpnto

dioko D'(z9,R) : 0 < |z — 20| < R. Av 10 20 gival ouoiwdeg avopado onueio mg f kat

16Aog g g, Seilte ot 10 2 eival ouoiOdeg avopado onpeio twv cuvaptoewy f/g xat f+g.

. Av 10 z = 0 givat ouc10deg avopado onpueio g ocuvdaptnong f, deite 6t to 0 eival ouoimdeg

avopalo onpeio g f2.

. 'Eow f avalutukr cuvaptnon oto avoiktd ouvodo U C C xat éotw 2p € U pida téngn > 1

g f. Tote wg yvootdv unapyet avadluuky ouvaptnor f1 oto U kat rieproxy D(zp, ) C U

T0U 20, WOTE

f(z)=(z—=20)"f1(2), mne fi(2) # 0 yia xabe z € D(z,0) .

Av f(D(z0,0)) C D(0, R), urtoB¢toupe 6t 1 ouvaptnon g eivat avadutiky oto Sidtpnto
dioko D'(0,R) : 0 < |w| < R ka1 éu 10 0 eivatr méAog téd&ng m > 1 g g. Asi€te 61 10 29

eivat iédog tagng mn g cuvaptong h :=go f.

. 'Eotw 2 C C avoiktd ouvodo kat €0t zg € 2. YrioBétoupe ot n ouvaptnon f : Q\{z} — C

etval avadutikr). Av 1o 2( etval emouciHdeg avopalo onpeio tng f, deifte 611 10 29 Sa eivat

£MOUO1®M8eg avopalo onueio g f.

. 'Eow f aképaia ouvaptmon pe f(n) = 0 yia kaBe n € Z. Aeifte 61 6Aa ta avopada onpeia

g ouvapmong g(z) := f(z)/sin(mz) eivat enovoiodn.

. Eow n ouvdpmon ¢g(z) = zcos(l/z), z # 0. Ynoloyiote ta opa lim, o g(2n) Kat

limy, 00 9(Gp ), OTOU 2, = i/n ka1 §, = 1/n, n € N*. Yndpxet o 6po lim,_, g(2); Tt

£180ug pepovapévo avopado onueio g g sivat to 0; Yrodoyiote to Res (g, 0).

. Eow f aképaia ouvapmon pe f(z + 1) = —f(z) yua x46e z € C xkar f(0) = 0. Av

1F(2)] <™ yiakébe z € C,
8eite 6u f(z) = csin(7z) yia karowa otabepd c.

Ynodeiln. Bewpnpa Liouville kat n iponyoupevn AoKnon.

'Eote

sin (a(z +271)) = Z 2, aeC,

n=—oo
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10.

10 avarttuypa Laurent tng avalutikig ouvdaptmong f(z) = sin (a(z + z_l)) oto Sidtpnto

dioko A = {z € C: 0 < |z] < 00} pe kévrpo 10 29 = 0. Aei§te orL

1 : 4 -1 1 ™
o — 55 sin (a(z + 271)) dy — 2/ sin(2a cos @) cosnfdf, neZ
|2|=1 Q

2w Pl o
Kat
[ 1 U
Res(sin|=(z+2"")),0) =— sinh(cos ) cos 6 df .
2 27 J_,
. 'Bow f(z) = Y02 an(z — 20)" w0 avaruypa Laurent piag avaduukng ouvdpmong f

oto &atpnro dioko A = {z € C: 0 < |z — 29| < R} pe révipo 10 29 € C. Av
M(r) :=max{|f(2)|: |z — 2| =7}, 0<r<R,

xpnowornowwveag o dedpnpa Laurent deidre ot

M(r)

|an‘ < n

, NEZL.

Av lim,_,.,(z — 20)™ f(2) = 0, yua karowo m € N*, tdte 10 2y givar odog tagng < m — 1

g flavm = 1, tote 10 2 eivat emouoindeg avopado onpeio mg f).

Eow f(z) =Y o2 apz" 10 avaruypa Laurent tg avaduukng ouvapmong f oto did-

tponto dioko A = {z € C: 0 < |z| < 1} pe kévrpo 10 29 = 0. YroBétoupe 6t

Aeigte ot

Aei€te 611 10 29 = 0 eival emouowwdeg avopado onueio g f xkat katd cuvvénewa n f erne-
Ktelvetal oe pia avadutkr ouvaptnorn oto povadiaio dioxo D(0,1). Eivat lim, o |f(2)] =

|a0\ < In 2.

5.3 A0Oyl0HOG TV OAORANPXTIKOV UNOAOINOV

®a dmooupe MPMTA £va YEVIKO TUTO yld TV €UPeot) Tou 0AoKAnp@tikou urodoirou Res(f, 2o)

plag ouvaptnong f mou €xet moAo tagng k oto onueio zg. Amo v [pdtaon 5.12 sival yveootod ot
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av n ouvdptnon f sivar avadutky oto Sidtpnto dioko D' (2, R) : 0 < |z — 29| < R ka1 1o ép1o
lim, ., (2 — 20)¥ f(2) undpxet Kat eivat 1apopo Tou PNBevOS, TOTE TO 2o eivat oAog TaEng k tng

1.

Mpétaon 5.20. 'Eoww [ avaivuxr ovvdotnon oto bidtpnto Sioko D'(z, R) : 0 < |z — 2| < R.
Avlim, . (2 — 20)¥f(2) = XA # 0, 61 10 20 €lvar w6Ao¢ 1aéng k me f e
dk—l

Res(f, ) = ﬁ Jim {W[(z o) f(z)]} .

Ebucd, av 1o 2 givar anjog modog g f, ondadn k = 1, tote

Res(f,20) = lim (z — 20) f(2) .

Z—r20

Amobeln. Av 10 zg eival médog téng k g f, tote

+oo
)= an(z—20)", 0<|z—2|<R,

n=—k
orou a_j # 0. Enopévog
+o0
(z—20)f(z) =a_p+ - +a_1(z —20)" " + Zan(z —20)"*, 0<|z— 20| <R.
n=0

[Mapayeyiloviag (k — 1)-popég, yia 0 < |z — zp| < R €éxoupe

dkfl
dzk—l

Y(n+2)---(n+k)
n+1

an(z - ZO)TH_1

+oo
(= ) F(2)] = (k= Doy + 3 O]

n=0

= (k—=1Dla_1+ (2 — 20)9(2) ,

orou n g(z) := :i% (n+1)(n:f%-~(n+k)

an(z — 2p)" éxer emovolwdn avepadia oto zp. Enedn

k—1
lim {jzk_l[(z - ZO)kf(Z)]} =(k—1Dla_q,

Z—20

£rietal ot

k—1
Res(f.20) = -1 = 5 i {2 G = )]



5.3. AOI'IEMOZX TQN OAOKAHPQTIKQN YITOAOIIIQN 161

Av 10 2z eival amdog modog g f, and v mPonyoUnEvT TPOTACT TO OAOKANP®TIKO UTTOAOLTO
Res(f, z0) = lim,—;, (2 — 20) f(2). Zv e181k1) nepinwon mou 1 f eivatl rinAiko §Uo avaAutikev
ouUVapPToE®V, T0 2o €ival amin pida Tou mapavopaotr) Kat dev eivat pida tou apOunty, £Xoupe

TOV TAPAKAT® XPFO10 TUTIO Y1d TOV UTOAOYIOHO TOU OAOKANP®TIKOU UTtoAoirou g f oto 2g.

Ipdétaon 5.21. 'Eoww @) kat w2 avaiutikés ovvaptroeig oto zg € C. Av p1(z0) # 0, p2(z0) =0

kat ph(20) # 0, wte n ovvapmon f = p1/p2 Exer amid wéAo oto 2y pe

Anobeiln. Eneidn 10 zg elvat amdn pida g @2 kat dev eivar pida g 1, anod v Ilpdtaon 5.16

(2) 10 2z eivat ardog rodog ng f = @1 /2. Elvat

. ¢1(2)
3 —1 _
Res(f, ZO) ZI_>H210(Z ZO)QOQ(Z)
= lim 1(2)
Z—r20 2(2)
z—20
= lim P1(2)

2ozo P2(2)—@2(20)
zZ—20

_ ¢1(20)
w5(20)

IIpétaon 5.22. 'Eotw p; kat py avaidutikés ovvaptnoeig oto zg € C. Av 10 2y givar pida taéng k
g 1 kar pida tang k + 1 g @2, 101e n ouvdpon [ = p1/p2 Exet anid oo oto zy pe

o (20)

05 (z0)

Res(f,2z0) = (k+1)

Anobeln. Enedn) 1o zg eivar pida tddng k ng 1 xat pida tadng k + 1 g 2, ano v IIpotaon

5.16 (2) 0 zp eival armddg modog g f = ¢1/p2. Emedn ¢1(z0) = -+ = gogk_l(zo) =0,
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(k

¥ (20) # 0 ka1 pa(z0) = - - = @S (20) = 0, I

20) # 0, av epappocoupe (k + 1)-@opég tov

kavova L’Hépital €éxoupe

Res(f,20) = Zh_?;‘o(z B ZO)Z;EZ

_ iy B0 ()

220 @2(’2)
i GG 4 e+ el )

Z—r20 (k+1)

Y2 (2)
(k)
(20)
= (k+1)—7}
5 (20)

O

O1 U101 Y1a 1 OAOKANP®TIKA UITOAOTA Pllag ouvaptnong oe dirmAoug rodoug eivat mo mepimo-

kol. To mapakdte anotédeopa eival Xprjopo otig EPappoyES.

Ipdétaon 5.23. 'Eotw ¢ kat py avaiutkés ovvaptioelg oto zg € C. Av v1(20) # 0, pa(z0) =
©h(20) = 0 kar ¢y (z0) # 0, wWte n ovvapnon f = 1/ g2 éxel moAo talng 2 oto zy pe

es(f.zy) = 903(20)_?,01(20)30’2”(%)
Res(f, z0) 280'2'(20) 3 ()

Amnodeifn. Eneidr 1o zg Sev eivat pida g 1 kat eivat pida tadng 2 wng 2, ano wmyv IIpdtaon 5.16

(2) 1o 2z eivat odog 1a&ng 2 g f = 1 /2. Te kanowa neploxn D(zp, R) tou zg eivat

Zanz—zo Z(pl (z0) (z — 2zo)"

Kat
+00 +oo
D=3 balz —20)" = (2= 20 Y bulz — 20)" = (2 — 20)a(2).
n=2 n=2
o1tou )
Zb z—2z0)" ZSOQ (20) (z —z0)" -2,
Tote,

_eix) . ¢(®) L
e R e T R
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xat ano v Ipdtaon 5.20

Res(f, z0) = lim i[(Z — Zo)2f(z)]

Z—r20 dZ

= lim 4 (z — 2 )2—(P1(Z)

z—z0 dz (z — 20)%9(2)
_ #1(20)9(20) — p1(20)g'(20) _ ¢1(20) _ #1(20)9'(20)
9(20)? 9(20) 9(z0)*

"

Enedny g(z0) = 5 (20)/2! kat ¢'(z0) = ¢4’ (20)/3!, tedikd éxoune

@
ReS(f,Zo)—QSDg(ZO) 3 (#5(20))?

Zrov nmapakdte mivaka Hivoupe ToUg Mo XPr)o1l0ug TUTIOUS Y1id TOV UTIOAOYIOHO TV OAOKANP®-

TIK®V UTTOAOITTI®V.
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YrnoAoyiopog OAORANPOTIRAOV YoAoinwv
Yuvapinon || ‘EAeyyxog Ta&vounor tou OAOKANP®OTIKO UTIOAOITO
aveopalou onpueiou 2g g f oto zo: Res(f,zo)

1. f To lim,_, f(2) vnapxet To zp eival emouciwdeg 0

N lim, . (z —20)f(2) =0. aveopalo onpeio g f.
2. f= % To zp eivat pida ta&ng n g 2 To zp eival erouoideg 0

Kkat pida tagng m > n g 1. avopado onueio g f.
3. f To lim,_,,,(z — 20) f(2) unapxer | To zp eivatl ardog lim,_,, (2 — 20) f(2)

Kat eivat Siapopo tou nndevog. rodog g f.

. . ©1(20)
4., f=%2& 2(20) =0, ©h(z9) #0 To zp etvat armo
02 2 ( ) 902( ) # S SD/Q(ZO)
rat p1(zp) #0 . rodog ng f.
1 (20)
5 f= % To zp eivat pida tagng k tng ¢1 To zp eivatl arrAog (k + I)W
@y (20)
kat pida ta&ng k£ + 1 g wo. rodog g f.
7 i
o ©1(20) 2 p1(20)¥5 (20)
6. f=2 1| p1(20)#0 To z( etvatl méAog 2 - -
o || ) o) 3 ()

wa(z0) = ph(z0) =0, ¢5(2z0) # 0 | devtepng tagng
7. f lim, ., (z — 20)¥f(2) = A #0, | To 2 eivat moAog ﬁ lim,_, gp(k_l)(z)

ke N. 1aéng k g f. 6mou p(z2) = (2 — 29)F f(2)

Znueioon: To zy elvar pepovepévo avopalo onpeio mg f. Ot ocuvaptroelg ¢1 Kat o eivai

AVAAUTIKEG OTO 2.

5.4 To 9epnpa TOV OAORANPOTIKOV UNOAOINOV

Z aut v napaypado 9a avapépoupe 10 Jedpnpa 0OAOKANPOTIKGOV UoAoInaV 1mou sivat pa

ONPaviik) yevikeuor) tou Yewprpatog Cauchy kat tou odorAnpwtikou tunou Cauchy. Eivat éva

aro 1a IT0 ONHPAVIIKA AMOTEAEoNATA TG PIyadiKng avAaAuong Kat £Xel Tapa TTOAAEG EPAPHOVES.

Bswpoupe éva armdd cuvektiko toro G C C, ma xkAewotr] kapmudn v oo G Kat pia ouvdptnon

w = f(z) n onoia eivat avaAutikr) IAve ot 7y KAl OT0 E0RTEPIKO TG EKTOG ATO T PEPROVOPEVA

avopada onueia zi, 292, ..

., Zp, Kavéva aro ta omoia dev Ppioketal mmave ot y. Ogloupe va
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UTIOAOY100UE TO OAOKANpOUA

ygf(z) dz .

