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THE FEM FOR SPACE FRAME
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mé = {mﬁ m?k :| mé = (me. )T
my  mg, ’ Jk g
Consistent mass matrix
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0 156 0 0 0 22L
me_ M| 0 0 156 0 -22L O©
b 4200 0 0 0 1402 O 0
0 0 22 0 412 0
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e me| 0 0 156 0 221 0
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0 54 0 0 0 13L
e M 0 0 54 0 -13L O
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m® = pAL is the total mass of the e element and rqy = +/lo / A is the radius of gyration of the cross-section.
Lumped mass matrix

m 0 O O O O m 0 O O O O
O m O O O O O m 0 O O O
.o om 0 0 o0 .o 0o m o0 0 o0 o
O 0 0O O 0 o O 0 o O o0 o
O 0 0O O 0 ©O O 0 OoO O o0 O
00 0 0 0 0. '0 0 0 0 0 0|

Nodal load vector
(a) Consistent nodal load vector

e pe e e
P(t)={ ’}, P ={p1 P2 Ps ps Ps Ps}, PL={P7 Ps Ps P Pn prz}

Py
(b) Statically equivalent nodal load vector
€ — pJe e _ T e T
pe(t) = oe pi(t)={p1 p2 ps ps 0 O}, Py ={p7 ps ps pio 0 O}
k
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Transformation of nodal vectors from local to global axes

51

Figure. Local and global axes of spaceframe element
€1 = h1€1 + A12€2 + h13€3
€2 = A21€1 + A22€2 + A23€3

€3 = A31€1 + A32€2 + A33€3

r = (ip —Yj)§1 +(Vp —yj)EZ +(Zp —zj)és
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}m:Xk—Xj' Mzzyk—yj' Ms:Zk—Zj' e3:e1><[’ e, = €3 X @1
L L L |e1 X r|
M1 A2 A3
A=|Xat A2 A23 At =AT
A3l A32  A33
Transformation matrix
A 0 0 0
e |0 A 0 O
R™ = 0O 0 A O
0O 0 0 A
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THE FEM FOR SPACE TRUSS

Elastic energy

U(u1,Uz,....Us ) = % .fOLEA(x)[u’(x,t)]zdx

Kinetic energy for lumped mass assumption

. . 1 . . . 1 . . .
T(u1,U2,...,Us) = §m1(u12 + U% +U§)+§m2(ui + Ué +u§

For A(x) = A = consatnt

1 00 100
0O 00 0 OO
we _EA°/0 00 0 00
¢ |-10 0 1 0 0}
0O 00 O 0O
(0 00 0 0 0
‘'mi1 0 0 0 0 0 |
0 me O 0 0 0
me = 0 0 mass 0 0 0
0 0 0 ma O 0
Displacements 0 0 0O 0 ms O
0 0 0 0 0 mes|

T
u = {Ul Uy U3 Ug Uz Ug }
where mi1 =mz2 =ms3 = M1, Mas = M55 = Mes = M2 KAl

pe(t)={ps(t) O O pa(t) O 0}F
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Transformation of nodal vectors from local to global axes

U+ A1 A2 A1z | [ U U4 A1 A2 A3 | [ua
U2 p=| A2t A2z A23 QU2 ¢, Us ¢t =| A2t A22 A23 |1 Us
us A3t A32 A3z || U3 Us A31 A32 A3z || Us

o = (R*) e

A O
R® =
o Al
is the transformation matrix of the e element of the space truss with dimensions 6 x 6. The remaining procedure for formulating the
equation of motion is the same as for the plane truss.

