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Chapter 1 1

The Finite Element Method (FEM)

1. THE FEM FOR THE PLANE TRUSS

Degrees of freedom u,(t), u,(t) us(t), u,(t) nodal
coordinates

The axial deformation is assumed of the form
u(x, t) = uy(Hhwy(x) + Uz (t)hw,(x) (1)
where y,(X), w5(X) shape functions

dN

Degrees of freedom of truss element a 0 (2)
m +dN N=A(X)o, =EA(X)e, = EA(X)%, i=12  (3)
X
> dxj+

d dy,

—|EA(X)—/|=0 4

Headtl-o
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Integration gives

dx
A(X)

Y = CJ +C,, C;,C, arbitrary constants (5)

Constant cross section

W, =CX+C, (6)
For w,(0)=1and y,(L)=0 gives vi(x)=1-§&, £=x/L
For y5(0)=0 and y4(L)=1 gives y,(X) =€, E=x/L

The transverse deformation is rigid body motion
V(X t) = U, (1-&) + U & = Uy, (X) + U,p,(X) (7)
Note thaty,(X) =wy(X),  wy(X)=w;(X)

THE EQUIVALENT NODAL FORCES

Use of Langrage equations with A=0
d oT, ar N oU

— (=) =Q
dt oq,° oq, 0q
Elastic nodal forces fg; = @, Inertia nodal forces f;, = i(ﬂ)—ﬂ, External nodal forces p,(t) = Q,
oq, dt oq," oq,
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ELEMENT ELASTIC ENERGY AND STIFFNESS MATRIX

1
U=— dVv - o
2 '[V o fsi kip 0 kig O]y
GX:E(C.:X, 8X=6U/5X fsz _ O O O O <UZ
f Ky, O ksa Offu
1. ou' s3 31 33 3
U=> [, jAE(a—Xj dxdydz fse) 1O 0 0 0|y,
2 fe — keue
zleEA(x)(a—uj dx )
2°0 X f§ = nodal forces, U®=nodal displacements and
U(u,,uy) = %I()L EA(x)[uN;;(x) + u3\y'3(x)]2 dx k© = stiffness matrix
For, i=12,3,4 Ky 0 kyg O
U ke — 0O 0 0 O
fs1= ou, = KyqUy +KqaUg ksy 0 ky3 O
0O 0 0 O
f,=9 _g ] _
s2 ~ 8_112 - If A(X)= A= constant
oU 1 0 -1 O]
fsa = —— = KaUy + Kgus e
0 0 0 O
OU, ke = E'i‘ (11.2.
oU L* (-1 0 1 0
fsq = a =0 0 0 0 O]

ki = [ EAGOW{(x)](x)dx i} =13
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ELEMENT KINETIC ENERGY AND MASS MATRIX

(a) Distributed mass. Consistent mass matrix
The mass element m(X)dx undergoes two displacementsu(X,t)

V(X,t).

T-1 m){[ux O +[vx 0 fax (12220

270

LCIRAE %J': m(X){[U1\I’1(X) + Us‘l’e,(x)]z + [Uz\lf1(x) + U4W3(X)]2} dx

ql =UI, | — 1,2,3,4.
d oK oK .. ..
= a(a—m)—a—u1 = M4ty + Myglly
—g(%)—%—m U, +m,,u
2= g a0, au, 20Us 24Uy
d oK oK .. .
fis = a(a—ua) - a = MgUy + My3Us
d oK oK . ..
fy = qt a) —E = MyoUy + My, Uy

L .
My = Myqjiq = Io M)y, (X)y;(X)dx, i,j=13

fi m, 0 my 0 ||
fiz [ _ 0 my 0 my U
fis| |mg 0 my 0 |1
f,) 10 my, 0 my,|(l,

f° =m°u° (11.2.25)
f°=nodal inertia forces,

e )
U~ =nodal accelerations

mM°® =mass matrix (consistent)of element e

m; 0 my O
me = 0 my, 0 my,
my, 0 my; O
0 my; 0 my,
If m(X)=m=constant
(2 0 1 O]
me — m_e 0 2 0 1 e =L
61 0 2 0
010 2
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(a) Lumped mass assumption

y
m(X)

j O
L Ko x
' ' m, m,
L L
m, = jo m(x)(1-&E)dx m, = jo m(x)Edx

T= %m1 (012 + 022) +%m2 (032 + 042)

Setting q, = u;, i=12,3,4 we obtain

T T
fiq dt'ou,’ ou, m, Uy
d,6oT oT .
f,=—(—)———=m,,u
2 = dt(éuz) ou, 22Y>
d,6 oT oT .
fo=—(=—)—=— =mgli
13 — dt(6u3) au3 33%3
4T T
he =G ou,’ ou, Masts
My =My, =My,  Mzz =My, =M,

fi m, 0 0 0
fiz 0 myp 0 O
> =
fia 0 0 my O
] o 0 0 m,
fle — meue

f°=nodal inertia forces,

e )
U~ =nodal accelerations

m°® =mass matrix of element €

m, 0 0 O
0 m, 0 O

m =
0O 0 my; O
0 0 0 my
If m(X)=m=constant

1 0 0 O]
e 1 .0 10O .
m°=—m , m

2 0 010

0 0 0 1]