BOcopnpa 5.24 (@sdpnpa 0AOKANPOTIKGOV unodoinwv). 'Ecte ) avoiktd vmoovvoio tou C
Kat 01w y kAo Kat unuatikd Aeia kaunvin oto (). YmodEtouue OtL 10 £0wTEQURO TG Y Boi-

oketat oA0kANpo psoa oto §) kar ot n ovvaptnon f elvar avadutucr oto €2, eKTo¢ anod ta onusia

21,22, - - -y Zn, TTOU €lVal uepovOUEvVa avouaia onueia mg f kair Boiokovtar uéoa otn y. Andadn n
f etvar avaidvuucr; oto Q \ {z1, 22, ..., z2p}. Tote
n
%f(z) dz = 27riZRes (f, zx) I(7, k) , (5.6)
v k=1

omnou Res (f, zi) givat 1o oflokinpwticd unofowro g f oto zx, kat I(7y, zx) givat o beiking otpo@ric
Mg Y @G PO 10 2.

Eibika, av n kaumvin v oto ) elvar ann, ke, tunuatika Aeia kat xel 9TIKRY @opa, tote

%f(z) dz = 2mi ZRes (f, zx) - (5.7)
v k=1

Anobeiln. (1) H kaunvin vy eivar anin, ko, unuatka feia kat et Ystukn gopd. 'ipe amno
Kabe zj, Tiaipvoupe TOAU PIKPO KUKAO Vi €101 WOTe va BploKetal péoa otr) KApImuAn v Kat

va urn meptEXel Kavéva dAdo zpy,, kK #m, k,m=1,2,....n.
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Tote, anod 1o yevikeupévo Oexpnpa Cauchy 4.13 éxoupe

%f(z)dz:z f(z)d=.
g

k=17

'‘Opwg and tov Optouo 5.8 stvat 937 i (2) dz = 2mi Res (f, z1) xat emopéveg anodeikvuetal n

(5.7).

(ii) Tevikn mepintwon. Enedn 1o 2z eival pepoveopévo avopalo onueio g f, 1o avartuypa
Laurent g f oe éva &dtpnro dioko D' (z,0) = {z € C: 0 < |z — 2| < §} woU 21 eivar

-1

JO =Y a-ay+ 3 a4z - =),
j=0

j==oc

ornou
-1

ge(z) = > aj(z - z)

j==o0

elvatl to KUplo PEPoG tou avartuypatog Laurent. Av

gk(’z) ’

B
VS
PN
N—
I
~~
—~
PN
N—
|

ol

i M:

I
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10t 10 28, kK = 1,2,...,n, eivarl emovoiwdeg avopalo onpeio mg F. Enedr) n F pnopet
va opiotel ota onpeia 2z €101 Wote va givat avadutky] oto {2, ano 1o Yewpnpa Cauchy sivat

56 F(2)dz = 0 ka1 enopévag

IC ; f ooy

Ene1dn n g ouykAivel opotopopga eEmtepikd evog MIKPoU S10KOU pe KEVIPO 10 Zk, 1) gk Sa
OUyKAivel opotopopda ot KAPITUAL 7y KAl KATA CUVETELd

-1

&ggk )dz = Z ajygz—zkjdz

]_—OO
1 -2
:alyf dz + Z aj§£(z—zk)ﬂdz
v 7= 2k i ~
2 d [(z— z,)/T!
27 - I(7y, z) + Z a]ygdz[ Tl } z
j=—00

= 2miRes (f, z,) (7, 2k) -

Ag onpewdel o6t emeldr] n KAPMUAL ¥ €ivatl KAswotr), ano 10 SepeAdimdeg Sedpnpa 0AoOKAL-

pwong, Osopnpa 4.7, ya j < —2 givat

_ Jj+1
ygd[w] dz—0.
5 dz j+1

?gf(z) dz = QWiZReS (f, zk) I(7, zk) -

k=1

Apa,

Mapadewypa 5.25. Na vmooyiotei 1o ofokAnpoua

1 1
I=— ——dz.
2mi y%|_1/4 sin(1/z) :

Avon. Av ( = 1/z, t6te

1 1 dC) 1 1 1 1
I=— . -=)=-= e d( = — ——d
211 I¢|=4 sin ¢ ( C2 21 \¢|=4 C2 sin ¢ 274 =4 Cz sin ¢
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Ta pepovepéva avopaia onpeta g f(¢) = 1/¢ 2 sin ¢ riou BpiokovVial 010 E0MTEPIKS TOU KUKAOU
|z| = 4 etvai 1o 0 kat ta £7. Ta +7 eivat ardoi odot kat to 0 eivat rodog tagng 3 g f. Ao 1o

Sempniia 0AOKANPOTIK®V UTTOAOITIWV £X0UNE

1 1

= 5mi P, Caing % = Reslf =m) + Res(f, 0) + Res(f, m).

Eivai

Res(f,£m) = b

1 1
(¢2sin ) ‘C=i7r 2(£m) sin(x7) + w2 cos(£w) w2

T'a va uniodoyicoupe o Res(f, 0), S9a Bpoune to avarttuypa Laurent g f yUpe ano to 0. Enedn

®S YVOOTOV
SiHC:Z(*l)nm:CfﬁJra*"', (QSY®)
yia kabe ¢ # 0 eivar

1 1 1 1

T 2sin¢ (=3 + /Bl — ) B1—(C3f3 = (Bl (5.8)

f(Q)

_oo i C2n _<2 <4 C6
S AN B A

n=1

naipvoupe 1o |(| apketd pikpo, || < J, tot wote |w| < 1. Xprowponoioviag t) yE@PETPIKY) 0e1pd

1 o0
1fw:Zw”=1+w+w2+-~-, (jw] <1
n=0

yia 0 < [¢| < § and wmv (5.8) éxoupe

1 1
= s @m—apT
1 s s ?

1 1 1 1
~ gt (@pw) o

Eropéveg Res(f,0) = 1/3! xat apa
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Mapadewypa 5.26. Na vnmooyiotei 1o ofokAnpoua

1/z
% 672(12
of=2 1+ 2

Avon. Ta 0, 7 eivat pepoveopéva avopala onueia t 2) = /% /(1 + 2?) ka1 Bpiokovrat oto
b | pepoven H nn ng P

£0MTEPIKO TOU KUKAOU |z| = 2. Ta £i eival armdot rodot g f pe

61/Z el/z
R —, ti | = ——
eS<1+z2’Z (1+ 22)

To 0 ival ouoiwdeg avoparo onueio tng f. Emedn

z==%1

o0 w" 1 >
ew:ZF’ yua kabe w € C  xat m:Z(—l)”w", jw] <1,
n=0 n=0

10 avarttuypa Laurent g f pe kévipo zp = 0 oto Siatpnro dioko: 0 < |z| < 1 eivat

1
—el/r. =

B 11 1 1 1 s 4
_(1+z+2!z2+3!23+4!z4+5!z5+”')(1_2 )

Y T S S
- 3! 5! z

Enopévag,

el/z 1 1 .
Res<1+z2’0 S =logtg e =sinl.

Ag onpewwbet 61
& 2n+1 3 5
L n_* LA ;
smz—Z(—l) Gn 1) =z + = +--+, yuaxdbe z € C.

n=0

Enopévag, amod 10 Sempnpa 0AOKANPKOTIKOV UTIOAOITIOV £X0OUHE

el/z el/z €1/z el/z
dz =2mi< R —, —1 R —F, 0 R —,
7%21+22 z ¥ es 1122 1| + Res 1122 + Res 1+Z2,z
-1/i 1/i
e e
=2mi < — in 1
m{ % +sml + % }

oi — o—i
= 2mi {sinl— 2} =2mi{sinl —sinl} =0.
i
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o0
Mapadewypa 5.27. 'Eotw 1 = Z a,z" 10 avarntvyua Laurent g ovvdpmong f(z) =

e27riz _
n=—o00

1/(e*™# — 1) oto Saxtuo
A={zeC:1< 2| <2} perxévpowz =0.
Na urmoAoytotouv ot OUVTEAEOTES ay,, yia kade n < 0.
Avorn. Eneidr)
M _l=0e ™ =le2riz=2nrisz=n, nel,

a2z, = n, n € Z, givat pepovepéva avopada onpeia mg ouvdpmong f(z) = 1/(e2™* —1). Ano

10 Sewpnpa Laurent o1 cuvieAeotég a,, divovial anod tov TUTIO

1 1/(e*™% — 1 1 1
ay = 7/(6 ) dz =

S = ——dz
270 J 2= Zntl 210 J iy 20T (2 1)

010U 0 KUKAOG |z| = 7 pe kévrpo 0, axtiva r, 1 < r < 2 xat Jeukr) Popd dlaypadng avrkel oto

daxtuAo A.

(i) n=0: ¥ autj v nepimeon ta avopada onpeia —1, 0 kat 1 mg g(z) = 1/2(e?™* — 1)
Bpiokovtat oto e0wteptkd Tou KUKAOU |z| = 7. Ta +1 eivat ardoi éAot kat to 0 eival éAog

1aEng 2 g g. Elvat

1 1 1

1
R _— 4+l | = = i i i
€s (2(62mz _ 1)’ ) [2(627rzz _ 1)]/ _— e:l:27rz + 271'7,'6:‘:27”’ —-1 271
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Kdt

_emiE ] — Ojpe?Tie
- lg% (e2mz —1)2
42 ze?m?
= llg(l) I (2 1) (xavévag L’Hopital)
. z
- 1 1 . .
=71 ,ll—% ooz = —5- (kavovag L’Hépital)

Enopévag, amnod 10 Sempnpd 0AOKANPKOTIKOV UTTOAOITIOV £€X0UpE

1 55 1 d
ap = — ————dz
07 omi o= 2(€2T% — 1)
1

1 1 1
=Res| ——+—+——~,-1)]+Res| ——————=,0)+Res | ———,1 ) =—=.
(= 1) s (s ) e (s 1) =
(i) n = —1: & auty mv nepimeon ta avopada onpeia —1, 0 kat 1 g f(z) = 1/(e?™* — 1)
Bpiokovtal 010 £0WTEPIKO TOU KUKAOU |z| = r Kat eival ardoi modot. Anod to Jevpnpa

OAOKANPOTIK®V UTTOAOITIOV £XoUpe

1 1
-1 = T 2Tz dz
T J|z)=r € -1
1 1 1
= ReS <€27T’LZ_17 _].> + ReS <62m_1, 0) + Res (627‘%—17 1)
R S D N RN S
- (827riz _ 1)/ 0 (627riz _ 1)/ o (627riz _ 1)/ 1
1 1 1 3 3 .
=+ — - = —— = ——71.
2mie~ 27 2w 2mie?™  2mi 2
(122) n < —2: ¥ autr] v niepintoon sivat
1 1 1 z7n1
“n 2mi |z|=r Zn+1(e2mz — ].) 5 211 |z|=r 627”2 -1 %

pe—n—12>1. Av
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1a avopada onpeia —1 xat 1 mg h Bpiokovial oto owtepikd Tou KUKAOU |z| = 7 kat givat
ardoi morot. Enedr) 1o 0 givar pida tou apOunt) wmg h 1adng > 1 kat andry pida tou
napavopaotr) mg h, to 0 eivatl emovowwdeg avopado onueio g h. Apa, arod 1o Seswpnua

OAOKANPOTIKAOV UTIOAOITI®V £Xoulie

1 Znl Z ! 2
"= o oy, o =R (1) +Res (1)

Z—n—l Pl 1
= 2miz 1) + 2miz 1)
(6 - ) z=—1 (6 - ) z=1
_ymt
© 2mie2m  2gie2mi
1 0 av —n = 2k

—i/m av—n=2k+1.

Acoknoctig

1. AeiSte ou
o0

z z 2”
Res (el/ e? ,0) —E:OTM.

2. YrmoBetoupe ot 1 aképaia ouvdptnorn f dev éxel pideg otov mpaypanuko dfova. Av n € Z,
va artodeiyBet o1

Res (nf(z) cotmz, n) = f(n).

3. (a) Na Bpebet 10 £160g TV PEPOVOPEVOV AVOPAA®V ONHEIDV TG CUVAPTNONG

10 = (5 -2 e (L)

() Na urnoAoyiotel to 0AoKANpORA

ﬁ‘zu F(2)dz.

1 cosmz +1 3
L 1)el/(z+1)  COSTZT 2 _ 9 2
27”,9% [(z +1e + 1) dz

4. Aei€te oul
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orou 7 : [0, 1] — C n xaprudn pe e&iowon

—14el?m  av0<t<1/2,
V(t) = ’
147180 qv1/2<t<1.

5. Avr > 1, 6eigte ou

Rz .
%ﬂzr m dZ = Tt.

6. Acitte ot tan z # i, yia kd0e C. Tt ouvéxela va Bpebei 10 160G TV pepovopévav avopa-

Awv onpeiov INg oUVAPTNONG

Kat va uroAoytotei 1o oAoKANpoHRa

1
55 1 &
|2|=2 tanz —1

1 el/z l—e avR<1

2T \z|:R z—1

7. Aei€te oul

1 avR >1.

8. Avn € N*, va Aubei 1 e€iowon 32" + 17 = 0 kat ot cuvéxela va UTOAOY10TEL TO OAOKAT PO

1 n—1
I - i N dZ .
211 |z|=1 32" +1

9. Eote f : G — C avaduuxkn kat 1 — 1 ouvéptnon oto 6o G C C xat éotw D(2g, R) =

{z€C:|z— 20 <R} CG. Eoww € f(D(z0, R)), 6riou D(z9, R) = {z € C: |z — 2| < R}.
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10.

11.

12.

13.

14.

15.

16.
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AsiEte 6 1 avtiotpogn ouvdptnon f~! Sivetar and tov tumo

- L ¢f(©)
f ( ) - 2mi %z—z(ﬂ:R f(C) -—w dC7

Znueiwon. Av n avaduuky cuvaptnon f eivat 1 — 1 otov téno G, tte f'(2) # 0 yia xabe

z€d.

‘Eoto cotmz = > o7

oo Gp2™ 10 avaruypa Laurent wng ouvdpmong f(z) = cot 1z oto

daxtdio A = {z € C: 1 < |z| < 2} pe kévipo 10 29 = 0. Na UroAoylotoUv 01 CUVIEAEOTEG

a—_1 rara—9.

’ z _ S8} n ! L _ z
EOI0 32— = D _pe_oo Gn?" T0 avamuypa Laurent g ouvapmong f(z) = - 010

daxtdio A = {z € C: 1 < |z| < 2} pe kévipo 10 29 = 0. Na UroAoylotouv ot CUVIEAEOTEG

ap, YIa kKGO n < —1.

1

sin 7z

Eotw —— = > a,z" 1o avarwypa Laurent tng ouvdpwong f(z) =

sin 7z n=-—00 oto

daktudio A = {z € C: 1 < |z] < 2} pe xévrpo 10 29 = 0. Na urtoAoyiotouv ot GUVIEAECTEG

ap, YA KABe n < —1.

'Eote ez—i_l = ZSLO:_OO a,z" to avarruypa Laurent g ouvapwnong f(z) = ﬁ oto 6a-
KTUA1L0
A={zeC:m<|z] <3m} perévipoto z9g =0.