which are combined to

where
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Chapter 1 2

Free vibrations of multi-degree-of-freedom systems

FREE VIBRATIONS WITHOUT DAMPING

Mu+Cu+Ku=0 C=0 Mu+Ku=0 (i) \=0. T(t)=0
Look for a solution in the form T(t)=Cit+C2 no vibration
ur = B4T(t), uz =B2T(t),...,un =BnT (1)
31,82,...,0n :=are constants T(t) := common function of time | (i) X\ = —w? <O0. T(t)—w?T(t)=0
u=@3T(t) 3 ={B1,B2,....0 }T T(t) = Cie** + C2e ! no vibration
MBT(t) +KAT(t)=0 (i) X= w?>0. T(t) + sz(t) =0
Premultiplying with B gives T z :ggzn(i:—_des)lnwt vibration
BTMBT(t)+B K3T(t)=0  (12.2.4) )
excluding T(t)=0 T(t) = —w*T(t) (K - sz)BT(t) =0
2 -
T(t) _87K8 _\ _ constant (K=M)p =0
_T(t) a 3TM3 constan Linear eigenvalue

. det(K —w?M)=0
T(t)+\T(t)=0
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SOLUTION OF THE EIGENVALUE PROBLEM
Ki1—w’mir kiz —w’miz - ki —w’mn
kot —w?m2r k2 —w?mz2 -+ kon —w’m
det(K—sz): 21 —WM21 K22 —wm22 N—WMaN|
knt — w?mit Kz —w?mne - ke — w’mne
Expand the determinant
II\) = aoXV + o\ +-Fanh +an=0, A=w?® (12.5.10)
Due to properties of M, K the roots are real and positive
w1 < w2... < WN, w1:= fundamental eigenfrequency
K11 —wi2m11 i_k12 —wi2m12 o kN —wi2m1N [f1] , 0 \
[P S e SuN R Y- Suu | RZYO X R I
A(w)B — K21 — wim21 i K22 —wima2 Kan — wiman | 33 _]0
|
| .
L —w?mm | KN2 —wiszz - KNN —wiszN_ ;Bﬁ)‘ L0 )
Al) = :k11 — WM o Al) =k —wimiz - kin—wimn (N}
k21 — w?ma koo —w?maz - kon —w?mon By
Al = Al = . Y =1..
2 2 2 i
 Knt — wimns T Kne —wimnz - KN — w MmN TR By
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Partitioning

B =[P

Al AD
Al A

|

B2

L1 o] AR+AUBY -0
“)}:{o} -
’ AY)+ AYBY — 0
1 1 1
Bn]= e eigenvectors
BNt Bn2 oo BNn

u; = 3i(cicoswit + disinwit)
= Biai cos (wt —6i)

or

N
u=> Bi(cicoswi+ disinwit)
i=1

u= iﬁiaicos(mt—ei) (12.2.26)
i=1
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NORMALIZATION

[ D | 1
. : b2i 1 B2i
With respect to the maximum element b= = mode shapes
makai
| ONi | | ONi
(b1 P12 - OIN
d21 G222 -+ O2N
=t de o= 0
ON1 ON2 -+ ONN

Another method of normalization: With respect to the mass

&' Mdy =1 ¢ represents the normalized eigenvector ¢y = pi3i

Substitution gives

1= ' Mdy = p?B MB; = Hence ¢ = B

SENFUYEY NERYT

If M=, \/BiTIBi = \/BiTBi is the magnitude of 3i, thatis, ¢ is orthonormal

Mathematical study of the eigenvalue problem and methods of establishing the eigenvalues and eigenvectors
are presented in Chapter 12 and Chapter 13
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COMPUTATION OF EINGENFREQUENCIES AND MODE SHAPES

Linear eigenvalue det(K—XM)=0 A = w?

Rayleigh quotient to approximate the first eigenfrequency

~ x'Kx
X "Mx

p(x) A =p(x)

1. Transformation methods:

(1) Jacobi diagonalization, 1846, (ii) Givens triangularization (ii) Householder
transformation, and (iv) QR and QL transformations

2. Vector iteration methods:

(i) Vector iteration, (ii) Vector iteration with shift (iii) Subspace iteration and (iv)
Lanczos method.