J.T. Katsikadelis Advanced Structural Dynamics. ADERS

Lecture#7




ELEMENT EXERNAL NODAL FORCES

p(x,t)

— — e

j Pty L PR K X

K
SWP = J: p(x,t)du(x, t)dx + ZPKSU(xk,t)

—I (X, £)[8upw4(X) + Buzy4(x ]dx+ZP )[BUpw (X, ) + BUzw5(x, )]

= p;(t)du, + p5(t)du;
pi(t) = [ p(x, t)w(x)dx+ZP (wi(x,), i=13

P4(t)
0
P5(t)
0

p°(t) =1
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TRANFORMATION OF NODAL VECTORS AND ELEMENT MATRICES

7
3 X
l'\ P
y
1 > g
X = o
a;| | cos¢ sing ||ay
y a,| |-sing cos¢||a,
7 \ _ a=Aa AT=AT a=A"a
] 7l3! - — - —
A a= 1l g2 lHl AL cos¢
k\ /0L a, a, —sing cos¢
Upve—, Y
I _ .
u, cos¢ sind 0 0 u,
O X u,| |-sing cos¢p O 0 ||G,
{W} _| cos¢ sing {51} u [ | 0 0 cosp sing ||U;
U] [-sing cos¢||U; u,) | 0 0 -sing cos¢||T,
us| [cos¢ sing |(u; T
= _ e — e—e € - e e
{u4} | —sin¢ cos<|>_{u4 Ll u (R ) .
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fSe = (Re k°R°u°S
fSe = Reﬁ Re _ (Re )T keRe
Similarly
fe - ﬁ]eae rﬁe _ (Re )T meRe

The truss stiffness matrix, mass matrix and load vector
Ne Ne
_ o _ ~
=YK M=
e=1 , e=1

Ne
p(t) =P(t)+ > p°(t)

Equation of Motion

Mu + Ku = p(t)

The assembly matrix

2j-1  2j 2k —1
\ / \ o
u| [o 1 0 O 0O 0 O
u,| |0 0O 1 0 0O 0 O
us| |0 0 0 O 01 0
u;| |0 0O 0 O 0O 0 1
u= {U1 U, Uy 1 Uy, Ug 1 Uy

" A T—
—K°u K® :(ae) k°a®
Similarly
£€ \pe— \ne e T—e e
f-=M-u M :(a ) m-a

The nodal forces
~e e T—e
pe(t)=(a") B°(H)

2k
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The FEM steps to formulate the equation of motion of a plane truss

1%

x|y

D

£ 2

Plane truss with n=5, N=2n=10, N_ = 8.

(ii)

(i) Idealization of the structure elements. A set of

nodes interconnected with truss elements
Selection of the global axes Xy.

Numbering of the nodes (1,2,...,n) and
determination of their Cartesian coordinates

Determination of the vector u (Nx1), N=2n

Formulation of the vector P(t), (Nx 1) of the
external forces acting directly on the nodes.
Numbering of the elements (1,2,...,N_) and

selection of their orientation (positive local
axes X.

(iii)

For each element (e =1,2,...,N,) .
Compute the matrices
k®, m®, p°(t) and

Compute the matrices

k= (R° )T k°R®,

Re

_ T
m°® = (Re) m°R®,
_ T

p°(t)=(R°) p°(1

Formulate the assembly matrices

ae

Formulate the enlarged matrices

Ke, M®, and p°(t)

Compute the structure matrices.
N

S e
= K'

Z

— — € A
K M=) M°,
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THE SUPPORTED STRUCTURE. MODIFICATION OF THE EQUATION OF MOTION

3 o) 4 ©) 5

L2
Plane truss with n=5, N=2n=10, N_ = 8.

x|y

~T _ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
a'={4, G, Gy U, Uy T G, O3 Gy U

={U; U5 Ug Uy Uy Ug Uy Uy Uy Uy
Formulate the transformation matrix V (Boolean
matrix)

u=Vva, V'=V' =, a=V'u
M=V'MV
K=V'KV

p(t) = V'p(t)

S: Known degrees of freedom. They are specified by
the support conditions.

f =N —s: Unknown degrees of freedom

Reorder the elements of U so that

G- Us | (Fx1)

Ug | (sx1)
Mff Mfs ﬁf n Rff Rfs {ﬁf} _ {6f(t)}
I\~,Isf Mss ljs Rsf Rss ﬁs Iss(t)
After performing the multiplications

Mffﬁf + Kffﬁf = ﬁf(t)

Msfuf + Mssus + stuf + Kssus = ps(t)
where it was set

6;(1:) = 6f(t) - I\~,Ifsl.js - 6fsﬁs - I~(fsﬁs
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Thank you for your Attention
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