Na unoAoy1otoUv 01 GUVIEAEDTES Ay, V1A KABe 1 < 0.

" 1o avarttuypa Laurent g ouvapinong f(z) = tanz oto

Eow tanz = » 7 apz
daktidio A = {z € C:7/2 < |z] < 37w/2} pe xévpo 10 zp = 0. Na unoloyiotouv ot

OUVIEAEOTES Gy, V1A KAOE 1 < —1.

Eotw ta;% =3 % . anz" 10 avaruypa Laurent g ouvapmong f(z)

_ tanz

5~ 010 OAKTU-
z

Ao A ={zeC:7/2 < |z| <37m/2} pe xévrpo 10 29 = 0. Na UroAOY10TOUV 01 CUVIEAEOTEG

ap, YIA KGO n < —1.

1

sin 7z

Eowo Y 2 cpz" katy 2 dnz" ta avaruypata(ot oeipég) Laurent wg f(z) =
otoug daxktuAioug Ay : 0 < |z| < 1 xat Ay : 1 < |z| < 2, avtotoia. Xprowionowviag to

Yedpnpa Laurent kat 1o Sewpnpa 0AoKANpeTKOV Urtodoinev, deifte ot

2
dn — cp = ——, Yy KaOe meprttd apOpo n .
us



Ke¢padaio 6

YnoAoywopog IIpaypatirov
OAoRANPOPATOV pe Miyadikn
OAoxAnpwon

6.1 Tpiywvopetpira OAorAnpopata

2
OloxAnpopata tng POoPPNg: R(cosf,sin0) do
0

Yrobétoupe 6t nf R = R(cosf,sinf) eivat pa pnur) ouvdptnon tou cos  kat sin § pe npaypa-
TIKOUG OUVIEAEOTEG Kat Tng onoiag o mapavopaoctig dev pndevidetat oto [0, 27]. Oa petacyxnpa-
tiooupe 10 cAoKANPOHA O éva Pyadiko oAokAnpepa ndve oto povadiaio kukAo. H mapape-
tpikr) efiocwon U povadlaiou kKukAou |z| = 1 eivar z = €, § € [0,27]. Enedy 1/2z = e,

cosf = (e + e ) /2 xar sin@ = (e — e7)/2i, éxoupe

1 1 . 1 1
cosf=—-|z+— Rat sinf=—[(z—~-].
2 z 21 z

Emiong,
dz _ . i
— =1e” =1z
do
KAl EMTOPEVRG
dz dz
dd = — = —i—.
1z z

175
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2 —1 _ -1 d
/ R(cos&,sin@)d@zyg R<Z+Z ) S ) =,
0 |2|=1 2 21 12

Av n R eivat ouvdptnon tou cosnd kat tou sinnd, n € N tote

1 1 1 1
008n9:2<2n+zn> Kat sinn@zQi(z”—Zn).

Mapadewypa 6.1. Xpnowonowwvrag ptyaducr ofokAnpwon, va vmofoytotei to ofokAnpoua

i 1
I = —_— 1.
/0 (a 4+ cos)? @b, a>

Adon. Eote R(0) = 1/(a + cos0)?. Enedr) R(2m — 0) = R(0), eivar mpogavég ot

2
1:1/ L
2 Jo (a+cosh)?

H napapetpikn e§iowon tou povadiaiou KUKAOU givatl 2z = €, 0 <6 <21 kat 0 oAorAnpepa

‘Apa,

petaoxnpati¢etal oto

[ 1% 1 dz
2 |2|=1 <CL—|— z+§—1>2 12

= 2% - dz = 2% - dz
i Jizj=1 (22 +2az +1)2 i Jp= (2= 21)% (2 — 22)?

orou z; = —a + va? — 1 kat 29 = —a — Va? — 1. Iapampovpe 6t pévo 10 2z, Ppiokeral oto

E0MTEPIKO TOU povadiaiou KUKAOU Kat ivat SImAOG oA0g TG oUVAPTNONS

f(z) = - ;-

(z —21)%(z — 22)

Enopéveg, ano 1o edpnpa 0AoOKANPOTIKGOV UTToAoIinev sivat

2 z
I =-2m
; mRes( a2 ) 21>

d z
=47 lim — ( (2 — 2)?
Tz (2= =) (2 —21)%(z — 22)2>
d z
=4r lim — | —
TS dz ((z - 22)2>
— 4r lim Z+ 22 _ Ta

=z (2 —29)3 (a2 —1)3/2°
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Mapadewypa 6.2. Xpnowonowwvrag ptyadukr ofokAnpwon, va vmofoytotei to ofokAnpoua

2w 1
I = ———df.
/0 1+ 8cos?0

Adon. H etiowon tou povadiaiou kukAou eivat z = €, 0 < § < 27. Enedny dz = ie'?df = izdh

Kat cosf = % (z + 2_1), gxoupe

m 1 1 1
S S S —
o 1+ 8cos?0 oo, 1) 12 (1+2(22 + 2+ 272))

1 z
= - ————d
ié-&-(oyl) 224+522+2 &
Ly :
) C+(0, 1) (222 + 1)(2’2 + 2)

Ta onpeia 44 /v/2 xat +1/2i eivat aroi modot g f(z) = m Ene1dr) povo ta onusia

dz.

+i/ V2 Bpiokoviat oto e0wtepk6 Tou povadiaiov kuxkdou CF (0, 1), aro 1o Yswpnpa oAorAnpe-

TIK®V UTOAOIn®V givat
27 . .
1 1 z 7 z )
———df = 27 < R _— R _—
/0 1+ 8cos2 i m{ es<2z4+5z2+2’\/§>+ eS<2z4+5z2+2’ \/§>}

z=m}

z
224 + 522 4 2)

z=m}

_27r

1 1
- {4(z'/x/§)2 N TN T 5} 3

M

z
=27
{ (224 + 522 + 2) o=i/3

z
—i/v3 T 831 10

Y 83+ 102

6.2 Tevikeupéva OAoxrAnpopata

+00
OAoxAnpopata tng popePg: / flx)dx .

—00
YroB¢toupe 6t n w = f(z) etvat avadutiky] oe éva avolktd OUVOAO TIOU TEPIEXEL TO KAEIOTO
ave nuerninedo H = {z € C : Iz > 0}, ektog anod menepaocpévo 1t mAnog pepovapiva

avopada onpeia kavéva amno ta oroia ev Bpioketal otov rmpaypatko afova. Amno ) Sewpia tov

VEVIKEUPEVOV OAOKANPOHIATOV £ival Yvooto ott av p > 1 kat

M
If(x)| < ek yua kabe x| > a >0,
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TOTE TO YEVIKEUNEVO OAKANI PO f j;o f(z) dz ouyrAiver ardAuta kat ernopéveg 9a cuykAivet.

Anobeiln. (i) 'Eotw v n rAetot) Kat tpnpankd Asia kapnudn n anoia anotedeita anod 1o nyt-
KUKA0 YR : 2 = Re®?, 0 < 0 < 7, émou R > max{|z1|, |22/, ..., |2n|, Ro} xat o eubUypappo

wnpa [—R, R].
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y

-R 0 R X

ZUpogova pe 10 9edpnpa 0AOKANPEOTIKGOV UTIOAOINIOV £€X0UHE

/R f(z)dx + f(z)dzz?wiiRes(f,zk) :
—-R YR

k=1

'Opeg ano my unobeon yia |z| = R > Ry eivat

f(2)dz| < / £(2)]|dz]
YR YR
M
S/ 7|dz|
'YRR
M M
“ o™ ot o ?

Kdl EMTOPEVROG

lim [mf(z)dz—().

R—o00

[Maipvovtag to R — 400, éxoupe

/+OO f(z)dx = 27rz'ZRes (f,2r) -

-0 k=1

(ii) 'Eotw 7' n xAewot) kat tunuatikd Asia kapmudn n anoia amoteldsita amd 10 NUIKUKALO
itz = Re?, -1 < 0 <0, érou R > max{|G1|,|C], .., |Gnl, Ro} xat to eubypapno
unpa pe apyn R xat népag 1o —R. ZUpgova pe 10 9empniia 0AOKANPOTIKGOV UTTOAOITTIOV

gxoupe
R m
/ f(x)dx—i—/ f(z)dz:27riZRes(f,Ck) .
R TR k=1
'Onewg KAl oty IIponyoupevr mnepintwon eivat limp oo fv’ f(z)dz = 0. Taipvovtag to0
R

R — 400, £xoupe

/+00 f(z)dx = —27TiZReS (f,Ck) -
k=1

—0o0
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(iii) Aro to Afupa 4.6 vnidpxet Ry > 1 kat otabepa M > 0, térowa wote

P(z) M
< —, ylakdbe |z| > Ry.
‘Q(Z) |22
O
Mapadewypa 6.4. To yevikeupcvo ofokAnpoua
teo g 2m
I = / 4. .4 xr = L'g y a>0.
0 Tt +a 4a
Avon. Eneidny n ouvapmon f(z) = 1/(z* + a*) eivat dpuia, ivar
1 [t 1
2 ) o x*+a
H efiowon: 2% +a? = 0 o 2% = —a? éxe1 4 amdég pites, TG 2z = aeR™Hm)/4 L — (1,2 3.
Eivat
20 = ac™h, 2 = add gy = T gy = g™/

Eropévag 1 ouvaptnon f(z) = 1/(z* + a*) éxet 4 amdotg moéAoug. Mévo ot ardoi riéAot

zozae”i/4:i(l+i) Kat zlzae?’”i/4:i(—1+i)

V2 V2

Bpiokovtat oto dve nuiemninedo. Anod 1o Afjppa 4.6 vrnapyet otabepa M kat Ry > 1, tétowa oote

1

- < — 16 | ’>R
yla Kabe |2
»4 at = 10,

— |Z|2 Y

Enopéveg, amno 1o @swpnpa 6.2 £xoupe

+o0 1
/OO o dx = 2mi (Res(f, z0) + Res(f, z1))
1 1
Iy (428 + 4zi))>
_ 2mi 1 1
= 1a3 \ @A * i

2w 1 1
T 4g3 \ e3mi/4 + emi/4

:\/Qm'( 1 1>:ﬁ7r

2a3 —1—|—i+1+i 2a3

Apa,

1/+°° 1 _\/571'

I =— _ = .
x4+ at T 4
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6.3 OAoxrAnpopata Fourier

+oo
OloxAnpopata tng PopPNg: / e f(x)de, A>0.

— 0o
Yrobétoupe 61t nf w = f(2) eivar avadutikn oe éva avolktd OUVOAO TMOU TEPLEXEL TO KAELOTO
ave nuierinedo H = {z € C : Yz > 0}, ektég and nenepaocpévo 10 rAnog pepovopiva

avopada onpeia kavéva and ta ornoia dev Bpioketat otov rpaypatiko agova. O Unodoyiopog v
oAdoxAnpopdtov Fourier 0dnyel otov uroAoyiopo 0AOKANPORAT®V TG POPPG:

/ " ) cosAw di = R < / e ) da:)

—00 —00
Kat

+oo +o0
f(z)sin \xde =S (/ e f () dx) .

—o
Ia 1ov urmoAoyiopo v oAdoxkAnpepdiov Fourier xpeiadopacte 10 MAPAKAT® AMOTEAECUA TTIOU

etvatl yvooto ocav Anppa Jordan.

Afjppa 6.5 (Afppa Jordan). 'Eotw Yr nuikUkA0 010 dve nuieninedo pe tapauctpikn eflowon
z=Re"”, 0< 60 <7 Avnovvdpmon f eivai ouvexric oo YR UE lim,| o f(2) = 0, wd1e

lim eNMF(2)dz=0, A>0.
R—+00 YR

P(z
Q(z

—

Ebica, éotw f(z) = onov P, () sivar moAuvcvuua ue

~—

BaduogQ(z) > BaduogP(z) + 1.

Eredn lim,| o0 % =0, elvar

lim / @ei)‘zdz =0, XA>0.
R—to00 [, Q(2)

Anéberdn. Enedn lim,|_,q f(2) = 0, yia xabe € > 0 undpxet 6 > 0 této10 wote yia kabe |z| > §

eivat | f(2)| < e. Enopévag,

via |z = |Re?’| = R> 6 = |f(2)| <.
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Xpnowomomviag Ty apapeIpiky e§iowon g YR Kat raipvoviag to R > 4, £€xoupe

/ e f(2) dz
R

/ ei/\R(cos 0+isin e)f(Rew)iRew da‘
0

</
0

< RE/ e*)\RSine do
0

w/2 ) T i /2 .
— Re (/ e—ARsmG do +/ e—)\RSmH d@) — 2R€/ e—ARsmG do .
0 w/2 0

Ernedr) n ouvaptnon y = sin @ eivat koin oto diaotnpa [0, 7], 1o eubUypappa tpfpa mou evovet

6z/\R cosf

|f(Re™)| R do

‘G—AR sin 6

10 onpeio (0,0) pe 1o (7/2, 1) Bpioketal kate and 1o ypdenpa g y = sin f kat katd ouvénela
sinf > (2/7)0, yia xa6e 6 € [0, 7/2].
2y \@\%

B

y = sinf

DV

0 n‘/2 T

Enopéveg, yia kabe € > 0 untdpyet § > 0 této10 dote yia kabe R > §

] w/2
/ ez)‘zf(z) dz| < 2R€/ e~ (PAR/T)0 g9
YR 0

_ _Te 6—<2AR/w>0}92”/ 2
A 6=0
TE AR TE
=0 iy
(- <5
Apa, limp_, 1 fﬁ/R ggz; e dz = 0. O

Hapatnipnon 6.6. Av )\ < 0, 1o Anuua Jordan oy vet kat 0tnv TEPIMI®ON TTOU T0YR £ival NUIKUKALO
010 KAT® NuETinebo ue ntapaustpikn fiowon z = Re'?, —m < 6 <0. Av n ovvapmon f eivar

OUVEXTNG OT0 YR UE lim| 2|00 f(z) = 0, wote napduowa anobercvveta ot

li MNf(2)dz=0, A<0O0.
d [ e
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Anddeiln. (i) 'Eote v n KAe10T Kat THNPAtKA Asia KapImuAn n arnoila anoteAeita amno 1o nt-
KUKAMO YR : 2z = Re'?, 0 < 0 < 7, émou R > max{|z1],|22],...,|2s|} xat 1o eubvypanpo

wnpa [-R, R].
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Zupoeeva pe 10 9edpnpia 0AOKANPOTIKGOV UTTOAOITI®V £X0UlE
R n
/ e f(z) dx + / e f(2)dz = 2mi Z Res (esz(z), zk) .
—R R k=1
'Opwg aro to Afjppa Jordan limp 1 o f’m e f(2)dz = 0, X > 0. Iaipvovrag 1o R — +0oo0,
gxoupe