3. Determinant search method; Find the roots of II(X\) = det(K — X\M)

TI(\) = det(K — AM)

A3 M
! ! )\l.z/_\ J./
v

Use of IMSL, MATLAB, MAPLE, MATHEMATICA to evaluate the eigenvalues and mode shapes
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INVERSE VECTOR ITERATION METHOD (Vianello 1898 - Stodola 1904)

1. Assume a Xk. We determine the vector Xk+1 by solving the linear system

KXk+1 = Mxk (12.2.4)

(k+1)

2. We compute the approximate value of the eigenvalue X\ corresponding to Xx+1 using the Rayleigh quotient

[Eq.(11.6.21)]

_T —
_ X, KXk 41 -
p(Xi1) = A o—— XY = p(Xk11) (12.2.5)
Xk+1MXk+1
3. We check for convergence by comparing two consecutive values of X\
NNy )
NG <e, where ¢ is a specified tolerance (12.2.6)

4 If the convergence criterion is not satisfied, we normalize Xx+1 with respect to mass

Xk+1
Xk+1 = 112
X, . MX
(X1 MXici1 ) (12.2.7)
and go back to step 1.
5. If the criterion is satisfied the procedure stops and we set
M1 X1, N ZED (12.2.8)
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ORTHOGONALITY OF MODE SHAPES

KBn = wiMB,
K@i = wiMB;
After normalization
Ko =wiMdn (1)
Kb =wiMe (2)
Premultiply (1) by &'
$'Kdn = whid'Mdn  transpose

Premultiply (2) by dn n Ky = widn My
Substract (3) and (4)

(wi —w? )My =0 (12.3.9)
if wi= wn

mMd =0

& Kdr = wadn My =0

For multiple eigenfrequencies see Chapter 12

WK =widrMer K =K, M =M Kb = widn M (3)

(4)

J.T. Katsikadelis: Advanced Structural Dynamics. ADERS Lecture#10
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EXAMPLE

qi ‘,_yl(t) ) .
i EEEEERERRNN| P (i) Mass matrix M.
El =0 ;
nllo o @ L 6.0 x 40 +2><(o.25><o.25><3;’)><24
% Albod on ™" 981
P |l o - @ ’ = 25kNm'sec”
S om o 6.0x50+2x(0.25x0.25x>=2 +0.30x0.30x +-%) x24
(a) (b) Mz = 2 2
9.81
o a2
Data: h2 = 4.0m, ¢y = 40kN/m, ] =l s
g2 =50kN/m, L=6.0m. Cross section of enee
columns: 1t story 25 x 25cm?, Ground level 25 0
30x30cm?, \b = 24kN / m® kat |0 32
Ep =2.1x10"kN/ m?. g1,G2 include the self
weight of beams. Lumped mass assumption.

(i)  Stiffness matrix K
12EI|
ki =k + k{7 =27
:
_ 212><2.1><1O7 % 0.25%

. — 3826.5kN/m
3.5%x12
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12El,
3

1

,12x2.1x10” x0.25*

ka1 = K§J +k§y) = -2

=-2 3 = —3826.5kN /m
3.5% x12
12E| 12E|
ko2 = ki3 + ki3 +kiT +kif = 255 L 42 = °
7 4 7 4
:212><2.1><;0 x0.25 +212><2.1>;10 x0.30 — 9142 1kN /m
3.5°x12 4° x12
Hence
| 3826.5 —3826.5
|—3826.5 9142.1
(iii)  Eigen frequencies
_ 2 —_
det(K_sz>:‘3826.5 25 38265 | o

~3826.5  9142.1—32,2|
Expanding the determinant

w? —438.7506w% + 254251792 =0  (4)

w? = 68.7089, w5 =370.0416
w1 = 8.289, w2 =19.236 (5)

J.T. Katsikadelis: Advanced Structural Dynamics. ADERS Lecture#10
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(iv) Mode shapes
(3826.5 — 25w?) — 3826.532i = 0
—3826.5 + (9142.1— 3202 )32 = 0