/+OO e f(x) dr = QWan:Res (ei)‘zf(z)7 zk> , A>0.

k=1
(ii) 'Eoto 7' n xAelot] Kat THNPATIKA Asia kaprmudn n anoia aroteldeita amd 10 NUIKUKAL0

Yotz = Re, -1 <0 <0, ériou R > max{|¢1], |zl .., |(n|} xat o euBUypappo uhna

e apxn to R kat iépag 10 —R. ZUupgeva pe 10 Semdpniia 0AOKANPOTIKGOV UTIOAOINIOV £X0ULE

/_R e f(2) dx + // eNf(2) dz = 2mi f: Res (ei’\zf(z), (k> :

R TR k=1

'Opwg arto to Afppa Jordan limp 4 o fv’ e f(z)dz = 0, A < 0. Taipvovrag 1o R — +oo0,
R

gxoupe

o0

/+Oo e f(2) de = —2mi Em:Res (ei’\zf(z), Ck:) , A<O0.
- k=1

Mapadewypa 6.8. Na vnojoyiotel 10 yevikeupvo ofokAnpoua

I:/+°° x3sinz g
0 (]."—332)2

Adorn. Enedn n ouvdpton y = 23 sinx /(1 + 22)? eivar dpua, éxoupe
1 [T 23sinx 1 Foo z3
2 ) x0T

23 23

1+22)2  (z+10)2(z—1)2’

1a +i eivai modot té&ng 2 tng f. Movo 1o i Bpioketat oto Gve nuiertinedo. Eneidn) Babuog (1 + 22)2 =

flz) =

Babnog (23) 4+ 1, av yr eival NIKUKAIO TOU AVe NPIETUITESOU HE KEVIPO TNV apXI] TV aiovev,

arnod to Anppa Jordan

lim / e”f(2)dz=0.
TR

R—+o00
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Enopévag, amnod 1o @swpnpa 6.7 €xoupe

+oo 23 )
/_Oo Clxm dr = 271 Res (ezzf(Z), ’l)

— 2milim & (z—i)zL
IS (z+1)2(z — 1)2

d eizz3
=2milim — | ——
—idz \ (2 +1)?

i€ (2> +3)  m

=2milim —————F = —.
T (e +i)3 2¢
‘Apa,
L[ R ([T ) - T
2 ) o (1422)2 2 oo (1+22)? de
n

6.4 Aoxkrnoeig

1. AeiSte ou

2T sin? 6 s 2 1 27 (1 + a?)
‘ ——d) == (i do — 1 1.
(i) /0 54 4cosf 4 (i) /0 (14 2acosf + a?)? (1—a2)3 "’ <as

2. Av 0 < a < b, deigte o
2 1 9
Y
o acos?f+b Vb-va+b

27 2m 216
/ SCL / ) =T
o (3cosf+5)2 o (3cosf+5)? 288

4. Avn € N*, 8eigte 6n

2m cos nd 2T ein@ T
_OSTY g ) = (-
/0 5+4cosb §R</O 5+4cosf ) (=1 3.2n-1

i 27reco397isin9d0: 1% 61/2 P
27 Jo 21t J)2=1

3. Acigte oul

5. AeiSte oul
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6. Xpnowonowwviag pyadikr) oAokAnpwor), va arodetydei ot yla kabe n € N

2T
/ sin®?" 0df = 2£ (2n> )
0 4n n

/Oo 1 d 1/00 1 d 3T
——dr == ——dr=—.
o (x241)3 2 ) o (22 +1)3 16

7. Aei€te oul

8. Na artodeiybel 611

> 1 T
dr=—"— ab b
/0 FraE T gy b0t

Kat

/°° 1 J 4
T = .
oo (244 1)2 3v3

9. Avn € N*, 8eigte 6n

/OO dvr 0 ]
o l+z2  2nsin(m/2n) n—oo
10. 'Eow 1 ouvdptnon
o0
F(s) = / e~lPle=2imes g s e R.
—00

Aeigte 6t n F' eival kadd oplopévn Kat ot

00 o 9
_ —T 1TSS _

11. Na artoderybei ot

o.9] o0
0 [ =T as0 ) [ O e e
a

T
oo 2+ a? o T2 =21+ 2

+oo o +oo iTT
/ ;%ﬂda::% / eidaz = —me ".
oo T2 =21 42 foo T2 =21+ 2

6.5 IIapadeiypata

12. Aei€re 61

Mapadewypa 6.9. Yrndpyet avadvukn ovvdpnon f oto povadiaio diorko D(0, 1), tétoia wote

lim f(Z)Q

z—0 23
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AYorn. Ané v undbeon 1o 0 eival erouoiddeg avopado onueio mg g(z) = f(2)%/2% xat
EMOPEVHG 1) g €Xel avaAutiky) eréktaon oto D(0, 1), opidoupe g(0) := 1.

‘Eow € = 1. Yndpxet 7 pe 0 < r < 1, éto1 oote yua kabe |z| < r eivar [g(z) — 1| < 1. Iooduvapa,

’f(Z)2 f(2)?
3

<2 |f(2)] < V2|2*? yiaxaee |z| <7

-1|<1l&
23 ‘ ’z

Kat katd ouvérnewa to 0 eivat pida mg f. Av 1o 0 eivar pida tagng k > 1 g f, eivar
f(z) = 2"h(2), omou h avadutky) oto D(0,1) pe h(0) # 0.

Tote ano v unobeon £xoupe

2 2k} ()2 2k
/) = lim =2 M) = lim Z—gh(z)2 =1.

z—0 Zz z—0 z z—0 2

'Opeg yia va 1oxvet to napanave da npénet va sivat 2k = 3 < k = 3/2, droro. Tuprnepaivoupe

Aotrtdv 6t Sev urdpyet T€tola avadutiky ouvaptnon f.

Mapadewypa 6.10. 'Ectw 1 ouvdptnon

1
Z)=—5—-.
Na Boedei 1o avantuyua Laurent g f oe 0Aoug toug uvatovg Saktuiioug pe kevpo 1o 29 = —1.
Avon. Qg yvaotov, ﬁ = ZZO:O w”, |Jw| < 1 (yeoperpiky) oeipd). Mapayeyilovtag i ye@PeTpiky

oe1pa £xoupe
1 (o.]
m:ann_l, |w\<1
n=1

In nepimtwon: A; ={z € C:0 < |z+ 1] < 1}. Tote eivar

1 1
A IR R R P TPy
1 «— n—
- z+17zz=:1n(2+1) 1
:iozn(zz—i-l)rﬁ2
n=1
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2n nepimwon: Ag = {z € C: |z + 1| > 1}. Tote |1/(z + 1)| < 1 xat emopévag

1 1
2:+1) [1- 1/(2 - e (z 1)

f(z) =

Mapadewpa 6.11. 'Ectw n ouvdptnon

2244z 4+ 4+ 40
(22 +4)(z+1)

f(z) =

Na Bpedei 1o avamtvyua Laurent g f ue xévgpo 1o zg = 0 0 gva dakxtuio mou nepiéyet 1o 1 — i.

o givat o ueyadutepog t€totog daxtuiog otov omoio 1o avantvyua Laurent g f woyvet;

Avorn. Ta —i, 27 eival ta pepovepéva avopala onpeia g f. Eivat

22 4+4 4z + 44 1 4

M= ey T @ e+ avi 2rd

Qs yvootov, 1/(1—w) = > > jw" xat 1/(14+w) = > 07 ((—1)"w", |w| < 1 (yeopetpikn oepd).
AvA ={ze€C:1<|z| <2}, 101 —1i € A kat 1o avarrtuypa Laurent g f oto daktvdio A
elvai

1 n 4
241 2244
11
ozl 4i/z 14 (2/2)2

=ii<—w <i>”+§<—w )

f(z) =

in 00 (_

" 4
Zn+1 +Z qn z"
n=0

n 12 >
eyl .
n=0
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Znueioon. H f ypdgetal kat ot popor)
1 N 4 1 n 1 1
z+i 0 22+4 z+i 2420 2—20

f(z) =

Mapadewypa 6.12. 'Eotw Vg, ue eflowon z(0) = Re?, 0 < 0 < 7, 10 NUIKUKAIO Tov dvw

nuietunedouv ue kévtpo 0 kat aktiva R > 0. Na amodeydei ot

1
lim dz=0
R—00 /WR (224 1)%2(22+4)

Kat ot oUVEXELa va UTLOAOYIOTEL TO YeVkeUUEVO oAoKkANpoua

& 1
5 53 dx .
o (@2+1)%(22+4)
Avon. Ta kdbe z € 75, etvat
1 1 1 B 1
122 +4)

= < = .
22+ 12|22 +4] = (|22 = 1)*(|2)* —4)  (R? —1)*(R?* —4)
To PAKOG TOU NUIKUKAIOU V5, eivat R Katl enopéveg

Rm 0
(R?—1)%(R? —4) R—oo

<

1
LR EriEen®

‘Apa,

1
lim dz=0.
R—00 [m (224 1)2(2%2 4+ 4)
Ta +i eivat odot ta&ng 2 xat ta +2i eivat ardoi méAot g f(z) = m. OAoxkAnpovoupe
) ouvaptnon f mave otnv TUNHRATIKA Asia KApImuAn mou aroteAeital arno 10 NUIKUKALO T0U Ave
nuieruredou g, pe ediowon z(A) = Re®?, 0 < # < 7 xal 1o eubUypappo mnua [—R, R].

[Maipvoupe 10 R apketd peydAo €101 wote 10 avopada onueia ¢ xat 2¢ mg f va Bpiokoviatl oto

»

.

21

E0MTEPIKO TOU NUIKUKALOU YR.
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A6 10 Seddpnpia OAOKANPOTIKGOV UMTOAOINI®V £X0UlLE

R 1 1 _ . :
/R T IRE D) dx + LR 122 1 4) dz = 2mi (Res (f, i) + Res (f, 2i)) . (6.5)

Eivai

Res (f, i) = Res

<(22 n 1);@2 ) 1)

Kdat

. 1 .
Res (f, 2i) = Res <(22 T2 d) 2@)

(e
Ji (2= 2) e

1
.
59 (22 + 1)2(2 + 21)
1

~3
Enopévag, amno ) (6.5) npoxurtet ot
/ h ! de— tm [ ! dr = =
xr = 1m €xr = —.
oo (24 1)2(22+ 4) R—oo J_p (22 4+ 1)2(22 4+ 4) 9
‘Apa,
/Oo 1 d 1 /OO d 7'('
T = — T=—.
o (22+1)%(a?+4) 2 ) o (@24 1)2(22 4 4) 18
]

Hapadewypa 6.13. Av f : C — C elvar aképaia ovvdpton tétoia wote lim|, L f(2) = oo,

énAadn limy,|_, | f(2)| = oo, w1 N f elvar éva moAvevULO.

Anddeign. Eival f(z) = > 50, axz®, yia xabe 2 € C. 'Eoto

1 ag
=f(=)=>_ -5 wvaxaee|z[>0.
g(Z) < > ok 1a Kave |Z|

k=0
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To oo givat emouoiddeg, TIOA0G 1] ouo1wdeg avopaldo onpeio g f, av to 0 eival avtiotoxa emnou-
o10deg, T0A0G 1} ouo1deg avopado onpeio ng g ¢g(2) = f(1/2). 'Opeg 10 0 eival enovoiwdeg
avopado onpeio g g av kat povo av to lim,_, g(2z) undpyet, eivat 6dog g g av Kat povo av
o0 lim, 0 |g(z)| = oo kat eivat ouoOdeg avopalo onpeio mg g av kat pévo av to lim, g |g(z)]
dev urtapyet kat 6ev 1wooutatl pe 1o co. Emopéveg to 0o sivatl emouoimdeg avopaio onpueio g f
av xkat povo av to lim,_,+ f(2) unédpyet, eivat médog g f av xat poévo av to lim, . | f(2)] = 0o
Kat eivat ouoimdeg avopado onueio g f av kat povo av to lim, . | f(2)| ev unapyet kat dev
tooutatl pe 10 00. 'Exoupe Aodv 11§ mapakdate® TPelg MEPUTIOOELS :

(7) To 0 eivat emouoiwdeg avopado onueio mg g onodte a, = 0, k = 1,2,.... Enopévaeg f(2) = ao,
n f eival otaBepn).

(7i) To 0 eivat moAog tagng n g g. Tote

n
g(z) = %, an # 0 xateropéveg f(z) =ap+arz+ -+ apz", a, #0.

k=0
' aut) v nepinmwon etvat lim, o |f(2)| = oc.

(#i7) Av 1o 0 eival ouoiwdeg avopado onpeio ng g, tdte

o
a
g(z) = Z Z—Z , ya kabe |z| > 0, orou ai, # 0 yia dnepa to mAnog k .
k=0

¥ aut) my nepirtteon to lim, g |g(2)|, 6nwg eriong kat to lim, o | f(2)|, ev unapyet kat dev
ooutatl pe 10 oQ.

Tuprnepaivoupe Adowtdv ot av lim,_,« | f(2)| = 0o, Wte 1 f eival éva noAuvdvupo. O

Mapadewypa 6.14. Av 1 axépaia ovvapmon g : C — C givar 1 — 1, va anobdeydei ot n g eivar

me uoperic g(z) = az+b,a,b € C, a # 0.

Anobeiln. Eival mpodaveig 6Tt aképaleg ouvaptroelg tng popdns g(z) = az + b, a,b € C, a # 0,
eivat 1 — 1 kat erti. @a arodei§oupe 6t 6Aeg o1 aképaieg ouvaptroelg mou eivat 1 — 1 kat erd
elval tng napandve popdrs. Oa eetacoupie 1o £160¢ TOU AVOPAAOU ONHEIOU 0O Yla OAEG AUTEG
TG OUVAPTIOELG.

Av 10 00 givatl ermouondng (efoubetepworun) avepaiia mg g, o lim, o g(z) undpxet, £otw
lim,| o [9(2)] = c. Tote, yia e > 0 unapxer M > 0 tétoro wote [g(2)| < c+¢, yia kabe |z > M.

'Opwg uriapyet K > 0 térowo wote |g(z)| < K, yua kabe |z| < M. Andadn n |g| etvar @paypévn
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oto C xat anéd 1o 9empnpa Liouville n g S9a eivat otabepr). Emnopévag, to 0o dev eivat emouoiwdng
(eGoubetepwoun) aveopalia g g.

Av 10 00 eivat ouoiOdeg avopado onpeio g g, to lim, o g(z) dev urapyetl kat ev woutal pe 0
00. Emeidr) n g eivat avadutikr kat ev eivatl otabepr], anod 10 “Oewpnpa avoiktig anekoviong”

undpyouv € > 0 xat § > 0 térola wote
yia kabe w € C pe |w — ¢g(0)| < e, unapxer z € C, pe |z| < §, oo wote w = g(z). (6.6)

'Opwg 10 00 gival ouowwdeg avopalo onueio g g kat av 1o U elval meploxn tou 0o, amno 1o
9evpnpa Casorati-Weierstrass 1o R = {|g(z) : z € U|} eivat ukvo oto C. Emnopéveg, undpxet
|z1| > § o0 wote |g(z1) — g(0)| < e. Tote dpwg and v (6.6) unapxet |z2| < § oo Gote
g(z2) = g(z1). ‘Atoro, eredr) ny g etvar 1 — 1.

‘Apa, t0 00 eivatl mMOAOG ¢ ¢ KAl KATA CUVETELA 1) g €ival éva oAuwvupo. 'Opeg ta moAuovupa
Babpou touAdaxiotov 2 £€Xouv rep1oootepeg arnod pia pida kat ernopévag dev propet va eivar 1 — 1.
Armobeitape Adowdv 6u pa aképata ouvdaptnorn g : C — C givar 1 — 1, av kat povo av sivat g

popons g(z) =az+0b,a,b € C, a #0. O

Mapadewypa 6.15. Yrodsrouue on n ovvdptnon f : @ — C eivar oAopopen otov 0mo §2 C C ka
ev eivai otadepn. ‘Eoto a € Q xarr > 0, ue D(a, 1) ={2 € C: |z —a| <r} C Q. Avn|f] evar
otadepn oto ovvopo tou D(a, 1), va anobeydei 6t n f éxet pida otov avousto Sioko D(a, ).

Znueioon. Andabn av n ovvdpmon f eivar odouopen otov wno  C C xar |f(2)] = ¢, av
|z —a| = r, émov D(a, r) C Q, 161¢ eite n f éxer pida orov avowtd ioxo D(a, r) 11 n f evar

otadepn) atov 1omo §L.
Anobealn. log ponog. Emnedr) n oAdpopen ouvaptnon f dev eivat otabepr) kat |f(2)| = ¢, av

|z —a| = 7, and wmv apxn peyiotou yia kabe zp € D(a, r) 10 f(20) € D(0, ¢). Ta éva oo zp

£0T®

Tote,
19(2) = f(2)] = [f(20)] <ec=[f(2)], vaxdeze C(a, ).

Enedr) n g €xet touddyiotov pia pia oto D(a, ), 6nAadr) o zp, and 1o Sempnpa tou Rouché

kat 1 f 9a éxet pida orov avowkto dioxo D(a, 7).
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20¢ 1pomog.  Av unobécoupe 6u 11 f Sev €xel pida otov avoiktd dioko D(a, r), and mv apxn
Heyiotou kat v apxn edayiotou n |f| 9a maipver ) péylon kat v eAdxiom wpr wg oo
ouvopo tu D(a, r). Enedn eivar |f(z)| = ¢ oto ouvopo tou D(a, r), 9a eivar |f(2)| = ¢, yia
kaOe z € D(a, r). Tote and wmyv [potaon 3.20 n f Sa eivar otabepr) oto dioko D(a, r) xat anod

10 Jedpnpua povadikotntag Sa sival otabepr] Kat otov To1o €. O

Mapadewypa 6.16. 'Eoww n f : C — C eivar aképara ovvdptnon kat un otadepn. Avc > 0, va

amnodeyydei ot

{zeC:|f(A)l <} ={z€C:[f(z)| <c}.

Anobeifn. Enedr) n ouvdpmon f eivatr ouvexng, 0 G := {2z € C: |f(2)| < ¢} eivat avokto
ouvodo kat 1o F := {z € C:|f(2)] < ¢} eival xKAetotd. Emedr) G C F, 9a eivat G C F = F.
Tpénet Aowtév va anodei€oupe ot F' C (. Apkel va amodei€oupe ot av zg € F pe | f(20)] = ¢,
tte 29 € G. Ioobuvana,

D(z29,)NG #0, yaaxdbed>0.

Av n f éxel pida oe xarow & € D(zp, §), téte mpopaveg to £ € G. YroBétoupe wpa ou n f
dev £xet pida oto D(zp, 0). Eow 0 < ¢ < §. Emnedn n f dev eival otabepry, and mv apxn
gdayiotou n f 9a maipvel v eddxion TPy g 0e KAMolo onpeio tou ouvopou tou D(zg, €),
¢oww oto ¢ € C(zp, €) C D(zp, 0). Tote 9a etvar |f(¢)] < |f(20)| = ¢ xat emopévag ¢ € G. Apa,
D(zp, 0) NG # 0. O

Hapadewypa 6.17. '‘Eotw ) C C gpayuévog t6mog kat éote f, g : Q8 — C ovvaptioeig ovveyeic

Kxat avajuvtikeg oto §). Na anobeiydei ot
lf(2)] + |g(2)| < sup{|f(w)|+ |g(w)]| : w € N}, yarade z € .
Anodailn. Eotw 29 € Q. Av f(20) = | f(20)]€™ xat g(z0) = |g(20)|e*’, opigoune ) ouvapton
h(z) = f(z)e @ + g(z)e ¥, zeQ.
H h eivat avaAutiky) 6to @paypévo toro ) kat ouvexng oto (2. Eropéveg, and v apxr peyiotou

[h(z0)] = [f(20)] + [9(20)| < sup {|h(w)] : w € 02} < sup {|f(w)| + |g(w)] : w € IV} .
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Mapadeypa 6.18. Yrmodctouue ot 1o mojvavupo P(z) = a, 2" + An_12""1 4+ a1z + ap sivar

térowo wote |P(z)| = 1, yia kade z € C pe |z| < 1. Na anobeydei ou
L |ag| <1, k=0,1,...,n,

2. |P(2)| <z

", yia kade z € C ue |z| > 1.

Anodeiln. 1. Ano tg aviootnteg tou Cauchy €xoupe

p(k)(o)
k!

max|,—1 [P(2)]

lag| =

2. AvD={ze€C:1<|z| <R}, R>1, nouvapumon

P(2)
f(z) = o
etvat oAopopon oto D. Ta |z| = 1 eivar |f(2)| = |P(2)| = 1, evo yia |z] = R eivar
Gp—1 ap Ap—1 ap
[f@) =lan+ ==+ +JI< Ian|+‘”R’+---+‘Rn’< 1+e(R),

orov €(R) = |ap—1|/R+ -+ + |ag|/R". Enopévag, yua |z| = R eivat

|f(2)| <14¢e(R), pe lim e(R)=0.

R—o0
‘Apa, aro v apxn peyiotou oto D eival

_1P()

2|

£ (2)]

<1< |P(2)] <|2|", vwaxabeze Cpelz|>1.

O

Hapadewypa 6.19. Ynodeéouue ou n aképara ovvdptnon f : C — C givar tétoia wote | f(z)| = 1,

yia kade z € C pe |z| = 1. Na anobeiydei on
f(z) =¢z", onouvc otadepa pe|c| =1 karn € N.

Ewbucd, av 1o p elvar éva mofuovuuo Baduov n térow wote |p(z)| = 1, yia kade z € C ue |z| = 1,

wte p(z) = cz™, onov ¢ € C pe|c| = 1.
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Anoéedn. log omnog. 'Eoww f(z) =Y o7 anz", yia kabe z € C. Av
1 =~ _ 1
o021 (3) = Ly

1 ¢ eivat avadutky otov wro C \ {0}. Twa |z| = 1, 8nAady z = €

, amo v unobeon eivat

f(e9)f(e?) = 1. Enopévag,

- 1 1 . _
g(z) := f(e?) = 1) = 7 < f(2)g(2) =1, yuaxrdbezeCpelz|=1.

AnAadn n ouvaptnon fg eivat avaduuxky otov oo C\ {0} xat f(2)g(z) = 1, yua xabe z € C pe

|z| = 1. Tote, anod 1o Sewpnua povadikotntag Sa eivat
f(z)g(z) =1, yuaxabe z € C\{0}.
Eivat dowtdv f(z) # 0, yia kd6e z € C\ {0} kat kata ouvénela
f(z) =2"h(z), yakdanowon €N,

orou h aképaia ouvapton pe h(z) # 0, yia ka0e z € C. Enedn |h(z)| = 1, yia kabe z € C
pe |z| = 1 kat h(z) # 0, yia xabe z € C, arno 1o Mapddeiypa 6.15 npokurtel ou h(z) = ¢, pe
lc] = 1. Apa,

f(z) =¢z", o6nou c otabepd pe |c| =1 kain € N.

20¢ toomog. H f 8ev propet va éxet anelpo to mAr0og pideg oto povadiaio dioxo D(0, 1). Mpay-
pat, av uvrobéooupe ou f(ay,) = 0, ormou (ay,) akodoubia onueiov tou povaduaiou diokou
Brapopwv petagu toug, tote urndpxet vriakodoubia (g, ) pe limy, o0 o, = @ € D(0, 1) kat ano
v apxn tavtotiopou a sivar f = 0.

'Eow aq, g, . . ., ay 01pieg ng f oto povadiaio dioko D(0, 1). Opidoupe v aképala ouvaptnon

g:C—C, pe

Qg yveotov, ot petacxnuatiopoi Mobius

Z — O
w,=——", k=1,2,...,n,
1— gz

areikovi¢ouv 1o povadiaio dioko D(0, 1) oto povadiaio dioko D(0, 1) xat to povadaio KUKAO

C(0, 1) oto povadiaio xukro C'(0, 1). Enopéveg, yia kabe |z| = 1 eivat |g(2)| = |f(2)] = 1 xain
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g 6ev £xet pideg oto povadiaio dioko D(0, 1). Ano tnv apxr) peyiotou kat v apxt) edayiotou 1 |g|
Sa naipvet ) péylot kat my eddyiot) tpr) g oto ouvopo tou D(0, 1), 8ndadn oto povadiaio
KUKAO |z| = 1. 'Opwg |g(2)| = 1, yia xdbe |z| = 1, onote 9a eivat [g(z)| = 1 yua kdbe z € D(0, 1).
Tote @G YyVROTov 1 g 9a eivatl otabepr) otov toro D(0, 1) kat and myv apyr) tautotiopou da eivat

otaBepr) kat oo C. 'Eoww g(z) = ¢, 6mnou ¢ € C pe |¢| = 1. Apa,

n
zZ— ay zZ—Q] Z— Qg Z— Qp
f(z) = C H — = C — — oo — .
kill—akz 1l—a1z1—anz 1—apz
Eneibfy n f sival aképaia ouvdaptnorn, Sa mpénet va sivat a; = ag = -+ = ap = 0 kat katd

OUVETEla

f(z) =¢z", o6nou c otabepd pe |c] =1 kain € N.

O

Mapadewypa 6.20. Xpnowonoiwviag v apxn 1ou opiouatog, va amodeyydei 10 “OcucAiddeg Oc-
wpnua g ‘Afdys6pag .

Anodailn. Eotw p(2) = anz™ +an_12"" 1+ -+ a1z + ag, pe a, # 0, moAudvupo Babpov n kat
q(z) = apz". Haipvoupe R > 0 apketd peyddo, €10l @ote

|an—1] lai| | laol
R +.”+Rn71 Rn

lan| >

Tote, yia kabe |z| = R eivat
Ip(2) = q(2)| = lan—12""" + -+ + a1z + ag|
< Jan—1l]2[" 7+ + lar]|z] + |ao|
= \an,1|R”_1 —+ e+ |(11|R+ |a0|

< lan|R" = [g(2)|-

AnAadn |p(z) — q(z)] < |q(2)|, yia xabe |z| = R. Enedn) 1o ¢(z) = 2" éxer n pideg (0Aeg ioeg pe

HNd£v) 010 £0MTEPIKO TOU KUKAOU |z| = R, anéd to edpnpa tou Rouché kat 1o nmoAumvupo p 9a

exel n pideg. O
Mapadewypa 6.21. Na Boedei oUppop@n amekovion ToU va anelkovifeL To
Dy ={z€eC:|z] <1,z >0}

oto povabiaio &ioxo D(0, 1) = {z € C: |z] < 1}.
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Avon. Hw = fi(z) = zij anewkovigelt 1o D1 oo Dy = {z€ C: Rz > 0,3z > 0} xat

anewoviget o Dy oto D3 = {2z € C: Yz > 0}. Tédos, n w = f3(2) = i

w = foz) = 22

anewkovi¢et 1o D3 oto D(0, 1). Apa, 1 f = f3o fa 0 f1 9a anewovidet to D; oto povadiaio dioko.

Eivai

Mapadewypa 6.22. 'Ectwa,b € D(0, 1) pea # b. Na Bpedei avtouoppiouds ¢ tou D(0, 1) tétoiog

wote p(a) = b kar anobeifte 01t 0 @ eival 0 LOVAdUKOE AUTOUOPPIOUOS UE aUTH TNL 1610TNTA.

Avon. Anod wmyv IIpdtaon 4.87, 6dot ot autopopoiopoi w = f(z) tou D(0, 1), pe f(a) = 0,

la| < 1, elvat tng popoeng

g 2 —a
= =e"——, OeR.
w=fz)=e 1—-az
Enedn,
i0
1 z+e"a
= =———-, 0eR,
w= ) e +az

6Aot ot autopopgiopoi w = g(z) tou D(0, 1), pe g(0) = b, eivat mg popeng

z+ e
et + bz’

w=g(z) = 0cR.

Apa, 0 ‘ ‘
ef(z—a)/(1—az)+e% (1-ba)yz+b—a
e +beif(z —a)/ (1 —az) (b—a)z+1—ab

w=p(z):=g(f(2) =
etvat évag autopop@iopog tou D(0, 1), tétoog vote ¢ (a) =b. =

Hapadetwypa 6.23. Acifie 6u o povog aviouop@iouds f wou D(0, 1) ue f(0) = 0 xar f/(0) > 0
glvat o TavTtoTKog.
Avon. Aro v [potaon 4.86, 6ot ot autopopdiopot w = f(z) tou D(0, 1), pe f(0) = 0, eivar

mg HopPNg
w=f(z)=¢eY2, #ecR.