(i) Normalization with respect to the largest element

1 —0.7054
P —
lo.5511 1 ]

y i =1
321 = (3826.5 — 25x 8.289%)/ 3826.5 = 0.5511 3 o _
61 [|=2 (ii) Normalization with respect to mass
31
B22 =(3826.5—25x19.236°)/ 3826.5 = —1.41751 | b =——=
Eigenvectors B1 MB1
1 1 _ 1 { 1 }_{0.1697}
_ B 25 0| 1 )l05511) [0.0935
: —1. 1 0.5511
0.5511 —1.41751 { }[ 5 32H0_5511}
—0.7054; __ B
— BIMP
1 B 1 { 1 }_ { 0.1061}
: B 1 —141276) |-0.149
s {1 —1.41276} % 0
| 0 32||-141276
i Hence
| b 0.1697 0.1061
‘ ~10.0935 —0.1499
¢
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Properties of the eigenfrequencies and modes shapes of free vibrations

If K, M real and symmetric, all EFs (eigenfrequencies) are real.
If K, M real, symmetric and positive definite U(u) =u'Ku > 0, all EFs are real and positive.

If K singular, det(K) =0, at least one EF is Zer0 and the respective mode shape expresses rigid body
motion. The Elastic energy is positive semi-definite, U(u) = u'Ku >0 for u = 0.

If M singular, det(M) =0, at least one EF is infinite and the kinetic energy is positive semi-definite,
T(@)=u"Mu >0 foru=0.

The number of mode shapes corresponding to an EF is equal to its multiplicity.

The mode shapes are linear independent and orthogonal with respect to M and K.
OmMdn =0, m=n
OmKdn =0, ms=n

Any vector can be represented as a superposition of the mode shapes.

u—<®a, a=®'u
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THE METHOD OF MODE SUPERPOSITION

u(t) = drYa(t) + doYa(t) + -+ dnYa(t)
= ®Y(1) (12.9.1)

M(r¥s + o Vo + -+ dnYa) + K( Y + doYa + -+ dnYi ) =0

Premultiply with c])nT and use the orthogonality conditions
MM =0 dnKdj =0 for n=]j

dn MdnYn + dn KdnYa =0, n=12...,N
We set

Mn = ¢n Mdn (12.9.4)

Kn = ¢n Kdn (12.9.5)
then

MnVn +KnYn - 0, n= 1,2 ..... N (1296)

Kn = w%Mn (12.9.7)

Vn—f—w%Yn:O, n:1,2,

N (12.9.8)

N uncoupled one degree-of-freedom systems

Yn = wsinu)nt + Yn(0)cosuwnt, n=12..,N

Wn

Initial conditions Ya(0), Ya(0) are
expressed in terms of u(0),u(0).

Premultiply (12.9.1) with ¢n M gives

Yo(t) = ST MUCt)

M
Ya(t) = S M)
M
for t =0 we have
Y (0) — & Mu(0)

n

Ya(0) = T MU(0)
M

n
Unh =¢Yn, n=12...,N,
U=ui+uUz+ -+ UN

n=12...,N

n=12...,N

n=12,...,N

n=12,...,N

(12.9.18)
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FREE VIBRATIONS WITH DAMPING

Mu+Cu+Ku=0 (12.10.1)
u=pe" (12.10.2)
<>\2M +)\C + K)B =0 (12.10.3) Quadratic eigenvalue problem
S(\)=X\°M+XC+K (12.10.4)
det(\’M+XC +K)=0(12.10.5)

Polynomial of 2N degree with respect to . Characteristic equation
II\)=ao\™ +a\™"+...+axn=0  (12.10.6)

2N roots \1,\2,...,\2n. The coefficients are real
2N
u=> aB.e™ (12.10.7)
n=1

an are 2N arbitrary constants determined from the initial conditions
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Thank you for your Attention
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