Enedr) f/(0) = ¢ > 0, 9a mpénet va eivat § = 2nm, n € Z. Apa, w = f(2) = 2. =

Mapadewypa 6.24. 'Eoww 2 C C, Q # C, anfa ovvektiko nedio kat zg € §. Agifte 6t umapyet

arpi6og pia otpuopen arneucovion | tou ) eni tou D(0, 1), térowa wote f(29) = 0 kar f'(29) > 0.
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Amoberln. Ano 1o Sempnpa anekoviong tou Riemann, undpyet ouppopen anekovior f pe ug
napanave 1910tnteg. Av g eival piia dAAn ocUppopdn Arelkovio: IOV 1KAVoIotel Tig id1eg 1610tnteg,

1

wtenh = fog ! etvar évag autopopdiopdg tou D (0, 1) pe h (0) = 0 xar A’ (0) > 0. Téte dpwg

ano v nponyoupevn doknon da etvat i (z) = z kat emopévag f = g. O

Mapadewypa 6.25. 'Eotw 21, 292, 23, 24 onueia tou C Stagopetika petalv toug. Na anobeiydel ot
o &umAdg Aoyog (21, 22, 23, 24) €lval MEAyuatkog apduog av kKat UOvo av ta onueia z1, 22, 23, 24

avnyrouv 0 éva Kukfo 1 o€ pia svdeia.

Anodeiln. Av 1000 ta 29,23, 24 € C 600 kat ta wo, w3, wy € C eival onpeia Stapopetikd petagu
toug, orou C = C U {oo}, undpyet povadikog petaoynpatiopog Mébius w = f (2), tétolog dote

w; = f(2), 1 = 2,3,4. Aut6g 0 PETACXNPATIONOG TIPOKUITIEL AITO TV 100TTA TRV SUAGV Adyev

oo 2y) e (W w2) (w3 —wa) (2~ 22) (23 — 24)
(e 0a) = (5222020 © (o (ay—w) ) (o9~ )

Qg yveotdv, kabe petacyxnuatiopog Mobius areikovidel kUkAo 1) eubeia C, o éva KUkAo 1) eubeia
Cy. E81k4, o peraocxnuatiopog Mobius

(2 — 22) (23 — 2a)

(w,0,1,00) = (2,22, 23,24) & w = f(2) = (z — 24) (23 — 22)

arelkoviel KukAo 1) eubeia C, otov mpaypatko agova (ta onueia 0, 1, oo opidouv v mpaypatikn
gubeia). Enopéveg, (21, 22,23,24) = f(21) € R, av ka1 povo av ta onpeia 21, 22, 23, 24 AVHKOUV

o€ KAIo1o KuKkAo 1) seubsia C,. O

IMapadewypa 6.26. 'Eotw 1 ouvaptnon f eivat oAdpuop@n otov kieioto povadiaio Sioko D (0,1) =
{z € C: |z| <1} extog ano o onpeo zo,

(mojog talng 1) mg f. Av f(2) =D 00 anz",

20| = 1, wou povabaiov kukAou mou eivar anidg wéAog

z| < 1, va anobeydei ou

. Qn
lim =29-

Anobeifn. Eneidr) 1o zp eival armdog nmodog g f, yia kabe z oto diatpno dioko 0 < |z — 29| < R

sivat

f(z) = ——+g(2),

Z— 20

orou ¢ = Res(f,29) ka1 1 g eivat oAdpopepn oto dioko D (29, R) = {z € C: |z — 29| < R}.

Ernopévag 1 g eivat 0A6popgn otov KAelotd povadiaio dioko, otw g(z) = Y o7 b,2". Toéte yia
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|z| < 1 eivar

z) = z
1) = = +02
o
c 1
e DU
SU 20 n=0
c 2\" —
=53 (5) w
20,20 \A0 n=0
= c
_ n
= <_z"+1 + bn> z
n=0 0
Kat a, = fc/zgﬂ + by & anzl = —¢/z0 + bpzl. Emedn n g(z) = >.,7  bpz™ ovyxdiver yia
z = zp, 9a elvat limy, o0 by 2y = 0. Apa,
i ) anzy i —c/z0 + bpzy
lim = zp lim n%+1220 lim /% n?H_l:zo.
n—00 Uy 41 n—=00 Gy 112 Nn—00 —C/Zo + bn—l—lzo

Mapadewypa 6.27. 'Eotw 1 aképaia ovvapmon | : C — C elvar té1ota dote
fz+1)=f(2) war f(z+1i)=f(2), yaxradezecC.
AnAabn n [ elvar Sumia nepobukn pe tepodoug 1 kari. Acifte ouun f eivar otadepn.

Anobeln. H f eivat ouvexng oto tetpayovo S = {z =2z +iy € C: 0 <2 < 1,0 <y <1} nou
etvat éva ouprnayég ouvodo. Eropéveg untapyet M > 0, térowo oote |f(2)| < M, yia kdbe z € S.

Ernlong and v unéBeon eivat
flz+k)=f(z) xav f(z+mi)=f(z), yaxabek,mecZ.

Qg yvaotov 1o aképato pépog tou ¢ € R, oupBodietat pe [t], etvat o povadikog aképailog apiOuog

térolog oote [t] <t < [t] + 1. Enopéveg 0 < t — [t] < 1. 'Eow z = = + iy € C. Tote,

f(2) = fle+iy) = flz — [z] +iy) = f(z — [z] +i(y — [y]) = f(w),

orovw =x — [z]+i(y—[y]) € 5. Apa, |f(z)] < M ya xdbe z € C kat ané 1o Yewpnua tou

Liouville n f sivat otaBepr. O

Mapadewypa 6.28. Na cfetaoiel av woyvovv ta napardi® (av dev wyvovv dwote katadinio

avunapddeyua):
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. Av n ovvapmon [ elvar ouveyrc otov anfd ouvektiko tomo D, 1ote undpyel ovvaptnon F

napaywyioun oo D pe F'(z) = f(2), yia kade z € D.

Av n ovvdpmon f elvar avaivtkn oto &wdtpnro bioko {0 < |z| < 2} kar f(1/n) = 0, n =

+1,4£2,43, ..., e n [ elvar tavtotika undev.

Yrapxet avaiuurr ovvapmon [ otov avowtd Sioko D (0, 2) = {z € C: |z| < 2}, tetoia
wote

lf(x+iy)|> =4—2® -y, yaaxddez=x+iy e D(0, 2).

Avon.

1.

IoxUet oty mepinoon mou 1 f eival avaAlutikry] ouvdptnor otov armdd cuvektiké toro D.
Av ouwg 1 f eival ouvexng, xwpig va eival mapaywyiown, tote dev 1woxvel. Mia tétowa
ouvdptnon eivat i f(z) = Z n oroia eivat ouvexng otov ardd ouveKTKO oo ouvektikd C
kat moubevd mapaywyiomn. Av unipxe ouvaptmon F' napayeyiomn oto C pe F/(z) = Z,

0te @G yvwotdv kat n w = F'(z), 6ndadn n w = Z 9a frav napayeyiomn oto C, droro.

. Aev 1oxvet. O duatpnog diokog {0 < |z| < 2} eivatl éva térog, 61 OpeG ardd CUVEKTIKOG.

'Eotw f(z) = sin(7/z) n omoia eivat avadutky) oto diatpnro dioko {0 < |z| < 2} xat dev
etvat tautoukd pndév. Eivar f(1/n) = sin(mn) =0, n = +1,£2,4+3,. ...
Lnpewwvetatl ot av 1 f Arav avadutiky otov avokto dioko D(0, 2) = {z € C: |z| < 2},

ortote 0 € D(0, 2), and myv apxr) tautotiopov 1 f Sa rjrav tautoukd pndév.

. Av urtfipxe tétota avaAutik ouvaptnon f, tote |f(0)]? = 4 < |f(0)| = 2, evé oto ouvopo

Tou KA£10TOU Kat ppaypévou diokou D(0, ) = {z € C: 2| <7}, 0 < r < 2, 6nAady yua
|z] = 7 9a eivar |[f(2)]? =4 — 1?2 < 4 & |f(2)] < 2. And mv apxn peyiotou auto stvat

atoro. Apa, Sev undpyet tétola avadutiky ouvdaptnorn f otov avoiktd dioko D(0, 2).

Hapadewypa 6.29. 'Eoww v ani, kicwot kar unuaticd Aeia waurnvin oto C ue 9etikn eopd

Siaypagrc. Ymoderouue ot n ovvdptnon f elvar 0A0uop@pn Tave Kat oto 0®TEPIKO TG Y Kat Ot

1a 21, 22, - - . , 2n, ElVAL ONUELQ OTO €0WTEPKO NG 7y Oagpopa pstalv Toug. Av

Qz) = (z—z)(z = 22) -~ (2 = 2),
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va anoderydel Ot T0

Tom L Qw) w—z

etvat 1o povadud moAuvavuuo Baduov n— 1 mou gyet tig ibieg tuég ue v f ota onueia z1, 2o, . - ., Zn,

POy = o LA 00,
v

éniaén P(z) = f(zk). k=1,2,...,n.

Avon. Enedr) Q(zx) =0, k =1,2,...,n, anod 1ov 0AokAnNpeTko tuno tou Cauchy éxoupe

2w Jo, w — 2k

P(z) = ! 55 f(w) dw = f(zr), k=12,...,n.
g

®a arodeifoune ot ouvéxela 6t to P eivat éva oAuovupo Badpou n—1. Enedn o Q(w) —Q(2)

gtvatl moAumvupo Babpou n g mpog z, undpxouv ai(w) tétola Gote

n—1
Qw) ~ Qz) = (w—2) Y a(w)2".
k=0

‘Apa,

Hapadewypa 6.30. Na anodeiydel 61t n e€iowon
sinz =z
eK10¢ ano v npayuatkn pida z = 0 €xel kat aneypo 10 TANdog uryadikég pileg.

Avon. H cuvdapton

f(z) :=sinz —z

elvat aképata kat dev eivat otabepr| oute Kat moAucmvupo. Enopévag 1o oo eivat ouotwdeg avopalo
onpueio tng f. Tote amo to “peyddo” Sempnua tou Picard yia kdbe w € C, pe v edaipeon evog
10 TOAU onueiov, 1 f(2) = w €xet Anelpo 1o MARBog AVoERV e KAOE TIEPLOXT) TOU OO.

Yrobétoupe ou n e§iowon sinz = z kat wobuvapa n f(z) = 0 €xel nmenepaopévo to mANO0g
Avoetg. Tote aro 9eopnpa tou Picard katyia w = 27 1) f(z) = 27 £€xe1 anepo 1o mfiog Avoewv.
'Eote (wy,) akohoubia pe drielpoug 6poug dapopetikoug avd §uo kat tétowa wote f(wy,) = 27 <

sinwy, — wy, = 2w. Tote

f2m + wy) = sin(27 + wy,) — (27 + wy,) = sinw, — 27 — w, =0.
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‘Atorto, eme1dry unobéoape o 1 egiowon f(z) = 0 éxel menepaopévo to mAnBog Avoelg. Apa 1

eClonorn sin z = z €xel Arnelpo 1o mAnbog piyadikég pideg. =

Mapadewypa 6.31. Eoww f,g9 : C — C axépaieg ovvapujoeig téroies wote |f(z)| < |g(2)|, yia
kade z € C. Na amobeydei ou f(z) = cg(z), yra kamowa otadepa ¢ € C.

Ewikd, av | f(2)| < |sin? 2|, yia kade z € C, 1d1e f(2) = csin? z, y1a kanowa otadepa ¢ € C.

Andbderfn. H anoddeln eival mpodavrg oty nepinmoon mnouv 1 g eivat tautotika pndév. Yrobe-
Toupe ot n g dev eival tautotika pndév. Tote ot pideg g g ival pepovepéva onpeia Kat Kata
ouvérewa ta aveopada onpeia mg ouvdptong f/g eivat emouoiodn. Tote n f/g propet va ere-

ktabel oe pia aképaia ouvaptnon trowa oote |f(2)/g(z)| < 1, yia kabe z € C. Ao to deopnpa

Liouville ) f/g eivat otaBepr). O
Mapadewypa 6.32. 'Eotw n axépaia ovvdpmon [ : C — C, térowa wote |f(z)| = |sin z|, yra kade
z € C. Na amobeydei on f(z) = csin z, ya kanoia otadepa c € C, |c| = 1.
Amnobeiln. 1log 1pomog. Tlpoxurttel anod v nponyovpevn AoKNo1).
20¢ 1pomog. Av
_ f() : , . ,
g(z) := ==, n ouvdpnon g sivat avaduuxkry oto nedio C \ 7Z.
sin z

Enedn) |g(z)| = 1 yia xabe z € C\ 7Z, ano6 wyv [Ipétaon 3.20 n g 9a eivat otabepr) otov o110
C\7Z. Eow g(z) = c,

c| = 1. Andadn f(z) = ¢sinz pe || = 1, yua x40e z € C\ 7Z. Enedr ot
ouvaptioelg f kat w = sin z eivat ouvexeig oto C, énetar 6t f(z) = c¢sin 2z yia xkabe z € C, érou

¢ otaBepa pe ¢ = 1. O

Mapadewypa 6.33. 'Ectw R > 0. I'a ueyaidan € N va anodeydei ott 0Aeg ot pileg te

2122 Tt nlzn

1
Bpiorovtar atov avokto dioko D (0, R) = {z € C: |z| < R}.

Anodeiln. 'Eoww

2 L

90(2) = fullf2) = Lz 4o =
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Enedr) ¢,(0) # 0 yia xd6e n € N, n g, éxet pites yua |z| < 1/R av xat pévo av n f, éxet
pides yua |z| > R. Tapawpoupe 6 g, eivat 10 n-00t6 pePkO abpoiopa tng duvapooelpdg

ZZO:O 2k /k! = e*, n onoia ouykAivel opoidpopda oe ouprayr) vroouvoda tou C. Av
m = min [e*|,
l2|=1/R
unidpxet ng € N této1o dote yia kabe n > nyg
lgn(2) — €*] <m < |e*|, vwaxabe|z|=1/R.
Eneidr) n w = €7 dev éxet pileg oo C, amnd 1o Sempnpa tou Rouché kat n g, 6ev Sa €xet pideg yia
|z| < 1/R. loobuvapa, n f, dev éxet piles yia |z| > R. O
6.6 Aoxkrnoeig

1. Na urnoAoylotouv ta MapaKAte 0AOKANPOPATA

(a)

% cos z d
2.
=12 1+ 2422 4 23 4 24

6_2Z
— dz.
}éz—iﬁ (z — i)t

2. Yro6étoupe 6t n aképata ovvapton f : C — C eivat térota wote lim), L [f(2)] = A,

(B)

A > 0. Na arodeixbei 6t ) f eivat otabepny.
3. YroBétoupe 611 1 ouvaptnon f eivat avadutikn oto G kat cuveyxng oto G, drou
G={zeC:|Rz| <1, Q2] <1}.

Av f(z) =0, 6tav Rz = 1, ewpnviag ) ouvaptnon

va arnodeiyBei 6t n f eival tautoukd pundév oto G.
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4. Ynobétoupe Ot 1 aktiva oUyKAlong g Suvapooelpdag ZZO:O cn2" eival R, pe 0 < R < o0.

Na amobdeyBei 611 1 ouvaptnon

o0
Cn
f(z) = Z Ez"
n=0
sivat aképata, dnAadn avalutkn o 6Ao to C.

5. Na urnoAoylotouv 1a apaKkAt® 0AOKANpORATA :

(@)
eTrZ
——dz.
é|2 z2(22+1) ‘

yg el dz
|z|=1

(B)

o6rou n € N.

)

% cot z d
——dz.
|2|=5 24 4 22
4. 1/z
z“e
b
ol=2 1 =2

1 e
% 22sin z dz = 3
|z|=1

®)

6. Acigte oul

7. Aei€te oul

VAT (L1 44),

5mi/d\ _ V21
4

1 . 1
7224+1dz:2mRes <z4+1’ e

émou 7y eivar n EAAewpn pe e&iowon: x2 — xy + y% + 2+ y = 0 kat Yekn popd Saypagrg.

8. YroBétoupe 611 o1 ouvaptroetg f, g eivat avadutikég otov KAelotd povadiaio dioxo D (0, 1) =
{2 € C:|z| <1}, 6un g dev éxet pites oto D(0, 1) xat 6t 1 f et 10 OAU . — 1 10 TIARB0G

pideg oto povaduaio dioko D(0, 1) = {z € C: |z| < 1}. Na arnodeixBet ou yia kabe n € N*

f(2)
9(2)

max |z" —

21<1

>1.
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9. 'Eote o1 cuvaptnoeig f, g etvat avaAutikég otov kAetoto dioxo D (0, R) = {z € C: |z| < R}
kat vrnoBétoupe out f (z) # 0 yuaa xabe z owov kukho C' (0, R) = {z € C: |z| = R}. Na
artoderyBei 611 untdpyet € > 0 této1o wote o1 suvaptoslg f kat f + eg éxouv tov 1610 ap1Opo
pilwv oto eowtepiko tou kukAou C (0, R). Andadr, prnopovpe va noupe ot n f kat pua

HKpr) petaBodr) g f €xouv tov 810 apBpd piiov oto eowtepiko tou kukdou C (0, R).

10. Qg yvootov ot tpetg pileg g e§iowong 23 =1elvatot: 1, w = €2™/3 xar w?. YrniobBétoupe

2

ot n ouvdptnorn f eivat avadlvtuxkn oto C extog ano ta onpeia 1, w kat w” mou eivat ardoi

modot g f pe
Res(f,1)=1, Res(f,w)=a#0 xat Res(f,wQ) =q .
Eniong uroBetoupe 6t yia karowo Ry > 0 unidpxer M > 0 tétolo wote
|22f(2)| < M, ywakabe |z| > Ry.
(@) Xpnoworowwviag 1o Sewpnpa 0AOKANPETIKGOV urtodoinev, deifte ot
l+a+at=0sd’+a+1=0.

Eropéveg eite a = w 1 a = w?.

(B) Av

beilte 61 n g eival tautotika undév oo C.

(y) Na ouprepavete ot

11. 'Eow
exp(az—kbz‘l): Z 2", a,beC,

n=-—00
10 avarttuypa Laurent tng avadutikyg ouvaptnong f(z) = exp (az + bz_l) oto 6uatpnrto
dioko A = {z € C: 0 < |z| < 00} pe kévipo 10 zp = 0. Aeigte ou

Cn ! / elath)eost o [(a — b)sinf —nb] df, neZ

:% .
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Kat

1
2T
o0 akbk+1

Res (exp (az +bz71) , 0) = / elat0)cost oog [(q — b) sin 6 + 0] do

- ! I
— El(k+ 1)!
12. Eow (f) akodouBia cuvaptijioeav oto C \ {0} pe

2!z2+'“+n!z”'

1
fn(z) == 1+;+

(@) Av CT(0, r) etvat o kUKAog pe xévipo 0 axtiva 7 > 0 xat 9etikr) popd daypadrg,
6ei€te 6 1o oAokAnpepa
1 '(z
s )
2mi Jo+(0,r) fn(2)
urtodoyidet tov apBpd v pov g f,, oto daxktdio A = {z € C: |z| > r}. (YroBé-

oupe 6t n f, Bev €xel pideg mave otov kuxkdo C(0, 7).)

(B) ITowd eivat n Tr) T0U OAOKANPOPATOG
1 ' (z
1 fal2) .
2mi Joro,r) fn(2)

yla peydda n kat otabepo r > 0;

() Ta peydda n kat otabepd 7 > 0 va anodeiyOei ot 0Aeg o1 pideg g fr, Bpiokoviat otov

avokto dioko D(0, r) ={z € C: |z]| < r}.

Yrobeiln. @swpeiote v akodoubia ouvaptoewv (F),) oto C pe

2 n

z z
F,(2) ::fn<1/z):1+z+§+‘”+ﬁ'

13. AciSte 6T av ) ouvaptnorn f eivat avaAlutikn otov kKAelotod povadiaio dioko E(O, 1)={z¢€
C : |z| < 1} kat naipver mpaypatkég tpég oto povadiaio kukdo C(0, 1) = {z € C: |z]| =
1}, tote n f eivai otaBepn).
Yrobeiln. Ava = a+if € C, pe f # 0, apkei va anodeyBet out f(2) # a yua kabe |z| < 1.
Xpnowionoteiote myv “ apyr) opiopatog ~ yua w ouvapton f(z) — a.

14. 'Eow o > 0 xat V/sin? 4 ia = exp (% Log (sin2 T+ ia)), orou w = Log 2 eivat o avadu-

KOG KAGS0g doyapifpou rou opitetat oto C \ (—o0,0]. Av z € [0, 7/2], deigte 61t

11— cosz| < sin’x < ‘\/SiﬂQ:c—i-ia‘ .
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(a) Na amoderyBei 611

T 1 /2 1
| e—to=2 [
0 /sin?z +ia 0 Vsin? z + i
/2 /2 1_
:2/ cos T dr +2 ST .
0 Vsin?z +ia 0 sin?z +ia
() Xpnowomowwvtag 1o Sempnpa Kuplapxnpevng ouykAlong tou Lebesgue, va arodsiyHet
ot

lim 2 /2 ] _coszx

a—=0t  Jo Vsin? z + ia

(y) Na vnodoytiotetl 1o oAorAnpopa

dr=2In2.

/2
2/ Ccos T d
0 Vsin? z + i

Katl ot ouvexela va arodeiyBel ot
4 1 s
lim 1na—|—/ ——————dzr | =4ln2 — —1.
a—0t 0 Vsin?z + io 2
15. YrnioBétoupe ou 1 (f,) eivar akodoubia avadluukov cuvaptiosov, tétowa wote f, — f

opoopopda oe oupriayr] urnoocuvoda evog toriou D C C. Av n f, eivar 1 — 1 yua xkdabe

n € N, va arobeixBei ot eite n f eivat otabepn) i n f eivar 1 — 1 oto D.
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INapaptnpa A’
O1 ouvaptioelg 'appa xat Znta

A'.1 Mepra Baoika anoteAéopata tng Miyadikig Avaiduong

Avagépoupe Xopig arodedn 1o Mapakat® Baciko Jedpnpua OXETKO e T CUYKAL0N aVAAUTIKOV
ouvaptioenv. To Sewpnpa datunobdnke ano tov Karl Weierstrass to 1860. H anddeiln tou
Yewprpatog, aparnepriovpe oto [18, Theorem 3.1.8] 1) [31, 10.28 Theorem], eivat ouvéneia tou

Yewpnpatog Morera kat t@v aviootrt@v Cauchy.

Osopnpa A'.1 (Bsdpnpa avadlutikig oUYKALONG). 1. Yrnodérouue ou (fy,) eivar axofovdia
avaAuTIK®OL ouvaptnoev o éva avolkto ouvektiko ovvoio ) C C, tétowa wote fr, — f
ououoppa oe ouurayr uroovvoia tou ). Tote, n f eivar avadutucr oto () kat fT(Lk) — flR),

k € N, ouowuoppa oe ovurayr) urosvvoia tou §2.

2. Av (gn) givar pia axoflovdia avautikiv oUVAPTHOEDV OPLOUEVOV O £VA AVOLKTO OUVEKTIKO
ovvofo Q C C rarn g(z) = Y72 gn(2z) ovykiiver opoiduopga oe ouumayr vroovvoia
tou (), 1018 1 g elvar avadvurr oto Q kar g (2) = Y000, gq(f)(z), k € N, ouowduoppa oe

ouumayn vroovvoia tou §2.

A'.1.1 AvaAutikn enéxktaoy (1} ouveyion)

Mia pyadikn) ouvdaptnor f avadutiky o éva avolktd ouvektiko ouvodo D C C 9a cupBoAiletat
pe to Satetaypévo Leuyog (f, D). Av (f1, D1), (f2, D2) eival 0o tétowa Satetaypéva {euyn, t0te

(f1,D1) = (f2,D2) av xkat pévo av D1 = Dg xat fi = fa. @a Aépe 6w 10 (f2, Do) eivat pia

209
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avaAutikyg enéktaon 1 ouvéxion wu (f1, D1) av
Dy N Dy # 0 xar f1(2) = f2(2), yia kdBe z € D1 N Dy

Eivat ipopavég ot kabe {euyog (f, D) éxet avadutkr) enéktaor. Av niapoupe to D C D xat
mv f1 = f|D1, dndadn n f1 eivat o mepropiopdg g f oto Dy, t6te 10 (f1, D1) gival avaduukn
eréktaor) tou (f, D). @a Aépe 611 01 AVAAUTIKEG EMEKTACELG AUTOU TOU £180Ug eivatl tetoiupusveg.
'OAeg o1 aAAeg avaAUTIKEG emeKTAOELS Afyoviatl yurjoteg. Atvoupe éva amdo rapadetypa. 'Eote 1o

Geuyog (f, D) pe D = D (0,1) xat
o0
f(z):Zz”, z€ D(0,1).
n=0
H f eivat avadluukr oto povadiaio dioko D(0,1). Av D1 = C\ {1} kat
fl(z):jv ZGC\{1}7
tote 1o {euyog (f1, D) eival yvijora avadutiky enéktaorn wou (f, D).
Mpdtaon A.2. Av (f1, D7), (f2, D2) evar 6vo avaiuvuikés enextaoes wou (f, D), 0t f1 = fo.
Amo6efn. Ao Tov 0p1016 TG AVAAUTIKAG £MEKTACNG TO AVOlKT6 cuvodo D N Dy # () xat
fi(z) = f(z) = fa(2), yia kae z € DN Dy .
Tote, anod 10 Jeopnua povadikottag £netat ot f1 = fo. O

Av (f, D) eivat éva Geuyog, éxet n f yvrjota avadlutuky enéktaor) ; To nmapakdte napddetypa pag

Aéel 6T yeVIKA 1] antdvinon givat apvnukn.

Mapadewypa A'.3. 'Eoww
> k
f(z)::Zz2 =z+22 4+ 484 z€ D(0,1).
k=0

To (f, D (0,1)) bev éxer yvrjora avaiuvuikn enékraon.

Anobeln. Ynobétoupe ou o (f, D(0,1)) éxer yviiowa avadutky) enéxktaorn. Tote n f 9a éxet
OUVEXT] EMEKTAOT] O KAIO0 TOE0 Y tou povadiaiou kukAou C(0,1) mou eivat 0 oUvVopo tou

povadaiou diokou D (0,1). 'Opeg KAOe 1010 1080 7y mepiéxel onpeio g PopPng

» 2mm
¢, énou § = o katta m,n € N.
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®a dei§oupe ot ouvéxela ot yia auto 1o 6 sivat

lim ‘f (rew)‘ =+00.

r—1-

Auto pag obnyet o atorto (uroBécape ot ) enéktaon g f da eival cuvexrg oto 1680 ) Katl katd

ouvénewa 1o (f, D(0, 1)) 8ev propet va €xetl yviiola avalutiky) eMéKTaoT).

Av z = ret?

, TOTE
n—1 . o) .
f(z)= 22+ Z 2" exp (2k_"+1mm')

k=0 k=n
n—1 . o) .

=) 22+ Z 2 (exp (2" " mmi) = 1)
k=0 k=n

=g(2)+h(r),

n—1 _9k

oroun g(z) =) ,_o 2" eivalt gpaypévn oto povadiaio dioko D (0,1) rat
> k
h(r)::Z:r2 ) O<r<l)
k=n

Yrobétoupe ot lim,_, - h (r) = a. Tote, yia kabe N € N éxoupe

n+N
k
Z r? <a O<r<l
k=n
KAl EMOPEVRG
n+N
. k ,
N +1= lim Z r? <a. (atorto)
r—1- —n

Apa, lim,_,1- h (r) = +00 Kat katd cuvénela

lim ‘f (rew)‘ = +00.

r—1-

A'.2 H ouvaptnon [' tou Euler

Etval yvooto anod myv “Tlpaypatikn AvaAduorn)” 0Tt T0 YEVIKEUPEVO 0AOKRATIpepA

o0
/ e dt
0
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ouykAivel av kat povo av & > 0. H ouvaptnon Fappa I' : (0, 00) — R opidetat wg e&ng

I['(z) ::/ e tt* L dt .
0

Arnodeikvuetatl (apariépnouvpe oto [40, Section 5.3]) 6w n ouvapon I' naipver Setikég tpég,
gtval ouvexng kat kupty pe lim, o+ I'(z) = oo xat lim, o I'(x) = co. MdAwota n I' eivat

log-kuptr], 6nAadn yia kabe z,y > 0 kat yia kabe A\, 1 > 0 pe A + p = 1 eivan
I+ ) <T (@) £ T (y)
Eriong n I' £xel 1ig nmapaxkdte 1616tnteg
Fz+1l) =zl (x)yjazx >0, I'(1) =1xar I'(n+1)=mn!.

®a opicoupe oty ouvéxela 1) ouvaptnon I' oto piyadikd eminebo kar ouykekpipéva oto 6e§1o

nuiertinedo D = {z € C: Rz > 0}. YnevOupidoupe ou yua ¢t > 0
P =exp{(z—1)Int} xar [t =t""", émovx=RNz>0.

Enedn

oo o0
/ le7t* 71 dt = / e dt =T (2) zeD,
0 0

10 OAOKANPGOHA fooo e~ 't*~1 dt ouykAivel anéAuta Katl eMOPEVES PITOPOUpE va opicoue ) I oto
D pe
o0
I(z):= / e "Lt zeD.
0

Ta va éei§oupe ou n I' eivat avadlutukn oto D Sewpoupie 10 oAokAnpopa

/aRF(Z) dz = /aR (/Oooe_ttz_ldt> dz

orou JR eival 10 oUvopo KAT010U KAe1oToU opBoyaviou oto D. Emeidr) to

/BR (/Ooo et dt) dz = /aRr(x) dz

ouyKAivel, propoupe va kKavoupe adlayr) ot oslpd 0AokAfpwong. Enopévag, xprnotponoioviag

—ttz—l

10 YEYOVOG OTL 1) € elval avadutiky] oav GuvAaptnon TouU 2z, £XOUHE

/ I'(z)dz :/ / e 't Ldzdt
OR 0 OR

= / 0dt (Sedpnpa Cauchy)
0

0.
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‘Apa, aro 1o Yswpnpa tou Morera £rietat 6t ) ouvapon I eivat avaduukr) oto D.

Xpno1omoiwviag IapayovIiKy] OAOKATNP®OT €UKOAA ATTOSEIKVUETAL OTL
F(z+1)=2I(z2) . Rz > 0)
[Mpokepévou va srexteivoupe ) I oe 6do to C, Sa epappoocoupe tm 1€B080 g avaAluTikig

enéktaong. Opioupe tn 'y yia Rz > —1 pe

Ty (2) = ”z;l) Rz > 1)

H I'; eivat mapayeyiomn oto nuieninedo Rz > —1 extog and 1o onpeio 0. Enedy I' (1) = 1 # 0,
10 0 givat arog odog g I'y. Etvar 'y =T oto D = {2z € C: RNz > 0}. Av

Dy ={z€C: Rz>-1}\{0},
w0 (I'1, Dy) eivat avadutkr) enékraon tou (I', D). Eniong éxoupe

Fz4+2)=+)Tr'(z4+1)=2z+1)T(z). Rz > 0)

Mriopoupe topa va opicoupe ) I's yia Rz > —2 pe

Ty () = w Rz > —2)

'Oneg Kat ponyoupéveg naipvoupe avaduuky enékraon (I'y, Do) wg (T, D), érou
Dy ={zeC: Rz>-2}\{0,-1} .

Mpopavag eivar I'y = Ty yia Rz > —1. Zuveyiloviag aut ) Sadikaocia erekteivoupe )
ouvdptnon I' oe 6do 1o C. Aut n enektapévn ouvaptnon eivar pepopopdn, Sniadr) sivat
avadutukn oe 6ho 1o C extodg amnod ta onpeia —n (n = 0,1,2,...) nou eivat ardoi odot g I' xkat

Aéyetal ouvaptnon yappa tou Euler. T'evikd, yia kdbe n € N éxoune

F(z+n)=z(E+1) - (z+n-1T(2). (ze©
Ao v e§lowon
B I'(z+mn)
F(Z)_z(z—kl)--‘(z—kn—l)
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napatnpovpe 6u ta povadikd avopala onpeia g I' etval amdoi odot ota onpeia —n (n =

0,1,2,...) pe

Res (I, —n) = h@n (z+n)T(2)

2
. I'(z+n+1)
= lim
zm-nz(z+1)---(z4+n—-1)
(1)

(—n) (—n+1)---(—n+n—-1)
(1"

n!

"Exoupe arnobdeiget 1o e€rg Sewpnpa.

@zapnpa A'.4. H cvvapmon I eivar ugpdpoppn oto C kar tcavonoiel thu eflowon
F(z+1)=2I(z2) . (ze O

HT éyet méfouvg ota onueia —n (n = 0,1,2,...), ot téjot eivar anioi e

Res (I, —n) =

H ocuvaptnon I' éxet kat aAAeg onpavikeg 1616tnteg. Avapépoupe pia and autég tig 1610t eg oto
napakdame deopnua (ya vy anodedn napanépnoupe oto [3, oedibeg 267, 268)).

Osopnpa A'.5. Eivat

r(z)r(1—z):$. (z €C)

A6 10 naparnave dedpnpa énetat 0t n ouvaptnon I' dev éxet pides.

A'.3 H ouvaptnon ( tou Riemann

H ouvdptnon ¢ tou Riemann eival ouvaptnon piag pyadiknig petaBAntig kat raidet Kuplo poAo
otnv avaAutikn) dewpia apOpwov, ot Sewpia apOpov Kat £xel epaployEg ot PUOLKY, ot denpia

mBavotnIeV Katl OtV EPAPPOCHEVT] OTATIOTIKI].

Mapadewypa A'.6 (H cuvapinon ¢ tou Riemann). H ovvdpton ¢ tov Riemann mou opiletal ano

™ ogpa tov Dirichlet
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ovyKAiver anéfuta kar opotopop@a oe ovunayn vroovvoia wou A = {z € C: Rz > 1}. Enoucvag

n ovvdptnon ¢ eivar avaiuvtikn oto A.

Anobaln. 'Eoww K ouprnayég unoouvodo tou A(xwpig BAGBn g yevikdttag propovpe va ma-
poupe K = D (20, 7) = {z € C: |z — 20| <7} C A) kat 010 § > 0 1 andotaon tou K arnd 1
ypapuuny Rz = 1. Eneidn 1o K sival oupnayég kat i ypapun Rz = 1 sival kAe1otd ouvolo, 1)

artootaoct] twv § 9a eival 9eukr). Tote, yia kdbe x = Rz > 1 + § éxoupe

1
_|,—zInn
| =le
— ef:plnn
(1+9)

Enedr) og yveotov n oepd 22021 n- oUuyKAivet, amnod to M -kpurpio tou Weierstrass ) ogipd
Y02 1 (1/n®) ouykAivel opoidpoppa oto K Kat eMopéveg aro 1o Sempnpa avalutikeg oUYKAONG
n((z) =>.,2, (1/n?) etvar avaduukn oo A. Eniong yia kabe k € N éxoupe

(s i i (Inn)

n=1

k

O

H ouvdeon g ouvaptinong ¢ e toug rpetoug apibpoug avakaAupbnke aro tov Leonhard Euler
0 ortoiog arédetde ) tautotta
-1 ,
)=J[0-p7)", Re>1, A1)
peP
orou P = {p : p eivar mporog apiBpog}. O turnog (A'.1) Aéyetal kat Tonog ytvopévou tou Euler.

IIpdétaon A.7 (Tumog yvopévou tou Euler). Ia Nz > 1 10 anspoywousvo HpeP( —pF )_1

ovyKkiver kat

peEP

omou P ={2,3,5,7,11,...} = {p1,p2, ...} givat 10 oUVOAO TV YUKWV TPOTOV APIOUGMD.

Anobeln. 'Eote z otabepd pe Rz > 1. Enedn) n oepa
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oUyKAivel amoAuta, yia kabe € > 0 uniapyet N € N tétoo oote

o0
> |4 <
z
n=N+1
Eivat
1 1
onote
1 1 1 1
i@ =g tEteEt
Kal ETIOPEVROG
1 1 1

[Mapodpoaq,

1 | 111
1- ) (1-— S .
( 2)( 32)4@ Tt T

Zuveyidovtag v apandve diadikaoia mou ival yveotr Kat oav “kookivo tou Epatoodevn” naip-

Ao v ermdoyr) ou N, yia kdBe n > N eival

voupe

IT(1- > C(z)—1| <e
z
P (Pk)
Kal auto anodeikvuel Tov TUro yivopévou tou Euler. O

Znueioon. O tunog ywvopévou tou Euler ypagetatl kat ot popon

= 1
C(z):”(_z>, Rz>1,
j=1 1 —p;

orou (p;) eivat n avgouoa akoAoubia TOV MPAOTHGV APOPOV.

A1t tov tuTo tou Euler mipoxurttet 6t i ouvdptnon ¢ 6ev €xet pideg yia Rz > 1. Ta mv anodeidn
10U dempratog 1oV mpeiav apldpov(OIIA) xpeiadovial PEPIKEG AKOUT 1810TNTEG TNG CUVAPTNONS
(. To mpwto anotédeopa eival OXEUKO pe tnv erékraon g ¢ o pia meploxr PeyaAutepn tou

Rz > 1.



A’3. HZXYNAPTHXH ( TOY RIEMANN 217

Oewpnpa A'.8. H ovvdptnon
1

z—1

¢(z) -
éxetl pia avaiuvtikn engxtaon oto nuenineso Nz > 0. Enopusvag n ( xel avaiuvtky engkiaon oto

D={zeC: Rz >0} \ {1} rat &get anio mojo oo z = 1 pe oforAnpwtikd vnoouro ivo ue 1.

Anobaén. Twa Nz > 1 sukoda Saruotdvetal ot 10XUEL 0 TIAPAKAT® TUTIOG (T0 aplotepd PEAog

elvat éva misokomikd adpoioua)

njl——-—|=——-—-1- —_—.
(n+1)* n? Nz-1 = (n+ 1)*

n=1 =1
Enopévag,
N-1 N-1 1
1 . A2
+Z n+1 NZ1 n[n—i—l nz] (4-2)
n=1 n=1
‘Opwg,
1 1 n+1 n+1
n [z — } = —nz/ t— L dt = —z/ [t]t—=" 1 dt, (A.3)
(n+1)° n? n n

orou [t] eivat to aképato pépog tou t(6nAadn [t] eivat o peyadutepog arépatog < t). Tote,

N N-1

1 1
— =1 -
n? * ; (n+1)°
1 ! ]
=Tt / [ttt at (Adye TV (A'.2) kat (A".3))

1 N ,
.
= 1+z/1 [t dt

TéAdog, yia N — 0o maipvoupe 1oV mapakAt® TuIo yia ) ouvaptnon ¢

¢(2) = z/ [tt="tdt, Rz>1. (A.4)
1

L) . 0o 5 1
z/ " dt—z/ tPdt=—— =1+ ,
1 1 Z—]. Z—l

Xpnowpornoloviag v (A'.4) éxoupe

Enedn

g(z)_z11:1+z/ (K] —t)t="tdt, Rz>1. (A'5)
- 1

®a arodeifoupe pa Ot 1 CUVAPTHOT)

f(z):=1 +z/loo ([t] =)t Ldt
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eivat avaduuky] oto nuiertinedo Rz > 0. Tpaypary, eneidn

o0 o0 1
=)t det < IR gy
/1 (10—t d _/1 dt= o

10 YEVIKEUPEVO OAOKATip@pa [ 100 ([t] —t)t=*~1 dt cuyxAivel anéAuta yia Rz > 0. Av epyactoltpe
OTIWG Kat otnv anodeign g avadluukotntag tng cuvaptnong I', kataArjyoupe oto 0t ) ouvaptnon
g(z) == [[°([t] — ¢)t7* 1 dt etvar avadutikn oto nuieninedo Rz > 0. Toéte kat n ouvapton
fz)=1+z floo ([t] —t)t=*" 1 dt 9a eivar avadutikr oto nueninedo Rz > 0. 'Opwg and myv

(A’.5) exoupe ol

((z) — = f(2), Rz >1.

z—1

‘Apa, 1 ¢ enexteiveral avadutikd oto nuierinedo Rz > 0 kat auto anodeikviet 1o Seopnua. O

To endpevo edpnua pag Aéet ot n ouvaptnon ¢ dev éxetl pideg mave oty eubeia Nz = 1. To

YEYOVOG aUTO Iailel onpaviiko poAo otnv arodedn tou Jempiatog 1oV npotov apdpov(@IIA).

Osopnpa A'.9. H cuvapmon ( bev gxet pilec mave otnu evdeia Rz = 1. Enouévag, n ovvdotnon

f(2) = (2 —1)((2) givar avaivukn kat bev et pileg oe pia mepoxn ov Rz > 1.
Anobeiln. Ta otabepo y € R, y # 0, Sewpoupe ) Bondnukn cuvdptnon
h(z) =) e +iy)(v +i2y), a>1.

Eneidr) og yvootov
o0 wn

Log(l—w)=-> —, |w|<1,
n=1

n

arto tov oo tou Euler yia Rz > 1 éxoupe

¢ (=) = =Y I |1 - p;?
j=1

= —%iLog (1 — p;Z)

Jj=1

oo oo 1 s
= %ZZW :

j=1n=1
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Enopévag,
In [ (2)] = 31n|¢ (2)] +41n ¢ (@ + iy)| + In|¢ (x +i2y)]

ZB%ZZ pfnx+4§RZZ —na— my+%zz —nz—i2ny

j=1n=1 Jj= 1n1 j= 1n1
=> fgmﬁ@+@fw+gmﬂ.
, n
j=1ln=1
Eneidn pj_my = exp (—inyInp;) xat pj_izny = exp (—i2nylnp;), o N (34—4}9J "4 Z2ny>

naipvel ) popdr)
3+4cosf+cos20 =3 +4cosh+2cos?0 —1 =2 (1 + cosh)?

Tote,

In |h ’ — Z Z fn:p% (3 + 4p] my +p any) >0

jlnl

KAl KATd OUVETIEld
= | (@)| [¢H (@ +iy)| [C(x +i2y) > 1.

Enopévag, yia z > 1 éxoupe

h@) _ 3| Clx +iy) [ L :
PN w1y | e iz 2 &6
Yrobétoupe out ((1 + iy) = 0. Tote

o p@)] 3| (@ +iy) [* :

i POL_ i (1) ¢ [ (o iz
e Kty |t . _
= lim |2 [C( + i2y)] (Res (¢,1) =1
=[¢'(1+iy } IC(1 4+ 2y)| , (xavévag L’'Hopital)

£ve) 10 65816 11Aog g avicotntag (A'.6) teivel oto +0o kabog to z — 17, ‘Atoro. Apa, ((1+iy) #
0. Emedn) 10 y eivat évag aubaipetog mpaypatikog aptbpog, y # 0, n ouvaptnon ¢ dev €xet pideg

nave oty gubeia RNz = 1. O

Hapatnipnon A'.10. H éfunvn i6éa mg soaywyng g Londntucrc ovvaptnong h ogeifetar oto
yeppuavo uadnuatko Franz Mertens(1898). 'Exouue amodeifel 01t OAeg ot pifeg NG oUVAPTNONG
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¢ oto nueninebo Nz > 0 PBoiokoviar uéoa o Awpiba 0 < Rz < 1. IHoAAoi padnuatucoi yovv
aoxondei ue 1oV evtonIoUod TV Pilwv ¢ ouvaptnong . O Riemann oe pia spyacia touv o 1859
avépepe O elvar “moAv mdavo”™ ot deg ot pilec e ¢ ot Awpidba 0 < Rz < 1 Boiorkoviar tave
om yoauun Rz = 1/2. Avwj givar n nepipnun vnéOson tou Riemann, éva and ta ueyaiviepa
avoikta padnuatka npo6inuata. Ag onueidei ou to 1915 o G. H. Hardy, BAsne [13], anédeile
ou n ovvapmon ( éxel anepo 1o TANdog piles nave om yoauur Rz = 1/2. INa nepioodtepeg

Anpogopisc oxetka pe avto 1o 9éua tapanéurovpe oto [8], kadwg emiong Kkat oto

http:/ /mathworld. wolfram.com/RiemannHypothesis. html.
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